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Analytic Geometry is a broader subject than Conic Sections. It is 
far more important to the student that he should acquire a familiarity 
with the analytic method, and thoroughly grasp the generality of its 
processes and the comprehensiveness of its results, than that he should 
obtain a detailed knowledge of any particular set of curves. Further- 
more, all branches of mathematics are fundamentally and inseparably 
related. Any subject, therefore, should be presented in such a way as to 
keep it in touch with all that has preceded, and at the same time reach 
forward toward that which is immediately to follow, to the end that there 
may be no sudden transition in passing from one branch to another. 
Algebra and Geometry, Analytics and Calculus are mutually l^elpf ul, and 
should not be studied entirely apart. No one of these subjects can be 
finished before the others are begun. 

The general plan and scope of this book is due to a firm conviction of 
the soundness of these statements. For this reason a fuller treatment 
than usual is given of the general analytic method before taking up the 
study of the conic sections, and subjects have been introduced not 
ordinarily treated in text books on Analytic Geometry. The method of 
the differential calculus is the only way of studying the slope of curves, 
and furnishes the best means of finding the equation of the tangent and 
the normal. The graphical method of illustration and the derivative are 
indispensable in the discussion of the Theory of Equations. The use of 
the "derivative curve" in the theory of equal roots, together with the 
fact that the ordinate of the derivative curve is the slope of the " integral 
curve," naturally suggests a possible converse relation, and leads easily 
and logically to the study of Quadrature, and Maxima and Minima. 

It is believed that the elementary discussion of these subjects here 
given will tend to meet the needs of scientific and engineering students, 
who now require a knowledge of the graphic method and the simple 
elements of the calculus at the earliest possible moment; and that it will 
also be helpful to the general student who pursues the study of the 
subject no further. In the "secant method ^^ of finding the equation 
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of the tangent the reasoning is essentially the same as in the method 
here used, but the student never comprehends its significance; and 
furthermore, he never uses the method after he leaves the study of the 
conic sections. 

Occasionally a subject should be presented from the most general 
point of view, when the proof required is not so difficult as to be beyond 
the student's comprehension. The disposition, strong in some students, 
to be satisfied with a numerical example or a special case should not be 
encouraged. It is not always desirable to use the simplest demonstration 
for a particular proposition, but rather that one which will teach the 
reader to use the best method. In order to put the student as far as 
possible on his own resources, the number of demonstrations given in the 
book has been reduced to a minimum, consistent with giving him a 
sufficient working basis, but these demonstrations have been made full 
and lucid. For this reason many theorems which are usually proved have 
been left as exercises. By means of suggestive questions, the student is 
frequently urged to continue an investigation. The method of proof in 
analogous theorems is not always the same; and some important subjects 
are presented from more than one point of view. The prime object, 
which has been kept constantly in view, is to prevent mere routine work 
on the part of the student. 

In finding the equations of loci special emphasis is given to the 
meaning of the parameters which enter the final equations, and the 
significance of a variation in their value; and a full discussion and 
thorough geometric interpretation of the result is rigidly insisted on 
from the beginning. The teacher should never lose sight of this vital 
principle. 

Polar coordinates and their relations to rectangular coordinates have 
been introduced at any early stage. The transformation of coordinates, 
'from the most general point of view, is treated merely as an application 
of the distance form of the equation of the straight line. 

The conic section is first briefly studied geometrically. Its funda- 
mental property is proved in this way, from which its general equation is 
shown to be of the second degree. A short discussion of the general 
equation of the second degree is then given, not only for the purpose of 
giving a general view of the conic section as a whole, but also of showing 
the correspondence between the geometric and the algebraic results, and 
at the same time pointing out the superiority of the analytic method. The 
student is thus made to see that all possible cases are wrapped up in a 
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single equation, and that all are unfolded in a single investigation; and, 
furthermore, he gets a bird's eye view of the whole subject. 

The two central conies are treated simultaneously by using the double 
sign in the standard equation. In this way much time is saved; and the 
similarities of the properties of the two conies are presented in a striking 
manner. 

As the book is intended for beginners, numerous illustrative examples 
are given, and also a large number of exercises. The numerical examples 
have all been prepared especially for this book, and but few answers are 
submitted, as it is far better to check results in such cases by constructing 
a figure. The general theorems included among the exercises in the chap- 
ters on the conies have been taken chiefly from such English books as C. 
Smith's Conic Sections, Todhunter's Conic Sections, C. L. Loney's Co- 
ordinate Greometry, and Wolstenholme's Mathematical Problems. These 
have been selected with great care. The object has been to include a 
sufficient number of the easier ones to prevent the discouragement of the 
poorer students, and at the same time to give a large number that would 
test the power of the strongest. Altogether the book contains about 1,400 
exercises. 

If a short course is desired, the sections marked with a star can be 
omitted. In any case these may be omitted, and used merely for the pur- 
pose of reference at the discretion of the teacher. 

I wish to thank most heartily all my colleagues in this university who 
have so kindly assisted me in this work. I am especially indebted to Prof. 
Ellery W. Davis, who has read the entire manuscript with great care, and 
given many valuable criticisms and helpful suggestions. 

A. L. C. 
The University of Nebraska, 
March 12, 1900. 
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CHAPTER I. 

OOORDINATEa LENGTHS OF LINES AND AREAS OF 
POLYOONa 

Rectilinear Coobdinates. 

1 . Let X'Xand F' F be two fixed, non-parallel straight lines, 
intersecting in the point 0. Let P be any point in the plane of 
these lines. Draw RP and QP parallel to X'X and F' F respect- 
ively. 



r 




These distances, -BPand QP, determine the place of P within 
the angle XOY, That is, to every position of P there is one and 
only one pair of distances, to every pair of distances one and only 
one position of P. Moreover, the position of P can be found 
when the lengths of the lines RP and QPare given, and viee versa. 

Suppose, for example, that we are given RP = a, QP = b, we 
need only measure OQ =a and OR = h. and draw the parallels 
RP and QP, which will intersect in the required point. 

2. The two lines RP and QP, or OQ and OR, which thus de- 
termine the position of the point P with reference to the lines 
2 
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•• ' • •.'';•:•: 
• ''^X'Xind T* ra^e called the Rectilinear or Cartesian* Oo- 

':/; 6ucdiliaitfes:Q^-.the: point p. QP is called the Ordinate of the 

' point Py an&' is denoted by the letter y; RP, or its equal OQ, the 

intercept cut off by the ordinate, is called the Abscissa, and is 

denoted by the letter x. 

The fixed lines X' Xsmd Y' ^are called the Axes of Coordi- 
nates, and their point of intersection is called the Origin. 
When the angle between the axes of coordinates is oblique, as in 
the preceding figure, the axes, and also the coordinates, are said 
to be Oblique ; when the angle between the axes is right, the 
axes and the coordinates are said to be Rectangular. 

If, in the preceding figure, OQ be a and OR be 6, then at P, 
re = a and y = 6 ; at §, a; = a and y = 0; at .K, re = and y = b] 
and at the origin 0, x =0 and y = 0, 

The axis JT' Xis called the Axis of Abscissas, or the x-axis ; 
and F' Y is called the Axis of Ordinates, or the y-axis. 

3. Let OQ and OQ' he equal in magnitude to a, and let OR 
and OR' be equal in magnitude to b. Through Q, Q' , R and R' 
draw lines parallel to the axes, and intersecting in Pj, P., P,. P^. 

1^ 




Now at all of these four points a; = a, in magnitude, and y = b, 
in magnitude. Hence in order that the equations x = a and y = b 

♦This method of determining the position of a point In a plane is due to the French 
Philosopher and Mathematician, Descartes. Hence the name Cartesian^ The new 
method was first published In 1687. 

" It te frequently sUted that Descartes was the first to apply algebra to geometry. 
This statement is Inaccurate, for Vieta and others had done this before him. Even the 
Arabs sometimes used algebra in connection with geometry. The new step that Descartes 
did take was the introduction Into geometry of an analytical method based on the notion 
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shall determine 07ily one point, it is not sufficient to know the 
lengths of a and 6, we must also know the directions in which they 
are measured. 

In order to indicate the directions of lines we adopt the rule 
that opposite directions shall be indicated by opposite signs. It is 
agreed, as in Trigonometry, that distances measured in the direc- 
tions OX (or to the right) and OF (or upwards) shall be consid- 
ered positive. Hence distances measured in the directions OX' 
(or to the left) and OY' (or downwards) must be considered neg- 
Oitive. Therefore 

at Pi, a; = a, y = b; at Pg, x = — a, y = 6; 

at P3, a; = — a, y = — b; at P^, a; = a, y = — 6. 

Thus the four points are easily and clearly distinguished, for 
no two pairs of values of x and y are the same. 

If all possible values, positive and negative, be given to x and 
to y, or in other words, if both x and y be made to vary inde- 
pendently from — 00 to + 00 , all points in the plane will be 
obtained. Moreover, to each pair of values of x and y there corre- 
sponds, in all the plane, one and only one point ; to each point, one 
and only one pair of values. 

4. For the sake of brevity, a point is usually represented by 
writing its coordinates within a parenthesis, the abscissa being 
always written ^ra*. Thus, in the preceding figure, Pi, P^, P3, P4 
are the points (a, 6), ( — a, 6), ( — ^a, — 6), (a, — 6), respectively. 
In general, the point whose coordinates are x and y is called 
the point (a?, y). 

As in Trigonometry, it is convenient to distinguish the parts 
into which the axes divide the plane as first, second, third, and 
fourth quadrants. 

Because of simplicity in formulae and equations, it is generally 
more convenient to use rectangular axes. 

of yariables and constants, which enabled him to represent carres by algebraic equations. 
In the Greek geometry, the idea of motion was wanting, but with Descartes it became a 
Tcry fruitful conception. By him a point on a plane waa determined in position by its dis- 
tances from two fixed right lines or axes. These distances varied with every change of 
position in the point. This geometric idea of eoordino^ representation ^ together with the 
algebraic idea of two variables in one equation having an indefinite number of simulta- 
neous values , furnished a method for the study of loci , which is admirable for the generality 
of its solutions. Thus the entire conic sections of Apollonlus is wrapped up and contained 
in a single equation of the second degree." 

[A History of Mathematics by Florian Cajori, p. 185.] 
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Accordingly, throughout this book, except when the contrary 
is expressly stated, the axes may be assumed rectangular. 

EXAMPLES. 

1. In what quadrants must a point lie if its coordinates have the same 
sign ? different signs ? 

2. Locate the points (1,-3), (—2, 4), (5, 0), (— 1, —3), (4, 2), (0, 3). 

3. Construct the triangle whose vertices are the points (0, 4), (--5, —1) 
and (4,— 3). 

4. Construct the triangle whose vertices are (4, — 1), (1, 2), (— 1, —3). 

5. Construct the quadrilateral whose vertices are the points (3, 4), 
(— 1, 4), (— 1,-2), (3, — 2). What kind of a quadrilateral is it? Con- 
sider both oblique and rectangular axes. 

6. Plot the points (8, 0), (5, 4), (0, 4), (—3, 0), (0, —4), (5, —4) and con- 
nect them by straight lines. What kind of a figure do these six lines en- 
close ? 

7. Pis the point (x, y); Pi, P2, P3 are its symmetrical points with re- 
spect to the X-axis, y-axiB, and origin, respectively. What are the coor- 
dinates of P„ Pa, P3 ? 

8. The side of a square is 2a. What are the coordinates of its vertices 
when the diagonals are the axes ? 

9. The side of an equilateral triangle is 2a. What are the coordinates 
of its vertices, if one vertex is at the origin and one side coincides with 
the X-axis? 

10. Where may a point be if its abscissa is 2 ? if its ordinate is — 3 ? 

1 1 . Can a point move and yet always satisfy the condition x = 0? y = 0? 
both the conditions x = and y = 0? 

12. How must a point move so as to satisfy the condition x = — c? 
y ^d? both these conditions ? 

13. If a point moves along either of the bisectors of the angles between 
the axes, what is the relation between its coordinates? 

14. Where may a point be if its coordinates satisfy the condition 
a;2 -|- 2/2 = a* ? What is the relation between the coordinates of a point 
which moves so that its distance from the origin is always 2 ? 

15. If a line AB is two units to the left of the ^/-axis, what are the co- 
ordinates of a point whose distance from AB is three units? 

-- 16. If P be any point on the bisector of the angle between the y-oxis 
and a line three imits above the x-axis, what is the general relation between 
the coordinates of P? 
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Polar Ck)ORDiNATES. 

5. Let be a fixed point called the Pole, and OX a fixed line 
called the Initial Line. 

Take any other point P in the plane and draw OP. The posi- 
tion of the point P with reference to the line OX is known when 
the distance OP and the angle XOP are given. 

The line OP is called the Radius Vector of the point P, and 
will be denoted by p ; the angle XOP^ which the radius vector 
makes with the initial line, is called the Vectorial Angle of 
the point P; and will be denoted by d. 



i 




Then p and d are the Polar Coordinates* of P; that is, P 
is the point (/», 0). 

As in Trigonometry, it is agreed that the angle shall be posi- 
tive when measured from OX counter clockwise; that p shall be 
positive when measured in the direction of the terminal line of 
the vectorial angle 0, 

In determining the position of a point whose polar coordinates 
are given the following direction will be useful: Suppose I stand 
at facing in the direction OX. To get to the point (/>, ^), I 
turn through the angle to the Uft or right according as is po&ir 
tive or negative, then, keeping my new facing, I go a distance p 
forward or backward according as /o is positive or negativerlf 

* Whenever the position of a point in a plane is determined b^ any two magnitudes what- 
ever, these two magnitudes are the coordinates of the point. Thus there may be an in 
definite number of systems of coordinates. For an explanation of other systems which 
are in common use see Chap. I of Elements of Analytical Geometry by Briotand Bouquet, 
translated by J. H. Boyd.. In this book we shall mainly use the two systems already ex- 
plained, but a more general discussion of the subject is given in §§ 72-76. 

t This method of locating points by means of coordinates is not altogether new to the 
student, neither is it confined to mathematics. For example, when we locate places on the 
surface of the earth by means of their latitude and longitude, we make use of a Bystem of 
rectangular coordinates in which the axes are the equator and some chosen meridian. 
When we say the^ city B is forty miles north-east of the city A, we locate B with reference 
to A by means of a system of polar coordinates in which the initial line is the meridian 
through A, and A is the pole. Let the student suggest other familiar examples, if possible. 
How are places located in cities ? in Washington, D. C. ? 
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EXAMPLES. 
Plot on one diagram the following points: 

1. (4,30°), (-3,135°), (3,120°), (-4,-30°). 

2. (5,45°), (-4,120°), (3,-150°), (-6,-240°). 

3. (a,i7r), (-a, Jrr), (0,-^77), (2a, -§rr), (_Ja,-f7r), (a, 0), 

(2a, TT). 

4. (5, tan-15), (— 2, tan-12), (3, — tan-^S), (— 4, tan-i — 1). 

5. (a, tan-i 2), (a, — tan-i 3), (— a, tan-* i), (— a, — tan-i J), 

[a,tan-^(-4)]. 

6.. Plot the points (—6, 30°), (2, 150°), (2,-90°) and connect them by- 
straight lines. What kind of a figure do these lines enclose? 

7. Plot the points (a, 60°), (6, 150°), (a, 240°), (5, —30°) and join them 
by straight lines. What kind of a figure do these lines enclose? 

8. Find the polar coordinates of the vertices of a square whose angular 
points in rectangular coordinates are (3, 1), (— 1, — 1), (— 1, 3), (3, — 3). 

9. The side of an equilateral triangle is 2a. If one vertex is at the 
pole and one side coincides with the initial line, what are the polar coordi- 
nates of its vertices? of the middle points of the sides? 

10. Change " equilateral triangle " to " square " in Ex. 5. 

11. Change " equilateral triangle " to ** regular hexagon *' in Ex. 5. 

12. How must ft and ^ vary in order to obtain all points in the plane ? 
(See § 3.) 

13. Show that to each pair of values of f> and fi there corresponds in all 
the plane one and only one point. 

14. Show by plotting the four points, (3, 60°), (— 3, 240°), (3, — 300°), 
( — 3, — 120°), that the converse of Ex. 9 is not true. 

15. Show that in general the same point is given by each of the four 
pairs of polar coordinates, 

(/>,^), (-/>,^ + ^), [P,~ (2^ -<?)], [-/',-(T-^)]. 

16. Show that for all integral values of n the same point (p, 0) is also 

given by 

(P, ^±2n7r) and [— />, 6/ db (2n + l);r]. 

17. Where does the point (p, ^) lie if ^^ = ? if ^ = tt ? if p = 2? 

18. How can the point (p, ^) move if6' = a? if p = o? where a and 
a are constants. 

19. What Qondition must p and satisfy if the point (p, 6) moves along 
a line perpendicular to the initial line ? parallel to the initial line ? 

20. What is the position of the point (p, ^) if p = a cos 0? p = a sin <9? 
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Kelations Between Rectangular and Polar Ck)ORDiNATE8. 

6. Let P be any point whose rectangular coordinates are x 
and t/, and whose polar coordinates, referred to as pole and OX 
as initial line, are p and 6. 





Draw PQ perpendicular to OX. 

Then, according to the preceding definitions, 

Oq = x, QP = y, OP = p, lXOP = 0. 

From the right triangle PQO we have 

0Q = OP cos XOP and QP = OP sin XOP. 



X = p cos 0, 
y =p sin 0. 



(1) 



These equations (1) express the rectangular coordinates in 
terms of the polar coordinates. 

' From equations (1) we find the corresponding equations ex- 
pressing the polar coordinates in terms of the rectangular coor- 
dinates to be 



sin 



vx' +Y, 
y 



^ = tan- 



y^ 

x' 



iV + j^' 



cos =z — y=z 



X 



w + f 



(2) 



By means of equations (1) and (2) formulse and equations in 
either system of coordinates can be changed into the other system 
of coordinates. 
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EXAMPLES. 

1. Change the equation p^ == a' cos 20 to rectangular coordinates. 
Multiplying the equation by p% and putting cos 26^ = cos*^ — sin*^ gives 

p* = a\p^ cos«^ — p" 8in«<?) . 
Whence by substituting equations (1) we have 

Change to polar coordinates the equations 

2. a;2 -h j/2 == 2raj. 

3. «» — y2 = a2. 
'4. (2x2 4r 2y2 _ fj^y ^ a\x^ + y^) . 

Transform to rectangular coordinates 
6. p» sin 26/ = 2a2. 
6. p«cosi^ = o5<. 



Ans. p = 2r cos 0, 
Ans. p2 = a* sec 2^. 



Ans. 



p«=:aJ<co8 J^. 



Ans. xy = a^ 
Ans. y^ + 4aa; = ia^. 



Distance Between Two Points. 
7. To find the diatance between two points whose rectilinear coordi- 
nates are given. 

Let Pi (a?,, i/i) and PaCa^z, J/a) b© *l^e given points, and let the axes 
be inclined at an angle «>. 
Draw PiQi and Pa §2 parallel to OF, to meet OZin y, and Q,. 
Draw F^ parallel to OX to meet Pi§, in B. 




Then OQ, = x,y Oq, = x,, Q^P^ = y^y Q^2 = yv 
.\ PJi=Q2Qi=0Q,— 0Q, = x,—x,y 
and UP, = §,P, ~ §,P = §,P, - §aP2 = 2/1 — 2/2. 

Also Z Pji^Pa = Z PiQiO = Tz — w. 
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From the triangle P1RP2 we have, by the law of cosines in 
Trigonometry, 

P^;' = P^B^ + BP,' —2P,B' BP, cos (tt — io). 
Whence by substitution, since cos (t: — w) = — cos o>, 
P2P, =[(^1-^2)' + (Vi -y2y + 2{x, -X,) (y, -y,) cos^]«. (1) 
If, as is usually the case, the axes are rectangular, 

w z= 90° and cos w =0. 
Hence for the distance between two points whose rectangular 
coordinates are given, we have the very useful formula 

- P2P1 = ^^(ix,-x,y + (y,-y,y.^ (2) 

If the plus sign before the radicals in (1) and (2) gives PgPi, 
the minus sign will give PiPg. 

It will aid the memory to observe that the meaning of (2) is 
expressed by writing 

(Distancey = (Eastingy -f {Northingy, 
Cor. If P2 coincides with the origin a?2 = t/2 = 0, and then 
equations (1) and (2) give for the distance of a point P,(a;i, y{) 
from the origin 

OPi == Vxx +2/1^+2 x^ yi cos (Oj for oblique axes, (3 ) 

OPi = Vxi^ + yi^, for rectangular axes. (4) 

EXAMPLES. 

1. Find the distance between ( — 5, 3) and (7, — 2). 

2. Show that if the axes are inclined at an angle of 60°, the distance 
between the points (—3, 3) and (4, —2) is V 39. ' 

3. Find the distance from the origin to the point ( — 2, 4) when the axes 
are inclined at angle of 120°. 

4. * Find the lengths of the sides of the triangle whose vertices are (4, 1), 
(—2, 4), and (1,-2). 

5. Show that the four points (2, 4), (1, 7), (—2, 4), and (—1, 1) are the 
angular points of a parallelogram. 

(6/ If the point (x, y) is 5 units distant from the point (3, 4), then will 

♦The student should convince himself of the generality of equations (1) and (2) by 
constructing other special cases in which the giyen points lie in different quadrants. 
He win thus have one iUustration of a general principle whose truth he will gradually see 
as he proceeds with the study of the subject; viz. that formula and equations deduced by 
considering points lying in the first quadrant, where both coordinates are positive, must, 
from the nature of the analytic method, hold true when the points are situated in any 
quadrant. 
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8. To express the distance between two points in terms of their polar 
coordinates. 




♦ o ^Pi p. 

Let Pi(/>i, ^i) and P2(/>2, ^2) ^ ^be two given points. 

Then OP,:=r,, OP,=p,, /_XOP, = e,, /_XOP,, = e,, 

and lP,OPi = 0,~e^, 

From the triangle P, OP^, as in § 7, we have 

P,P/ = OP,' + OP^' — 2 OP,' OP, cos P, OP,, 

.'. PJ\ = Vr,' + p./ - 2p,p, cos {0, - 0,), (1) 

Ex. 1. Derive equation (2), § 7, from equation (1), § 8. 
Expanding the last term and squaring (1), § 8, gives 

p,P22 = /V + /^2' — 2(/j, cos^,)0>2CosW2) — 2(/>i sin^i)(/>2Sin^2). 
Substituting the values given in equations (1), § 6, we have 
P,R^ = X,' + y,^ + x^ + y^^ - 2x,X2 - 2.y,yi. 

.-. p,¥, = V{x^, - x,y+(y;-y]y. 

Show that the distance between the points (4, 90®) and (— 3, 30® ) 

Ex. 3. Find the distance between (2a, 180®) and (—a, 45®). 

9. To find the coordinates of the point which divides the line joining 
tivo given points in a given ratio (mjimj). 

Let PiCifi, 2/1) aiid ^2(^21 2/2) be the two given points, and let 
P(Xj y) be the required point. 

Draw PiQi, PQj P2Q2 parallel to the t/-axis, and PP, Pfi, par- 
allel to the iK-axis. 

Then P,R,=x — x,j PR=X2 — aj, 

B,P=y — y,, EP2 = y2 — y. 





From the similar triangles P^PR^ and PP2R, we have 
PiP__ PiRi _ R,P_ m, 



That is, 



PPi'^ PR 

mi X — X 



RP, 



m^ 



^1 _, y—Vi 
X y2—y' 



mg X2 
.•. mi(x2 — x) = m^^x — (Ti), 

and ^1(2/2 — 2/)=wi2(t/ — t/i). 

Solving (1) and (2) for x and y, respectively, we obtain 

m^X2 + m^y^ m^y^ + ^^22/1 

m, + mg 



y- 



(1) 
(2) 

(3) 



When the division is internal, as we have so far assumed, the 
ratio of the segments is negative; that is, 

PiP _ m, 

P^P" m; 
But when the division is external, this ratio is positive. Hence 
for external division we have, by simply changing the sign of m.^ 
in equations (3), 



X = — — , 



y- 



(4) 



If P be the middle point of PiPi, m^z^m^, and therefore the 
coordinates of the middle of a line joining two given points are 

x = \ix^ + x2), y = Kyi + y2)' (5) 

These formulae, (3), (4), (6), are independent of the angle be- 
tween the axes, and therefore they hold for rectangular as well as 
for oblique axes. 
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Areas of Polygons. 

10. ,To find the area of a triangle in terms of the coordinaies of Us 
vertices, the axes being inclined at an angle w. 

Case I. When one vertex is at the origin. 




Q> Qi / Pi 

Let PiCxi, 2/i)> -^2(^2? 2/2) b© tlie other two vertices. Draw 
PiQi, P2Q2 parallel to the ?/-axis, and QiB perpendicular to ^,§2- 

Then OQ, = x,, OQ, = x„ Q,F, = y,, Q,P, = y„ 
^Qi= Q2Q1 sin (oz=:(xi — .^2) sin w, 
and A OP,R = A OQJ", + trap. Q.Q.P.PJ^ — A OQ,P,, 

= iO§2 • Q2P2 sin w + iQ,Q,( Q,R + Q,P,) sin a, 

— iOQr QiPi Bin a, 
= i[^2!j2 + (oTi — X2)(yi + 2/2) — a^,y,] sin w 
= K^iy2 — ^2yi) sin w, (1) 

In the notation of determinants this may be written 



AOP,P,=:il^^^f; sin^. 

I X'2y 2/2 I 



(2) 



* The area of the crossed trapezoid ABCD, in which the non-parallel sides Intersect, is 
the difference of the areas of the two triangles formed by drawing the diagonal AC. That 
is, ABCD = ABC— ADC =^ ABE— CDE. 

This is expressed analytically by saying that the area is the algebraic sum of the tri- 
angles. The base CD is then regarded as having changed its direction (and hence its 
sign) with reference to AB; for in going along the sides 
consecutively in the order ABCD, the base CD is trav- 
ersed in the same direction as ABj which is not the 
case in the ordinary trapezoid. 

This flgare furnishes a good illustration of the prin- 
ciple that areas gone around so as to be on the left differ 
in sign from those gone around so as to be on the 
right. (See § 11.) 
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Case II. When the origin is not a vertex of the given triangle. 




Let PXoci, 2/1), -P2(^2> 3/2)? -^3(^3? 2/3) be the vertices of the given 
triangle. 

Draw the lines OP^, OF^, OP^, 
Then by Case I we have 



A 0P,P2 = i(^iy2 — x^yd sin «> = ^ 






sin tti. 



A OP,P, = i(x,y, — x,y,) sin a> = i 1 1'^ f/ 1 sin m. 



A OP^P, = iix^yi — x,y^) sin «> = J 



Xzj yz 
xi,yi 



sm <o. 



A P1P2P2 = il(xi7j2 — X2yi) + (x^y, — x^y^) 

+ ix-^yi — x.ij^)^ sin w (3) 



= i 



[ x,,y, 
1 ^2,2/2 


+ 


xzj yz ^ 


^u 2/n 1 
^2, 2/2, 1 

^8, ^3, 1 


sin 


to. 



3, 2/3 I I 

u 2/1 I 3 



sm w 



(4) 



When the axes are rectangular sin <o = l, and equations (1), 
(2), (8), (4), respectively, reduce to 



A OP,P, = i(^,2/2 - ^22/1) =h\l''l' 

1 .i;2> if2 



(5) 



A i^,-P2i^3 = i(^i2/2 — ^22/1 + ^22/8 — x^y2 + 0-32/1 — ^^12/3) (^>) 

(7) 



^2> 2/2? I 
^3> 2/3J I 



' ^2 ^8 > 2/2 2/3 
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11. When the origin is within the given triangle, the 
given triangle includes the three triangles OP1P2, OP^Pz, OP3P1 
(§ 10) ; hence the expressions iixiy2 — £Cat/i) , i(oc2y3 — x^yi) , and 
iC^sJ/i — ^i^/s) must have the same sign. When the origin is out- 
side, the given triangle does not include all of these triangles, 
and therefore the above expressions can not have the same sign. 

Suppose a person to start from and walk consecutively around 
the triangles OP^Pi^ OP^P^^ OP^P^ in the direction indicated by 
this order of vertices. This imaginary person would thus walk 
along each side of the given triangle once in the «ame direction 
around the figure, as indicated by PiPjPg, and along each of the 
lines OPi, OP2, OP^ twice in opposite direciionQ, When the origin 
is inside the given triangle, he would walk around each of these 
triangles in such a manner that he would have its area always on 
his left hand. When the origin is outside, he would go around 
those triangles which include no part of the given triangle, in such 
a manner that he would have their area always on his right hand. 

Thus direction around a triangle may be taken to indicate the 
sign of its area. (See note under § 10.) 

The expressions for area in § 10 will be found to be positive, if 
the vertices are numbered so that in passing around in the direc- 
tion thus indicated the area is always on the left. 

Let the student show by trial that 

(^i2/2 — ^22/1) is ± according as angle P1OP2 is ± ; 
angle P^ OP2 is ± according as the cycle OP^Pi is ± . 

12. To express the area of a triangle in terms of the polar coordi- 
nates of its vertices. 

Let Pi(/Oi, 6>,), P2{P2i O2), P^^Pa, ^3) be the three vertices. 
Then Xi = pi cos ^1 , a?2 = P2 cos ^2 > X3 = p^ cos ^3, 

y, = P,&ine,, t/2 = /02sin^2, t/s = i^s sin ^3. [(1),§6.] 
Substituting these values in (5) and (6) of § 10 gives 
A OPiP2 = iPiP2 (sin O2 cos ^, — cos ^2 sin ^1) 

= i ^1^2 sin (^2 — ^1). (1) 

A P1P2P3 = i [Pip2 sin (^2 — ^1) + P^^ sin (^3 — <?2) 

+ /.3^i sin (^1-^3)]. (2) 

From (1) it follows that the three terms of (2) represent, re- 
spectively, the areas of the triangles OP1P2, OP2P3, and OPJ^^i. 
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The signs of these terms are the signs of the angle differences 
(since p can always be made positive), and we therefore have an 
independent proof of the statements in § 11. 

Let the student prove (1) and (2) directly from a figure. 

13. To find the area of any polygon when the rectangular coordi- 
nates of its vertices are known. 

Let P,{x,, yO, ^2(^2, ^2), ^3(^3, ^a), Piioc^, yd - - - i^«(a?„, 2/„) 
be the n vertices of the given polygon. 
Then, we have, from (5) § 10, 

AOP,P, = i J^H, A0P^3 = i|j^^^ 

**'2 J if 2 I I •*'3 ? if 3 

A op,p, = ^\l'^y;^ , A op,p, = i!^*^^* 



1^4, 2/4 



^5, Vi 



A op„p,=:*;^»'2/»l 

.'. AreaPjPa . . . F„ = ^\\^'' 2/i| + |^2, 2/2|_|.k8, y, 

_L.\x*j Vil \. \Xh) yn\ } / J^ \ 

^\x,, y,\^ ' ' ' \x„ y,\i' ^ ^ 

since the area of the polygon is the algebraic sum of the areas of 
these triangles. 

This formula is easy to remember, but by expanding the deter- 
minants and collecting the positive and negative terms it may be 
written, 

AreaPiPa . . . P» = i[(a?i2/2 + ^22/3 + ^s^/* + • • • x^yO 

— {,yiX2-\- y^z + y^^+ • • • ynXiJ], (2) 

which gives the following simple rule for finding the area of a 
polygon when the rectangular coordinates of its vertices are 
known : 

(1) Number the vertices consecutively^ keeping the area on the left, 

(2) Multiply each abscissa by the next ordinate, 

(3) Multiply each ordinate by the 7iext abscissa. 

(4) From the sum of the first set of products subtract the sum of the 
second set and take half of the result. 

If the axes are oblique, the second members of (1) and (2) 
must be multiplied by the sine of the angle between the axes. 
The law of the sign of the area is the same as for the triangle. 
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Examples on Chapter I. 

Find the area of the polygons the coordinates of whose vertices taken in 
order are, respectively, 

1. (1,3), (-2,-4), and (3,-1). 

2. (2,5), (—6,-2), and (—1,5), when 6>=60^ 

3. (4, 15<»), (—5,450), and (6, 75<»). 

4. (3,— 30^), (— 5, 150^), and (4,210°). 

5. (2,15°), (6,75°), and (5,135°). 

6. (— a, i;r), (o, Jtt), and (—2a, — fir). 

7. (a, 6 + c)i («i ^ — c), and ( — a,c)/ 

8. (a, c + a), (a^c), and ( — a,c — a). 

9. (2,3), (-1,4), (-5,-2), and (3,-2). 

10. (4,1), (1,5), (-2,6), (-5,3), (-1,-1), (-3,-4), (1,-2), 
and (3,-4). 

11. What are the rectangular coordinates of (4, 30°), (—2, 135°), 
(-3, Jtt)? 

12. What are the polar coordinates of (3, — 4), (— 5, 12), (1,3)? 

13. Find the coordinates of the points which trisect the line joining the 
points (— 2, — 1) and (3, 2). 

14. Find the coordinates of the point which divides the line joining 
(3, — 2) and (— 5, 4) internally in the ratio 3:4. 

15. Find the coordinates of the point which divides the line joining 
(5, 3) and (— 1, 4) externally in the ratio 3 : 2. 

16. Find the length of the sides and medians of the triangle (2, 6), 
(7, — 6), (— 5,-1). What kind of a triangle is it ? 

17. Find the leng^th of the sides and the area of the triangle (3, 4), 
(—1,0), (2, — 3). What kind of a triangle is it ? 

18. Find the sides and area of the quadrilateral whose vertices taken in 
order are (5, — 1), (— 1, 2), (—5, 0), and (1, —3). What kind of a quad- 
rilateral is it? 

Change to polar coordinates the equations 
' 19. x^ + y^=:=r^, 20. y = xtana. 

21. x^ = y\2a — x). 
Transform to Cartesian coordinates 

22. ^=:tan-im. 23. p^ =^a^ sec2*i. 
24. /) = o sin 2 ft, 25. />« =- a« sin i ft. 
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Prove analytically the following theorems: 

26. The dis^onals of a parallelogram bisect each other. 

^^7/ The lines joining the middle points of the adjacent sides of any 
quadrilateral form a parallelogram. 

28. The three medians of a triangle meet in a point, which is one of 
their points of trisection. 

29. The area of the triangle formed by joining the middle points of the 
sides of a g^ven triangle is equal to one-fourth of the area of the given 
triangle. 

If in any triangle a median be drawn from the vertex to the base, the 
L of the squares of the other two sides is equal to twice the square of 
half the base plus twice the square of the median. 

\^^ The sum of the squares of the four sides of any quadrilateral is equal 
to the sum of the squares of the dis^onals plus four times the square of 
the line joining the middle points of the diagonals. 

32. The lines joining the middle points of opposite sides of any quadri- 
lateral and the line joining the middle points of its diagonals meet in a 
point and bisect one another. 

33. Pi(a?„y,), PiCa^j, 2/2), ^3(2^,^8), P^ix^^yd • • • P»(x,„ y«) are any 
n points in a plane. P1P2 is bisected at Q,; QiPgis divided at Q2 in the 
ratio 1:2; Q2P4 is divided at Q3 in the ratio 1:3; Q3P5 at Q* in the ratio 1 : 4, 
and so on till all the points are used. Show that the coordinates of tha 
final point so obtained are 

Xi+X2 + a?3-|-a?4+ . . . a?H ^^^ ^1 + ^2 + ^3 + ^4+ . . » y » 



Show that the result is independent of the order in which the points are 
taken. 

[This point is called the Centre of Mean PosUixm of the n given points.] 



CHAPTER TI. 



IiOOI AND THEIR EQUATIONS. 

14. It has been shown in § 3 that to each pair of values of x 
and // there corresponds in all tlie plane one and only one point. ' 
and that to each point corresponds one and only one pair of 
values. Also, if x and y vary independently and unconditionally 
from — 00 to 00 every point in thi plane will be obtained. 

If, on the contrary, one or both of the coordinates cannoi cake 
all values, or if all values cannot be independently taki^n by 
both, the point cannot move to all positions in the plane. 



»<o 



If, for example, a? > 0, the point (a;, ^) must lie to the rigkt of 
the j^-axis ; if ar < 0, the point must lie to the left of the «/-axis ; 
if X is neither greater nor has than zero, the point can lie neither 
to the right nor to th6 left of the 2/-axis ; i. e. , if x^ 0, the point 
must lie on the ?/-axis. 

Ex. Where must the point (x, y) lie if y > 0? y <0? y = 0? 

15. If a;> a, the point (x, y) must lie to the right of the 
parallel AB^ which is a units to the right of the T/-axis ; if j! < a, 
the point must lie to the fe/f of AB. Therefore, if x^=^a, the 
point will lie on the line AB. 
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Ex. 1. Where will the point (r, t/) lie if a; > — 3 ? x<—3? x=S? 

Ex. 2. Where is the point {x,y)ity^^b? y < b? y = b? y ;>— b? 
y<^—b? y=—b? 

16. Draw a circle with centre at the origin and radius eqiinl 
to a. 

Y 




Then the point P(Xj y) will be outside, inside, or on this circle 
accordinoj as 

OP>a, OP<a, or OP=a. 



But 



OF' = o(^ + y\ 



[(4), § 7.] 
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Therefore the point P(jj, y) is outside, inside, or on the circle 
according as 

^-^!f>o?, a^ + f<a% or x' + ir = a\ 

Ex. 1. Write down the conditions that the point (a?, y) shall be outside, 
inside, or on the circle whose centre is at the origin and radius 3. 

Ex. 2. What are the conditions that the point (x, j/l) shall be outside, 
inside, or on a circle with centre at ( — 3, 1) and radius 4 ? 

Ex. 3. Draw a circle with centre at (a, 6) and radius t», and write down 
the conditions that the point («, y) shall be outside, inside, oron this circle. 

1 7. Let the Une A OB bisect the angle XOY. 



.-Y 







0^ jtuA (^^ JM^- 



Then every point on AB is equidistant from the axes. Hence 
the point P(x, y) is above AB, below ABj or on AB according as 

or according as y — x >, <, or = ; . 

i. e. according as t/ — x is positive, negative, or zero. 

Ex. What are the conditions that the point (x, y) shall be above, below, 
or on the bisector of the angle X^OY? 

18. Draw CD parallel to AB, cutting the y/-axis in E, three 
units above 0. 

Then every point on CD is three units farther from the a?-ax's 
than from the t/-axis. Therefore the point P^x, y) will be above 
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CD, below CDj or on CD, according as 

y>, <, or =x + S; 
i e. according as 1/ — x — 3 is positive, negative, or zero. 

p ^D 




Ex. 1. Draw a line parallel to AB, cutting the j^-axifl two units below O; 
and write down the conditions that the point (a;, y) shall be above, below, 
or on this line. 

Ex. 2. What are the conditions that the point (x, y) shall be above, be- 
low, or on the line through !^ parallel to the bisector of the angle X^OY? 

Ex. 3. Where is the point (x, y) if y -|- a; + 4 >, <, or = ? 

Ex. 4. Locate the point (x,yyity — 2x — 2>, <, or =0. 

Ex. 6. Locate the point («, y) if 2y + 3x — 1 >, <, or = 0. 

19. Let CD be the perpendicular bisector of the line joining 
A(—l, 1) and ^(3,^1). 

Then all points on CD are equidistant from A and B, and all 
other points are not equally distant from A and B. Hence the 
point F(x, y) will lie to the right of, to the left of, or on CD 
according as 

AP>, < or =BP, 
or according as 

AP'>, <, or =5i^; 

i. e. according as [(2), § 7] 

{x + iy + {y-\y>. <, or =(^-3)^ + (» + !)'; 
whence 2x — y — 2>, <, or =0. 
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Ex. 1. Find the conditions that the point (x, y) shall be above, below, 
or on the perpendicular bisector of the line joining (2, 3) and ( — 1, — 2). 

Ex. 2. What is the condition that (x, y) shall be on the perpendicular 
bisector of the line joining (a, 6) and c, d) ? 

20. The foregoing examples (§§ 14-19) illustrate certain gen- 
eral principles, of which we will here make only a preliminary 
statement. 

I. All points whose coordinates satisfy an equatwn of condition 
(not an identity) lie on a certain line ; and conversely, if a point 
lies on a fixed line, its coordinates must satisfy an equation. 

II. Points whose coordinates satisfy a condition of inequality 
do not lie on any fixed line. 

lif{x, y) be used to represent any expression (which is not de- 
composable) containing the two variables x and y and certain con- 
stants, these principles may be stated more definitely, as follows : 

I. All points whose coordinates make /(a?, y) = 0, lie on a 
certain line ; and conversely, the coordinates of all points on this 
line make/(a', y) ^^ 0. 

II. If /(ic,, ^i) > and/(£C2, 1/2) < 0, the two points (x,, ?/,) 
and (iTa, 1/2) li© ^^ opposite sides of the line the coordinates of 
whose points make/(a3, y)=0. 

Hence every line, as well as the axes of coordinates, is said to 
have a positive and a negative side. 
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Def. The locus of a variable point subject to a given condition is 
the place, i. e. the totality of positions, where the point may lie and sat- 
isfy the given condition. 

Def. The line (or lines) containing all points, and no others, whose 
coordinates satisfy a given equation is called the Locus of the Equa- 
tion ; conversely, the equation satisfied by the coordinates of all points 
on a certain line (or lines) is called the Equation of the Line, or 

the Equation of the Locus. 

Def. That part of the plane containing all points, and no 
others, whose coordinates satisfy a g^yen inequation is the Locus 
of the Inequation, 

Thus the Locus of a point in Plane Geometry is not always a 
line. 

In the examples of §§ 14-19 only Cartesian coordinates have 
been used, but the fundamental principles there illustrated, and 
also the above definitions, hold for all systems of coordinates. 

Let the student give some similar illus^ations with polar co- 
ordinates. 

EXAMPLES. 
What is the locus of 
(^' x' + y^'^^O? 3^ + y^>0? x^ + y^<0? 

2. X = Vx' + y^? X > \^3^~+y^? x < i^^^fp? 

3. /> — a sec 6/ ? pL> a sec ^ ? ^) < a sec 6> ? 

4. /> = 6csc^? f>>bcacff? /><6csc^? 
6. 4<ar2 + 2/2<99 

6. 9<(a; — 2)2 + (y — 3)2<16? 

7. a sec ff < (> < b sec ^ ? 

8. /> = a cos ^ ? I) > a cos ^? n < a cos ^ ? 

9. acos^ < /> < bciosft'? 

10. f> = a sin f^? /> > a sin 0? p < a sin ft? 

11. p^a? p>a? p<a? 

12. What is the locus of a point moring so that the sum of its distances 
from the lines x = and ar = 3 is 1, 2, 3, 4 ? 
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To Find the Locus of a Given Equation. 

21. If the locus of an equation is a straight line, the locus is 
easily drawn ; it is only necessary to locate two points on it 
(preferably the intersections* with the axes) and draw a straight 
line through these points. 

Likewise, if the locus is a circle, the complete locus can be 
drawn when the centre and radius are known. 

It will be shown farther on that straight lines and circles can 
easily be recognized by the forms of the equations. 

In general, having given an equation of condition between the 
coordinates (in any system) of a variable point, we may assign 
any value we please to one coordinate and find a oorrespondingf 
value, or values, of the other. To every such pair of corre- 
sponding values will correspond a definite point of the locus. 
Since these pairs of values may be as numerous as we please, we 
can in this way locate as many points of the locus as we please. 
A smooth curve drawn through these points will be an approod-- 
motion to the locus of the given equation. The degree of approxi- 
mation will depend upon the proximity of the points thus lo- 
cated. This method of constructing a locus is applicable to any 
equation that can be solved for one of the variables, and is called 
Plotting t an Equation, or Plotting the Locus of an 
Equation. The steps of this process are as follows: 

* Unless both intereections are near the origin, when the line will be Inacoaratelr 
determined, or both at the origin, when its direction will be quite undetermined. 

t ** Corresponding values " of the variables, x and y say, involved in a given equation 
are a pair of values of x and y whioh satisfy the equation. 

tThe logic of the process of 
plotting is that of induction, and 
should be so recognised by the 

student. Given the points ^,B, / \ *•, \ ,* 

C,DyE,F on a curve; then, in • • ' • 

the absence of further knowledge, 
we take as a probable approxi- 
mation a smooth curve drawn 
through them like the full curve 
in the figure. We are not war- 
ranted in drawing such a curve as 
the dotted one through the points, 
because it is unlikely that, taking 
points at random on such an ir- 
regular curve, the position of 
these points should fail to disclose any of the irregularity. The student should also be 
warned that sudden changes of slope or curvature are as unlikely as sudden changes in 
the value of an ordinate. 

For example, the curve y^ainx is not 
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(1) Solve the equation with respect to one of the coordinates. 

(2) Assign to the other coordinate a series of values differing 
but little from each other. 

(3) Find each corresponding value, or values, of the^r^^ co- 
ordinate. 

(4) Locate the point corresponding to each pair of correspond- 
ing values thus found. 

(6) Join these points in order by a smooth curve, and this 
curve will be an approximation to the required locus. If there 
be doubt how to fill up any of the intervening spaces, more points 
must be interpolated.' 



22. Illustbative Examples. 
Ex. 1. Plot the locus of the equation IQy =«* — 3aj— 20. 
Assigning to x yalues from — 8 to + 10, differing by two units, we find 
the following pairs of values of x and y to satisfy the equation: 
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Plotting the corresponding points 
Pi, P2, P3, etc., and drawing a smooth 
curve through them in the order of 
the increasing values of x, we find the 
locus to be approximately the curve drawn in the figure. 

Exi 2. Plot the locus of the equation y^ = 4t;. 

Solving for y gives y =» d= 2\/x. 

Whena:=«0, 1, 4, 9, . . . tooo, 

y=-0, ±2, =b4,±6 . . . 



_Si'i^ 

_^_^,__^.^ X 

o "" 



tO: 



respectively. 

The corresponding points of the locus are 
0(0,0), P,(l,-2), P2(l,2), P3(4,-4), 
P4(4,4), P5(9,-6) and P6(9,6) 

When X is negative, y is imaginary. 
Therefore no points of the locus lie to the 
left of the 2^-axi3. For every positive value 
of X there are two values of y numerically 
equal but opposite in sign. Hence the two 
corresponding points of the locus are equi- 
distant from the x-azis. As x increases, 
both values of y increase ^merically. 
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Therefore the locus can not be such a curve as that represented by the 
dotted line, but must be approximately that indicated by the full line. 

Ex. 3. Plot the locus of the equation 25(x — 1 )* + 16(y — 3)» ^ 400. 

Solving this equation for y gives 

* y=3d=f vie— (X — 1)«. 

This form of the equation shows that y is imaginary when x < — 3, or 

X > 6, since 16 — ( a: — 1 )* is then negative ; and when x is neither less than 

—3 nor greater than 5 there are two real unequal values of y, one found 

by using the + sign before the radical, the other found by using the — 

sign. Heifte the locus lies between the 
two parallel lines x = — 3 and x = 6. 

The equation is satisfied by the follow- 
ing pairs of values of x and y: 

X- 

y- 
y- 

35 = 

y = 
y = 

The corresponding points are P( — 3, 3 ) , 
Pi(— 2,6.3), P2(— 2, — .3), etc., and 
the locus is approximately as shown in 
the figure. 

Ex. 4. Plot the locus of the equation p == 2a sin 0, 

Here n has its greatest value when 
sin ^ has its greatest value, t. e. when 
ff = in. As f) increases from to Jtt, 
sin (i increases from to 1, and p in- 
creases fromO to 2a; as /^ increases 
from ^TT to ^, sin decreases from 1 
to 0, d,nd f) decreases from 2a to 0- 
Hence the locus starts from the orig^in 
and returns to the origin as 6 is made 
to vary from to -. 

Assigning to values from to 
180°, differing by 30° we find the fol- 
lowing points are on the locus: 

0(0,0), y4(a,30°), S(ai/3,60°), 
^(a, 150°), and 0(0,180°). 

The complete locus is the curve shown in the figure. 

Ex. a. Show that the points A,B, . . .all lie on a circle tangent to 
OX at O and whose radius is a. Show also that every point on this circle 
satisfies the given equation. 







O(2a,90°), i>(.a/3, i20<»). 
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Ex. 6. Show that the same circle will be described as 6 varies from 180° 
to 360° ; also as varies from any value a to a + tt. 

We have in this example an illustration of a characteristic properiy of 
equations in polar coordinates containing a periodic function of 0. In 
such equations p takes all possible values as' varies through a limited 
range of values called the peripd of the function. The complete locus is 
described at least once as varies through this period, and is repeated as 
^ varies through any other equal period. 

The period of sin ^ is 27r; hence in the above equation p takes all possi- 
ble values from — 2a to + 2a as <^ varies from to 27r. The whole circle 
is described tvnce as varies through this period, once as 6 varies from 
to T with p positive, and once as varies from tt to 27r with p negative. Also 
the whole circle is described twice if d starts from any value and varies 
through 27r in either direction. 

^EfTs^ Plot the locus of the equatwn p = sin 2<9. 
TEis equation is satisfied by the following pairs of values of /> and B; 

/^=45°, 225°, p = i. 



^ 



1. 




135°, 315°, p 

^==30°, 60°, 210°, 240°, 
P = Jv/3. 

/^ = 120°, 150°, 300°, 330°, 

^ == 15°, 75°, 195°, 255°, 

.P = i^ 

^ = 105°, 165°, 285°, 345°, 

P=-i. 

s = 0°, 90°, 180°, 270°, 360°, 

/.=0. 

The corresponding points are found by drawing three circles with cen- 
tres at and radii \, i|/3, and 1, and then drawing radii dividing these 
circles into arcs of 15°. 

The locus is the four-leaf curve shown in the figure. 

As B varies from to 2tt, the four leaves are described in the- order 1, 2, 
3, 4, and in the direction indicated by the arrow heads. 

EXAMPLES. 
Plot the loci of the following equations:* 

r2a; — 3y — 6 = 0. U r2x-f3y + 5=0. \ 

1. J 4a: — 62^ — 6 = 0. I 2. \ ar — 2y — 12 = 0. I 

[6ar-9y + 27=0. J i5a: + 2y-4 = 0. J 



* For convenience In plotting loci In rectangular coordinates the student should be sup- 
plied with "coordinate paper." 

t Loci grouped under the same number should be plotted on the same diagrram. 
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'2* + 9»-l-13 = 0. ^ 


4. 


(x-4)(y + 3)-0. 


3. 


» = 7*— 3. [ 


5. 


(««-4)(y-2)-0. 




.2»-« = 2. J 


6. 


4x»-»» = 0. 


7. 


6a!»+6«y-%' = 0. 




r ,/+»»- 26. 






9. 


. (x-8)' + (y-4)» = 25. 


8. 




i(x-4)> + (y-2)' = 5. 



« 



^^ r4(a: + l)«(y-2)«.| 11. y = r» - 4x» - 4* + 16. 

tlQy=-(x+l)^ j ^^ fy«a^ — 2(k» + 64. I 

• U««(««-4)«.j 14. («» + y»)* = aV-y'). 



16. y = Xf Qi^, «*, ar*, ar* . . . a:». What points are common to these 
curves ? Consider the case n = oo . 

16. y^^ix—l), (x— 1)S (x— 1)8 . . . Compare with No. 16. 

17. y' — «, «*, x", ap*. 18. y = sin x, cos x. 
19. y^taiix, cotx. 20. 2^ — secx, cscx. 
21. p = sin ^, cos ff, sec fi, esc ^. 22. /> = sin 3^, sin id, 
22.. p=^oo82S, cos3^, cos4^. 24. />»tan(9, eot6^. 

26. p^sinl^ cosj^. 26. P-^jzi^,' T=Y^^' 

27. Are the points (2,9), (1,5), (— 1, — 4) on the same or opposite 
sides of the locus of y — 3x = 2 ? 

28. Are the points (9, — 10), (5, 12), (—8, 10) on, inside, or outside the 
circle x« + y» = 169? 

29. Are the points (3, 60®), (f, —90®) on the same or opposite sides of 
the loci of Ex. 26? 

30. Which of the loci represented by the following equations pass 
through the origin ? 

(1) 2x+3y — 0. (4) y» — aV = 0. (7) y^ = 4ax. 

(2) a^+y2 = l. (5) ax + 6y + c = 0. (8) y» = 4a(x + a). 

(3) y = 3x»-x. (6) ax« + 6y»=l. j(9) (x— a)«+(y-5)« = o«-6^ 

What is the necessary and sufficient condition that the locus of an equa- 
tion in Cartesian coordinates shall pass through the origin ? 

Plot the following loci : 

31. /»*«8in2^ cos 2^. 32. />2 = sec2/^, esc 2(9. 
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^. {x^i)(x~2) (x-i)(g-3) 

-^fi .._ (ar + i)(x-2) (a; + 2)(a;-4) 

^7 (x-i)(x-3)(x-5) (ar+l)(x-4)(a;-6 ) * 

^"*(« — 2)(ar — 4)(ar — 6)' (ar -l)(a; + 2)(x — 3) ' 

^ _ (x~i)(x-3)(a:-5^ (a; ~ l)(x + 3)(x - 5) 
^"^ (a:-2Xx-4) ' (a.-2)(a;-4). 



The Use of Gbaphic Methods. 

23. . It has been shown in §§ 14-20 that whenever the relation 
between two quantities, whose values depend upon one another^ 
can be definitely expressed by an equation, then the geometric or 
graphic representation of this relation is given by means of a 
<5uive. Such a curve often gives at a glance information which 
otherwise could be obtained only by considerable computation ; 
a^nd in many cases reveals facts of peculiar interest and impor- 
tance which might otherwise escape notice. 

The use of graphic methods in the study of physics, analytical 
mechanics, and engineering, as well as in many other branches of 
scientific investigation, is already extensive and is rapidly in- 
creasing. Graphic methods can be used, however, not only in 
examples where the equation connecting the two variable quan- 
tities is known, such as those already given, but also in examples 
where no such relation can be found ; in these latter cases the 
graphic method furnishes almost the only practical means of 
studying the relations involved. 

Comparative statistics, and results of experiments and direct 
observations, can frequently be more concisely and forcibly rep- 
resented graphically than by tabulating, numerical values. The 
following are simple examples of this kind : 

L The following table shows the net gold (to the nearest million of dol- 
lars) in the U. S. Treasury at intervals of one month, from Jan. 10, 
to Oct. 31, 1894 (Report of the Sec. of the Treas., 1894, p. 8): 
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1883. 


Millions 


1893. 


Millions 


1894. 


MiUions 


1894. 
July 10.. 


Millions 


of Dollars. 


of Dollars. 


of Dollars. 
74 


of Dollars 


Jan. 10.. 
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July 10.. 
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Jan. 10.. 
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Feb. 10.. 
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Aug. 10.. 
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Feb. 10.. 


104 


Aupr. 10. . 
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Mar. 10.. 
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Sept. 9.. 
Oct. 10.. 
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Sept. 10.. 


56 


Apr. 10.. 
May 10.. 


106 


87 


Apr. 10.. 
IMuy 10.. 


106 


Got. 10.. 


60 


99 


Nov. 10.. 


85 


92 


Oct. 31.. 


61 


June 10.. 


91 


Dec. 9.. 


84 


iJune 9.. 


69 


1 





Using time (in months) as abscissas, and dollars (1,000,000 per unit) as 
ordinates, the separate points represented by the table have been plotted 
(Fig. 1) and then joined by a smooth curve. 
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Fig. 1. 



In this example the curve gives no new information, but it presents in a 
much more concise form the information given by the tabulated numbers. 
Observe also that if the points arc inaccurately located, the diagram be- 
com6« not only worthless, but misleading. 

2. An excellent example of the use and advantages of the graphic 
method of representing comparative statistics is found in the large engraved 
plate placed under the front cover of the Annual Report of the Secretary 
of the Treasury for 1894. This plate presents on a single sheet informa- 
tion that covers several pages when expressed in tabulated numbers. All 
of the curves given on this plate, except one, are shown (on a smaller scale) 
in Fig. 2. This figure should be carefully studied, and if possible the 
original plate should be consulted. 

3. The curves in figures 1 and 2 were constructed by locating separate 
points and then drawing a smooth curve through these isolated points. 
Such curves give no new information, but only represent graphically in- 
formation already ascertained. 

In some cases, however, curves can be drawn mechanically. When tliis 
is possible the curve is constructed^ not for the purpose of exhibiting facts 
previously known, but for the purpose of obtaining new information. For 
instance, in the stations of the U. S. Weather Bureau an instrument called 
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the Thermograph* constructs automatically a cunre which shows the con- 
tinuous variation of the local temperature. Similarly the Barograph* 
records the variation of the barometric pressure, etc. 




Fig. 3.— Thermographs for Aug. »-10 and Sept. 27-28, 1889, at Lincoln, Neb. 



Mon. 13 



Tu. 



Wed. 



Th. 



Pri. 17 



XII Mt XII Mt XII Mt XII Mt XII Mt 




Fig. 4.— Barograph Sheet, March 13-17, 1890, at Lincoln, Neb. 



Figures 3 and 4 are copies of curves thus constructed in the local station 
at Lincoln, Neb. The upper curve in Fig. 3 shows the temperature from 
10 P. M. Aug. 8, 1899, to 9 A. M. Aug. 11, 1899; the lower from 11 p. m. Sept. 
26, 1899, to 8 A. M. Sept. 29, 1899. Interpret these curves. Notice espe- 
cially the record from 6 P. M. to midnight Aug. 10. 

The varying pressure on the piston in the cylinder of a steam engine is 
determined in the same way by means of a similar instrument, called an 
Indicator.* 

4. Exhibit graphically the information contained in the following table 
of wind velocities for Jan. 20 and June 15 and 25, 1894: 



* For a description and cut of the "Thermograph," "Barograph," and " Indicator," 
see these words in the Century, Standard, or Webster's International Dictionary. 
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Day. 


12-1 
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Jan. 20, A. M... 
June 16, A.M... 
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13 
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11 
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17 
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21 
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10 


Jan. 20, P.M... 
June 15, P.M... 
June 25, P.M... 


22 
15 
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22 
21 
15 


18 
22 
11 


19 
20 
12 


14 
17 
12 


I? 
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6 
12 

1 


7 
5 
3 


6 
5 
6 


6 
6 

7 


6 

6 

7 


4 
8 
8 



Intebsection of Loci. 

24. To find the points of intersection of two lod when their equa- 
tions are. known, " 

Since the points of intersection of two loci lie on both curves, 
their coordinates must satisfy both equations. Therefore, to find 
the coordinates of the points of intersection of two lod we treat 
their equations simultaneously, regarding the coordinates as the 
unknown quantities, and thus find the values of the coordinates 
which satisfy both equations. A pair of values which satisfy 
both equations are the coordinates of a point of intersection of 
the two loci. 

If the equations are both of the first degree, there will be but 
one pair of values of coordinates satisfying them, and therefore 
but one point of intersection of the loci. 

If one or both of the equations be of a higher degree than the 
first, there will be several pairs of roots, and one point of inter- 
section for tank pair. The loci will then have several points of 
intersection. 

If of a pair of roots even one is imaginary, there is no corre- 
sponding real point common to the two loci. We then say the 
intersection is imaginary. 

Since imaginary roots of equations always occur in pairs, im- 
aginary intersections of loci always occur in pairs ; and hence 
the passage from a real pair of intersections to an imaginary one 
is through a coincident pair. Suppose, for example, a straight 
line intersects a circle in two real points. If the line be moved 
so that it becomes tangent to the circle, the two points of inter- 
section coin<3ide in the point of contact. If the line be moved 
still farther, the intersections are said to become imaginary. 

25, Intercepts on the axes of coordinates. 

This is a special and very important case of the preceding sec- 
tion in which one of the given equations is a; = 0, or y = 0. 
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To find the points of intersection of a curve with the a!;-axis, 
put t/ = in the equation of the curve and solve the resulting 
equation for x. The roots of this equation in x represent the 
distances from the origin to the points of intersection ; and these 
distances are called the z-intercepts of the given curve. 

Similarly, to find the y-intercepts, put a? = in the given 
equation and solve the resulting equation for y, 

Ex. 1. How many or-intercepts may a cunre of the nth degree have? 

Ex. 2. What does it mean when in an equation in polar coordinates we 
put^=0? ^ = 0? 

26. A line may be defined as the path of a moving point. 
Then, if (a:, y) be the moving point, both x and y are variable 
quantities, and are called the variable or current coordinates 
of the moving point. The path of the moving point is then de- 
termined by the condition that its coordinates must vary only in 
such a manner as always to satisfy a given equation ; i. e. although 
both coordinaies vary the relation between them, remains fixed, 

EXAMPLES. 
Find the intercepts and the points of intersection of the following loci : 

1. 2x + 32/ = i2, 42: — 2/ = 5. 

2. 3a: + 5y=l, X — 32/ + 7 = 0. 

3. 5a: — 2y+4 = 0, 10a: — 4^/ + 3 = 0. 

4. a: + 32/ =15, a:2+y'» = 25. 

5. 3x — 42/-20, a:»+y«— lOx— 10y + 25 = 0. 

6. 5a: + 4y = 20, a:^ + ^'' = 4. 

7. a:-32/ = 0, ar^ + ^« + 20r/ - 0. ' 

8. 2/2 = 4aa:, 2xy = a^ 

9. y'^^iax, 2/' — a?'==a2. 

10. Find the points of intersection of the loci of Nos. i, 2, 3, 9, 15, 17, 
18, 19, 20, 21, 26 in the last preceding set of examples. 

11. Find the intercepts of the loci of Nos. 7, 9, 10, 11, 12, 13, 14, 18, 19, 
20 of the same set and check the results by the plots already made. 

12. Find the area of the triangle whose sides are x — 32/ + 5 = 0, 
ar + 42/ = ll, 2a: + 72/ = 3. 

13. What is the area of the quadrilateral whose sides are x = a, 2^ = 6, 
hx-\-ay = Of and 6x + a2/==a6? 
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Symmetry of Loci. ' 

27. The process of constructing a locus explained in § 21 is 
long and tedious. It may often be shortened by an examination 
of the peculiarities pf the given equation, such as the limiting 
values of the variables for which both are real (see Ex. 3, § 22), 
symmetry, etc. Such (considerations will often reveal the general 
form and limits of the curve and give all the information desired 
with little labor. The intercepts (§ 25) are almost always useful 
for this purpose. 

Definitions. Two points A and B are said to be symmetriGaZ 
with respect to a centre when the line AB is bisected by 0. 

Two points A and B are said to be symmetrical with reject to an 
aads when the line AB is bisected at right angles by the axis. 

The two points (x, y) and ( — x, — y) are symmetrical with 
respect to the origin ; (a?, y) and (oj, — y) with respect to the 
ic-axis. ' 

A curve is said to be sym- 
metrical with respect to a centre 
when all lines passing 
through meet the curve in a 
pair, or pairs, of points sym- 
metrical with respect to 0. 

A curve is said to be sym- 
metrical with respect to an axis 
when all lines perpendicular 
to the axis meet the curve in 
a pair, or pairs, of points sym- 
metrical with respect to the 
axis. 

Or, in other words, a curve is symmetrical with respect to an 
axis, if the figure appears the same when a plane mirror is placed 
on the axis perpendicular to the plane of the curve. 

The curve PQ is symmetrical with respect to the origin, and 
RS is symmetrical with respect to the ^-axis. 
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28. EqwoMons in Cartesian Coordinates, 

(1) If S{x, y) =/(aj, — 3^),* the locus of the equation 

f{x,y)=0 
is symmetrical with respect to the x-axis; i, e. 

Ij an equation is not aUerefi when the sign of y is changed, its locus 
is symmetrical with respect to the x-axis. 

Let (x', y') be any point on the locus /(oj, y) =0. 
Then, since /(ac, y) =/(«, — y)j by hypothesis, 

/(^',y)=/(^, -y)=o. 

That is, the point (a:/, — y^) is also on the locus. Therefore, 
if the line x=^xf meets the locus in any point (a;', y')> i* '^^ 
also meet the locus in the symmetrical point (a?', — t^'), and the 
curve is symmetrical with respect to the ic-axis. 

Ex. Let /tx, y)=y^— 4x, then f(x, — y) = (— j/)* — 4a; = y' — 4r . 

Therefore f{x, y) h:/(x, — y ) and the curve y'^ — 4a; = is symmetrical with 
respect to the a;-axis. (See Ex. 2, § 22.) 

(2) Similarly, if f{x, y)=f( — x, y) the locus of 

f(x,y)=0 
is symmetrical with respect to the y-aads, 

Ex. y — cosa; = y — cos( — x). 

Therefore the locus of y = cos x is symmetrical with respect to they-axis, 

(3) If f(Xy y) = ± /(— X, — y) the locus of 

f(x,y)=0 
is symmetrical with respect to the origin. 

Let (a/, 2/') ^ ^^y poiiit on the locus /(a?, y) =0. 
Then, since /(a?, y) = ± /( — a?, — y) by hypothesis, 

/(^', 2/0 =/(-^, -2/0=0. 
Hence the straight line through the origin and the point (a?', y') 
meets the locus again in the symmetrical point ( — x% — i/O- 
Therefore the curve is symmetrical with respect to the origin. 

- a^ ^ b" 

•The sign *< = " means *• Identical with," t, e. the same for all values of x and j/, and 
cneref ore that the two expressions vanish for the same values of x and y. 
E.g, {.x + y)' = x^ + 2xy-\-y*, cos a; = cos (— x) . 
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Therefore the curve -^ +^ = 1 is symmetrical with respect to both axes 
and the origin. (See Fig. of § 34.) 

(4) If f(x, y) =f(y, x) the locus of f(x, y) =:0 is symmetrical 
with respect to the bisector of the angle XOY. 

(5) If f{—x, y)=f(—y, x) the locus of f(x, y) =0 is sym- 
metrical with respect to the bisector of the angle X' Y, 

Let the "Student prove propositions (4) and (5). 

The foregoing conditions of symmetry are both necessary and 
sufficient; i, e, if either one of the conditions (3), for example, is 
satisfied, the locus is symmetrical with respect to the origin, 
otherwise not. Let the student examine the opposite proposi- 
tions. 

The following conditions, (6), (7), (8), are sufficient, but not 
necessary: 

(6) If an equation contains only even powers of y, its locus is sym- 
metrical with respect to the ooaxis. 

(7) If an equation contains only even powers of x, its locus is sym- 
metrical with respect to the y-axis. 

(8) If an equation contains only even powers of both x and y, its 
locus is symmetrical with respect to both axes and also with respect to the 
origin. 

In an algebraic* equation either one of the following conditions 
is suffi^ent, and one or the other is necessary. 

(9) If aU the terms of an algebraic equation are of even degree, or 
if all the terms are of odd degree, its locus is symmetrical with respect to 
the origin, 

fehow that (6), (7), (8), and (9) follow from (1), (2), and (3). 

Show that (6), (7), (8) are necessary conditions of symmetry if the equa- 
tion is algebraic. 

* A function in which the variables are involved in no other ways than by addition, sub- 
traction, multiplication, division, and root extraction is called an Algebraic Function, 
All others are called Transcendental Functions. 

E. g. Sx^ — 2x + 4, x^— axy + 6s/*. "^ ^^ -f- n V^, 

X -r 

are algebraic functions; while a*, sin x, sec-* y, log vaj* + y) are transcendental functions. 
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20. , Equations in Polar Coordinates, 

It has been shown in the first chapter that for all valued of 

(/>, _^) = (_^, ir — e); (/>, TT — ^) = (— />, —6); 

(/>, TT +<?) = (— />,^). 

Prom the definitions of symmetry it follows that, for all values 
of e, 

{py 6) and (/>, — ^), or (^, tt — 0) are symmetrical with re- 
spect to 0X\ 

(/>, 6) and (/>, w — e)^ or ( — /o, — d) are symmetrical with re- 
spect to OF;* 

(^, 0) and (/o, TT + ^), or ( — /o, 0') are symmetrical with respect 
toO. 

Also from the definition of symmetrical curves we may say 
that a curve is symmetrical with respect to a centre, or an axis, when 
every point on the curve has its symmetrical point with respect to the 
center, or axis, on the curve. 

Hence the following are sufficient conditions of symmetry for 
loci in polar coordinates : 

(1) If f{e)=S{—d), or, if f(e)^—f(^-e), the htm of 
p z=zf(^0) is symmetrical with respect to OX, 

For, in the first casC; the value of p is the same when 6=zd' as 
v^hen = — ^'; and in the second case, the values of p corre- 
fiponding to = d' and ^ = tt — d' differ only in sign. 

Hence in either case, if any point (/>', 0') is on the locus, its 
symmetrical point (/>', — ^') is also on the locus ; therefore the 
locus is symmetrical with respect to OX, 

(2) Similarly, if f{e) -f(n — 0), or, if f(d)=—f(—0), the 
lo(ms of p:= f(0) is symmetrical with respect to OY, 

(3) If f(^6) =f(^ + 0), the locus of p =zf(0) is symmetrical with 
respect to 0, 

(4) The locus of p^r=f(^6) is symmetrical with respect to 0, 

E, g. The locus p = cos^ is symmetrical with respect to OX, 

The locus p = 2a Bin 6 is symmetrical with respect to OY, (See Ex. 4, 

§22.) 

* OF is assumed perpendicular to the initial line OX. 
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The locus p= Bin 26 18 symmetrical with respect to OX, O F, and O. (See 
Ex. 5, § 22.) 

Show that 

(5) If /(45*' + 0) =/(45*' — 0), the hem of p =f(0) is symmet- 
rical with respect to the line ^ = 45°. 

(6) Jjf /(135° + 6) i:/(135° — 6), th^ locus of p =f(0) is sym- 
metrical with respect to the line = 135°, 

Are the conditions (5) and (6) satisfied by the equation of the locus shown 
inEx. 5, §22? 

EXAMPLES. 
In what respects are the loci of the following equations symmetrical? 



i; 

3. 




2. 
4. 


y' = x. 


fi-. 


y2 = aj2. 


6. 


2/' = x*. 


7. 


2^»=a^. 


8. 


y*=a^. 


9. 


y = a^ — aj. 


10. 


y = x*— a^. 


11. 


xy = a. 


12. 


ax^ + hy^^\. 


13. 


ax'+2bxy+cy^ = i. 


14. 


aaj2 + 2bxy + ay«=L 


15. 


axy + b(x+y)^c. 


16. 


0^+^3=1. . 


17. 


a;*+y*=l. 


18. 


x*=y2(4^2_a.8)^ 


19. 


x{y + xf-\-a^y = 0. 


20. 


xy = aVx«+y2). 


23. 


xy2 + 4(x+y) = 0. 


22. 


a;X+y« = a«. 


{a — x)y^ = {a+x)x^. 


24. 


(a-x)y^ + x« = 0. 


25. 


p2=8in2(9. 


26. 


/o2 = cos2<9. 



27. Point out the symmetric properties of the loci in the last two pre- 
ceding sets of examples, especially those given in polar coordinates. 
Check the results by referring to the plots already made. 

28. Show that if an equation is not altered when — x is written in the 
place of yy and y in the place of a?, its locus will show no change in posi- 
tion when the curve is turned about the origin through a right angle in its 
plane. 

For example, the locus of the equation 

«* + a^ — 2^ = 
is such a curve. 
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To Find the Equation op a Locus, having given its Geo- 
metric Definition. 

30. It should be borne in mind that to find the equation of a 
locus we have merely to find an equation that is satisfied by the 
coordinates of every point on the locus, and not satisfied by the 
coordinates of any other point. It is not easy to give specific 
directions which can be applied in all cases, but the following 
plan will be useful to the beginner, at least in the simpler cases: 

(1) Choose the system of coordinates best adapted to the 
locus under consideration, and select a convenient set of axes. 

(2) Write down the geometric equation which expresses the 
given geometric definition, or any known geometric property of 
the locus, 

(3) Express this geometric equation in terms of the chosen 
system of coordinates, and simplify the result. 

The following examples will give a better idea of the method 
of procedure than any formal rules ; they should be carefully 
studied : 

31. To find the equation of any straight line. 



B 


Y 

I 


R 


A^X"^"^^ 






^ 


o < 


I 



Let ABC be any straight line meeting the axes in A and B. 

Let OB = 6, let tan XAC = m, 

Let P{Xj y) be any point on the line. 

Draw FQ parallel to OF, and BE parallel to OX. 
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Then for the geometric equation we have 

QP=QE+ EF= OB + BE tan FBE, 
But QP=y, OB = b, BE = x, ta,nPBE = m. 

/. yz=mx + b, (1) 

which is the required equation. 

For any particular straight line the quantities m and b remain 
the same, and are therefore called constants. Of these, m, the 
tangent of the angle between the line and the a?-axis, is called 
the Slope of the line, while b is the t/-intercept. 

By giving suitable values to the constants m and 6, (1) may be 
made to represent any straight line whatever, e. g. 

If 6 = 0, we have 

y = mx, , (2) 

for the equation of any line through the origin. 

Quantities entering into an equation, such as m and b, which 
remain constant so long as we consider any particular curve, but 
whose variation causes a change in the position, size, or shape of 
the curve, are called Parameters of the curve.* 

Moreover, any equation that can be put in the form (1), ^^ e, 
y equals some multiple of x plus a eonstant, represents a straight line. 

The general equation of the first degree 

Ax + By+ C=0 (3) 

may be written y = — ^x — ^, 

and therefore (3) represents a straight line whose slope is — ^ 

G 
and whose i/-intercept is — -=,. (See § 43. ) 

Jd 



^CDi 



CRx. 1. ' If b varies in (1) while m remains constant, how will the line 
cnange position? If m varies while b remains constant? If m varies 
in (2)?^ 

Ex. 2. What will be true of the signs of m and b when the line crosses 
the various quadrants ? 

*Tlie difference between parameters and coordinates should be carefully noted; also 
the difference in the effect of a variation of the parameters of an equation and the varia- 
tion of the current coordinates. (See § 26.) 
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32. To find the equation of a eirde referred to any reeUmgular axes, 

Y 




Let r = radius, and let C(a, b) be the centre. 
Let P(ic, y) be any point on the circle. 
Then CP= r. [G^eomet^ic equation.] 

But CP'^^x-ay + iy-by. [(2), § 7.] 

/. (x-ay + (y-by = r^ 
is the required equation. 

If a = r and 6=0, (1) reduces to 

x' + y^ — 2rx=0. 
If a = — r and 6 = 0, (1) becomes 

af + if + 2rx = 0. 

The circle at the right in 
the figure is the locus of 
equation (2); the circle at 
the left is the locus of equa- 
tion (3). 

When the centre is at 
the origin, a=:6 = 0, and 
we have for the simplest 
equation of the circle in 
Cartesian coordinates the 
standard form (§ 16j, 



(1) 



(2) 



(3) 




X' + Tf 



w 



Ex. 1. What is the form of the equation and the position of the circle, 
if 5==hranda = 0? 
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Ex. 2. What are the parameters in these equations ? ^Discuss the effect 
produced by their variation. 

Ex. 3. Find the general equation of a circle which touches both axes. 

. 33. Polar equations of the cirde. 

It follows from (1), § 8, that the polar equation of the circle 
whose centre is at the point (a, «) and whose radius is r, is 
P^'— 2ap cos (d^a) +a^—r'— 0. 
If the pole is on the circle, the equation is 
p=:2r cos (0 — a)^ 
If the centre is also on the initial line, the equation is 

pz=z2r cos 0' 

if the circle is above the initial and tangent to it at the pole, its 
equation is 

■ ^=:2rsin^. (4) 

Ex. 1. Why is (1) of the second degree in p while (2), (3), and (4) are of 
the first degree ? When is the pole outside, and when inside the circle ? 
Discuss the effect of the variation of the parameters in these polar equa- 
tions. 

Ex. 2. Transform equations (1), (2), (3), (4) to rectangular coordinates. 

34. The Ellipse. The ellipse is the heus of a point which moves 
80 that the sum of its distances from two fixed points^ called foci, is con- 
stant. 



(1) 

(2) 
(3) 




Take the line through the foci as the £i>axis, and the point mid- 
way between the foci as origin. 
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Let 2a = the sum of the distances from any point on the ellipse 
to the fod. 

Let -F(c, 0) and 1^'(— c, 0) be the two foci. 
Let P(^x, y) be any point on the locus. 

Then FP + F'P = 2a, [Geometric equation. ] 



But FP = V(x — Gf + y\ 



and F'P= v\x + cy—y\ [(2), § 7.] 

... V^x-cy + if + V{x + cf + y'=2a, (1) 

Transposing the first radical and squaring 



{X + cy -^ f = 4.0? + {x — cY + f -4.aV {x — cY + y\ . 
or a\/{x — cy ■■{' if z=za? — ex. 

Squaring and transposing again 

(a^ — c^)x^ + ahf = a^C^' — c'). 

If we put a^ — c^ = b^, we get the equation of the ellipse in the 
standard form, 

35. An examination of this equation (2) as to symmetry, 
limiting values of the variables and intercepts, will give the gen- 
eral form and limits of the curve. 

(1) Only the squares of the variables x and y appear in this 
equation. 

Therefore the ellipse is symmetrical with respect to both axes, 
and also with respect to the origin. [(8), § 28.] 

Hence every chord passing through is bisected by 0. For 
this reason, the point is called the Centre of the ellipse. 
Likewise the lines AA^ and BB' are called the Major Axis and 
Minor Axis, respectively. 

(2) When y = Oj x=±a, ^r-intercepts. 

When x = 0, y= dzb, ?/-intercepts. 

Therefore the curve cuts the ir-axis a units to the right and a 
units to the left, the i/-axis b units above and b units below tbe 
origin. 
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(3). Solving the equatioD (2) for y and x respectively we find 



a 

Hence y is imaginary when x^ a^ or a; < — a ; and x is imagi- 
nary when y^h, or y <i — b. 

Therefore the curve lies wholly within the rectangle formed by 
the* lines x= ±:a and y= ±ib. 

Also, as either variable increases, the other diminishes. The 
form of the curve is shown in the figure. 

Such an examination of an equation is called A Discussion 
of the Equation. 

Mx/i, Transform equation (2), § 34, to polar coordinates and show that 
fh^ finite for all values of ^. 

Ex. 2. Where is the point (/i, k) if ^4-^' — 1>0? <0? 

Exy3: Show the relation of the ellipse — + ^ = 1 to the circles 
-«^^y2^a2 and x^ +^2 = 52^ 

36. The Hyperbola. The hyperbola is the locus of a point which 
moves 80 that the difference of its distances from two fixed points (fod) 
is constant. 

Choose axes as in the case of the ellipse, let 2a be the constant 
difference, and show that when b^ = c^ — a^ the equation of the 
hyperbola reduces to the standard form 

Ex. 1. Discuss equation (1). 

Ex. 2. Show that the hyperbola (1) lies wholly between the two straight 

lines y = d= — X, and that as x becomes infinite the ordinates of the lines 

become equal to the ordinates of the hyperbola. These lines are called 
the As3nnptotes* of the hyperbola. 

Ex. 3. Transform equation (1) to polar coordinates, and find the value 

of p when ^ = ± tan-^ — . 
a 

* See note under § 116. 
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37. The Parabola. The parabola is the locus of a point whose 
distance from a fixed straight line is equal to its distance from a fixed 
point. 

The fixed point is called the Focus; the fixed line the Di- 
rectrix, 

Take the line through the focus perpendicular to the directrix 
as the ic-axis, and the origin midway between the focus and the 
directrix; let 2a denote the distance from the focus to the di- 
rectrix. 

Then show that the equation of the parabola is 

y = 4aa?. (1) 

Discuss this equation (1) (see Ex. 2, § 22) ; also y* = — 4ax and x^ = dL iay* 



Strophoid. 




Hence in the triangle AOQ 

ZO^Q = 90^— 2<9, and 



38 * YOX is a right 
angle and J. is a fixed point 
in OX; AG is any line 
through A cutting OF in 
B; P and Q are two points 
on AB such that 

QB = BP=OB, 
The locus of the points P 
and Q a>B AC turns about 
A is called the Strophoid. 

To find the polar equa- 
tion of the Strophoid, take 
the point as the pole and 
OX as the initial line. 

Let OA = a. 

Let Q(p, 0) be any point 
on the locus. 

In the isosceles triangle 
BOQ 

lBOQ=lBQO=9O''—0y 

and lOBQ = 20, 



/0§^ = 90^ + <?; 
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/t>__sin (90° — 2<9) 



whence 



a sin (90° + 0) 
a cos 20 



(1) 



• • '^ cos <9 ' 

which is the required equation. 

If we multiply (1) by joMt may be written 

p\p cos 6) — ap\co&' e — sin=^ d) = 0. <2) 

If OX and OF be taken as axes, 

p^ = Q(? -\- f, p COS e = x, p sin e = y, [(1), § 6.] 

Substituting in (2) gives the rectangular equation 

x{a? + f)^a(ia?^f)=0, (3) 

Ex. 1. Show that the coordinates of P also satisfy equations (1) and (3). 

Ex. 2. Trace the change in the values of p as varies from to ^ in 
equation (1). 

Ex. 3. From a discussion of equation (3) show that: 

(1) The curve is symmetrical with respect to the oj-axis. 

(2) The curve cuts both axes twice at the origin and the x-axis once at 
the point (a, 0). 

(3) The curve lies wholly between the two lines a; = ± a. 

(4) For all values of x between + a and — a, y is finite, but for a? = — a, 
y is infinite. Therefore the curve has infinite branches in the second and 
third quadrants. 

The Rose op Four Branches. 

39.* Given a line AB of constant length (2a) whose extremi- 
ties are free to move along two perpendicular lines OX and OY. 
Find the locus of P, the foot of the perpendicular drawn from 
i^AB, 

Take as the pole, and OX as the initial line. 

Let P(/>, 0) be any point on the locus. 

Then from the right triangles OPB and OAB, 

P = OB cos ^, 
and OB=AB sin OAB = 2a sin 0. 

/. p = aQm20 (1) 

is the polar equation of the locus. (See Ex. 5, § 22. ) 
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Ez. 1. Show that the equation in rectangular coordinates is 
Ex. 2. Find from equations (1) and (2) : 



(2) 



(1) 

(2) 

to27r. 

(3) 
(4) 



The smallest circle enclosing the curve. 

The number of times the curve passes through 0,aa6 varies from 

The different sorts of symmetry. 

Where the point {xi, yi) may be if {xi^ + yi^)' — ioxi'yi' <0. 



Also trace the curve directly as it is generated by the moving line AB, 

EXAMPLES. 

(fN A moving point is always four times as far from the a-axis as from 
the y-axis. What is the equation of its locus? 

/ 2/ Find the locus of a point which is equidistant from the two points 
^2) and (—2,1). Ans. 5x + y = 4. 

. 3./ Find the locus of a point which is equidistant from the points (a, b) 
and (c, d). 

.4./ A point moves so that its distance from the point (3, — 4) is always 5. 
Find the equation of its locus. Does the locus pass through the origin? 
Why?. Ans. x^ -f y'- 6a; + 8y = 0. 

''5* Find the equation of a circle touching both axes and having its 
centre at the point ( — 3, 3). 

6/ Find the equation of a circle touching both axes and having a radius 
equal to 4. 

7. A point P is two units from a circle with radius 4 and centre at 
(^ — 6) . What is the locus of P ? 

/ Sl A point moves so that its distance from the origin is twice its distance 
from the x-axis. What is the equation of its locus? Ans. x^ — 3y^ = 0. 
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\0/ A point moves so that its distance from the x-axis is equal to its dis- 
tance from the point (2,-3). Show that the equation of its locus is 

AO/ A point P moves so that its distances from the points ^(2, 2) and 
B^ — 2, — 2) satisfy the condition -4P+ BP = 8. Show that the equation of 
its^locus is 3a;2 — 2a;y + 3f = 32. 

11/ What is the locus of a point which moves so that (1) the sum, (2) 
tKB^'^difference, (3) the product, (4) the quotient, of its distances from the 
axes is constant (a) ? 

12. What is the locus of a point which moves so that (1) the sum, (2) 
the difference, (3) the product, (4) the quotient of the squares of its dis- 
tances from the axes is constant (a^)? 

13] Find the locus of a point which moves so that the sum of the 
squares of its distances from the points (a, 0) and ( — a, 0) is constant (20^). 

/!?. Find the locus of a point which moves so that the sum of the 
sqWires of its distances from the three points (5, — 1), (3, 4), ( — 2, — 3) is 
always 64. 

(\S/, Show that the locus of a point, the sum of the squares of whose 
distances from n fixed points is constant, is a circle. 

16. Find the locus of a point which moves so that the difference of the 
squares of its distances from (a, 0) and ( — a, 0) is the constant 20^*. 

17. Find the locus of a point such that the sum of the squares of its 
distances from the sides of a square is constant. 

18. Find the locus of the centre of a variable circle which touches a 
fixed circle and a fixed straight line. 

19. Find the locus of the centre of a circle which touches two fixed cir- 
cles. Four cases should be considered. What does the locus become when 
the fixed circles are equal ? 

20. Find the locus of the middle points of all chords of a given circle 
which pass through a fixed point. [Take the fixed point as pole, and use 
the polar equation of the given circle.] 

21. A straight rod moves so that its ends constantly touch two fixed per- 
pe^icular rods. Find the locus of any point P on the moving rod. 

[22/ On a level plain the crack of a rifle and the thud of the ball striking 
the target are heard at the same instant. Find the locus of the hearer. 
[S. L. Loney's Coordinate Geometry, p. 283.] 

2k In a given circle let ^ OB be a fixed diameter, OC any radius, CD the 
perpendicular from C on AB; let P and Q be two points on the line through 
O and C such that QO = 0P= CD. Find the locus of P and Q as 00 turns 
about O. 
5 
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24. A and B are two fixed points, and P moves so that PA = n'PB. 
Find the locus of P. 

W, AOB and COD are two straight lines which bisect one another at 
right angles. Find the locus of a point P such that PA -PB = PC * PD. 

26. If ABC is an equilateral triangle, find the locus of a point P such 
that PA = PB + PC. 

27. AB is a fixed diameter of a given circle and AC is any chord; Pand 
Q are two points on the line AC such that QC= CP= CB, Find the locus 
of P and Q as ^O turns about A, 

28. Any straight line is drawn from a fixed point O meeting a fixed 
straight line in P, and a point Q is taken in this line such that OP • OQ is 
constant. Find the locus of Q. 

29. Any straight line is drawn from a fixed point meeting a fixed cir- 
cle in P, and on this line a point Q is taken such that OP' OQ is constant. 
Show that the locus of Q is a circle. [See suggestion under Ex. 20.] 



30. The Ci88(nd of Diocles* 




Let OX be a fixed diameter of a given 
circle and CX a tangent line; let OA be any 
line through O meeting CX in A and the 
circle in -B; on this line take OP=BA, 
Then the locus of P as 0-4 revolves about O 
is the OisBoid. 

Using O-Y and OF as axes show that the 
equations of the Cissoid are 
sin^^ 



= 2r 



003 6' 



and 



^' = 2?-: 



where r is the radius of the given circle. 



31. The lAmacon of Pascal,* 

Through a fixed point O on a given circle 
draw any secant cutting the circle again in 
A; and on this line take Q-4=-4P=6, a 
constant. The locus of the points P and Q 
as OA turns about is called the liimacon. 

Show that the equations of the Limacon 
referred to OX and OF as axes are 

p = a cos Bztbf 
and (»« +y^ — axy=b\x^ -\-y^). 

Notice the three different forms of the 
curve according as 6 >, =, or < a, the di- 
ameter of the circle. 




* See note on page 51. 
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32. Tfie Conchoid of Nicomedea.* 

Through a fixed point O draw any secant 
meeting a fixed straight line AB in C, and 
on this secant lay off QC=CP=b, a con- 
stant. The locus of the points P and Q as 
OC revolves about O is called the Oonchoid. 

Take OX, the perpendicular to AB, as 
initial line and x-axis, and show that the 
equations of the Conchoid are 
p = a sec d±bf 
and (x^ +y^) (x—af = b^xK 

Consider the forms of the curve when 
6 >, =, and < a, where a = OD. 




. *For a historic account of the invention of the Cissoid and Conchoid, and the cause 
which led to their invention, see Cajori, "A History of Mathematics," 1894, p. 60, and Ball, 
"A Short History of Mathematics," 1888, p. 78. 

For the reason why the ancient geometers desired to Duplicate the Cube, see Cajori, 
p. 25, and Ball, pp. 38 and 75. For biography of PaacaJ, see Cajori, pp. 176-77, and Ball, 
pp. 249-66. 



CHAPTER III. 
THE STRAIGHT LINE. 

40. It was shown in § 31 that the equation of any straight 
line when expressed in terms of its slope m and t/-intercept b is 
an equation of the first degree, 

y = mx + b; , (1) 

and also that the general equation of the first degree, 

Ax + By + C = 0, 
represents a straight line. 

It is sometimes more convenient, however, to write the equa- 
tion of the straight line in other forms; i. e., to express it in 
terms of some other pair of parameters. 

41. To find the equation of the straight line in terms of its inter- 
cepts on the axes. 




Let A and B be the points in which the straight line meets the 
axes and let OA = a, and OB =i. 
Let F(xy y) he any point on the line. 
Draw PQ parallel to the ^/-axis, and join and P. 
Then /\OAP+ lsOBP=l^OAB. 

Henco hx-\-ay= ab^ 



or 



a^ b" 



1. 



(1) 
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If Z = — and ^ = -T> til© equation may be written 
Ix +my=:l. 



(2) 



42. To find the equation of a straight line in terms of the length of 
the perpendicular from the origin upon the line and the angle which that 
perpendicular makes wUh the x-axis. 




Let ONhQ perpendicular to the straight line AB^ and intersect 
it in E. 

Let OR ='p, and angle XON = a, 

Let P(,Xy y) be any point on the line. 

Then since OQPR is a closed polygon, OR is equal to the sum 
of the projections of OQ, QP, and PR upon OR. That is, 

OR = proj. of OQ + proj. of QP + proj. of PR. 

= OQ cos a + QP sin a + 0. 

.'. X cos a -{- y sin a=pj (1) 

which is the required equation. 
Let angle XAP = r = 90°+a. 

Then cos a = sin /*, sin a = — cos y, 

and, by substituting in (1), the equation of the line becomes 

a? sin 7* — ycos}'=p. (2) 

Since equations (1) and (2) involve the trigonometric func- 
tions, sin and cos, ON and AB must be regarded as directed lines. 
As in Trigonometry, we will consider the directions of the termi- 
nal lines of a aaid y as the positive directions of these lines. 

If ;- =90^+ «) as assumed above, then standing at R facing 
the positive direction of ON, the positive direction of AB is to 
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the left; and standing at R facing the positive direction of AB, 
the positive direction of ON is from AB toward the right 
This will be called the positive stde"^ of the litie AB. 
Then in equations (1) and (2) jp is positive when taken in the 
positive direction of ON, Hence when p is pomUve the origin is 
on the negative side of the line. 

E, g. In the equations 
X y Q 

v/"2 + 72 = -^' 
1 

cos a = Sin a = -=. 
1 ^ 

.-. «=45° and 7 = 135° 
for both lines; but 
for ^5 i>=3, 

forCD p = — 3. 

Hence the two lines are parallel 
but on opposite sides of 0. Also 
O is on the positive side of CD and 
on the negative side of AB, 

Since 

sin (0 zh -) ~ — sin and cos (0 ±7:) = — cos ^, 

if the signs of all the terms in (1), or (2), be changed, the direc- 
tion of AB, and also of ON, will be changed by ± tt ; and there- 
;ore the positive and negative sides of the line will be reversed. 
That is, the equation of a line may be written so as to make 
either side of the line positive or negative, just as we choose. 
E, g. The equation of the line 



(1) 




AB, 




X VSy 
2 2 ~" 


-2, 


may also be written 




X V3y_ 
2 ' 2 


=2. 


In(i) i)=-2, 
cosa = sin7= 


1 

=2' 


sin cz = — cos y = 


1/3 
— ¥ 



(2) 




a =—60° and 7=30° 



*This holds for all lines except the x-axis. (See § 50.) 
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1 z^- 

P = 2f C08a=8my = — ^, 8ina= — COS 7 = ^. 
.-. a = 120° and 7 = 210°. 



Angles and directions corresponding to (1) are denoted by single arrow- 
heads, those corresponding to (2) by double arrow-heads. 

The origin is on the positive or negative side of the line according as the 
equation is written in the form (1) or (2). 

Ex. Point out the combinations of signs of cos a, sin a, and p when the 
line crosses the different quadrants. 

43. Transformation of the equations of the straight line. 

In §§ 31, 41, and 42 we have found, by independent methods, 
the three standard forms of the equation of a straight line involv- 
ing different pairs of parameters, m and b, a and b, a or 7, and |>; 
viz. : 

y =m4C -\-b, Slope form, (1) 



f- ^ == 1 , Intercept form, 



(2) 



{ XCOSa-\'yBmaz=p \ ' 

i . ^ > Instance or Normal form. (3) 

( X sm Y — y cos 7 =p, J 

Any one of these forms of the equation may, however, be deduced 
from any other, 

I. From the figure we obtain 
directly the relations 

b 
a' 



siny cosa 

m = tan r = = — ; — = - 

cosr sin a 




and p=a cos a = b sin a 

== — b cos y = a sin 7. 
Then substituting these values of m in (1), for example, gives 
y=--x + b. 



cosa 



Sin a 



x+b, 



and 



sin^ - 

y = x + b. 

^ cos r 
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Whence, since 6 sin a = — b cos ^ =Pf we get 

X cos a + «/ sin a =Pj 
and ic sin 7' — y cos y =p. 

Moreover, the general equation of the first degree, 

Ax + By + C = 0, (4) 

can he transformed into any one of the three standard forma, 

II. Solving (4) for y gives (see § 31) 

y = — ^x — -g. Slope form. (5) 

III. If we transpose and divide by C, (4) may be written 

^JL + -L- = 1 . Intercept form, (6) 

C C 

""I ~B 

IV. To reduce the general equation (4) to the distan^ie form. 

In this case we are to transform (4) so that the snm of the 
squares of the resulting coefficients of x and y shall be unity* 
Hence, if we assume the transformed equation to be 

KAx + KBy + KC= 0, (7) 

then K^A^ + K^B" = cos^ a + sin^ a = 1 . 

Whence K = 



VA' + B' 

B C 



•'• \/A' + B'^~^ VA' + jB^ ^ VA' + B' ^^^ 

is the required equation. 

Hence, to reduce the geheral equation (4:) to the distance form, trans- 
pose C and divide by V A^ -\- B\ 

The general equation of the first degree must therefore repre- 
sent a straight line, since, by transposing and multiplying by a 
suitable constant, it can be reduced to any one of the standard 
forms of the equation of the straight line. (Cf, % 31.) 
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V. Vcdties of parameters in terms of A, J?, and C. 

(Tomparing coefficients in (1) and (5), (2) and (6), (3) and 
(8), we get 

C . C A —C- 

A , B 



cos a = Sin r = /■.„ =^, sin a = — COS r = 



VA' + B'' ' VA' + ff' 

Observe that the values of a and b thus obtained are the same 

as those found by putting y=0, then a; = in (4); also that 

A b 

m = — ^= , as found above directly from the figure. Then 

Jj a 

sin a, cos a, Bind p can be found by Trigonometry and the relations 

obtained from the figure. 

EXAMPLES. 

1. When is it impossible to write the equation of a straight line in the 
intercept form? in the slope form? 

Change the following equations to the standard forms and thus determine 
their parameters. Also draw the lines : 

/^. x + v^3y + 10 = 0. 3. 4y=3aj + 24. 

4. y = x—Q. 5. 5x + 4yt=:20. 

6. 5x— 12y = 13. 7. 2x— 4y + 9 = 0. 

8. 2x — 3y = 4. 9. 2a;-f3y = 0. 

10. a;— a = 0. 11. y = 4. 

12. Transform ^a? + J5y + C = so that the sum of the three coefficients 
shall be K; so that the square of the first shall be three times the second; 
so that the product of the three shall be twice their sum. 

13. Transform 5x + 4y — 20 = so that the sum of the three coefficients 
is 22; so that the product of the first and third shall be equal to the second. 

14. Transform 3a; — 4y + 12 = so that the square of the second coeffi- 
cient shall be equal to twice the third minus four times the first; so that 
the product of the three shall be minus Dhree times the last. 

15. Transform 5a; — 2j/ — 3 = so that the product of the first and sec- 
ond coefficients minus ten times the third shall be equal to — 40; so that 
the square of the second plus twice the sum of the first and third shall be 
equal to 24. 
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44. To find the polar equation of a straight line. 




Let N(py a) be the foot of the perpendicalar from upon the 
given line AB. 

Let P(p, 0) be any other point on AB. 

Then lNOP={e — a), 

and OP C03 NOP = ON, 

.'. pCO&(ff — a)=p, (1) 

which is the required equation. 

EXAMPLES. 

1. Transform x cos a +y sin a =p to polar coordinates. 

2. What is the polar equation of any straight line through the pole? 
of the initial line ? 

3. What locus is represented by sin (9 = 0? sin 2^=0? sin3(9=0? 
. . . sinn^ = 0? 

4. What is the locus of cos nO = when n = 1, 2, 3 . . . ? 
Find the parameters and draw the lines whose equations are 

5. p cos (^ — 30°) =2. 6. p cos ((9 — 60°) = 1. 

7. pcos(^ + 45°)=3. 8. p cos (19 + 120°) + 4 = 0. 

9. p cos (19 — 120°) + 1 = 0. 10. pco8(^ + 60°)+5 = 0. 

1 1 . Find the coordinates of the point of intersection of p cos {6 dt 45°) = 1 . 

12. Find the polar equations of the bisectors of the angles between the 
^^^®^ P cos ((9 — 60°) = 2, and p cos (^—30°) = 2. 

13. What is the polar equation of a line perpendicular to the initial 
line ? parallel to the initial line ? 
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14. Show that the equations 

^cos^+5sin<9 + -=0, ^cot^ = ^, 
P = k3ec(d—a), p = lcsc{0 — l3), 

represent straight lines. 

15. What will the equation p cos(^ — a)=P become if the lines = a, 
e=—a,d = p,d=^90°he taken as the initial line? 

45. If we wish to find the equation of a straight line which 
satisfies any two conditions, we may take for its equation any 
one of the forms 

y=zmx + b, - + 1^ = 1, lx + m7j = l, 
X COS a + 2/ sin oL=pj Ax + ^y + C=0. 

The given conditions must be expressed by two equations in- 
volving the parameters of the line. From these two equations of 
condition we have then to determine the values of one of the 
pairs of parameters, 

A B 

m and 6, a and 6, I and m, p and a. or —^ and -^. 

If the line be made to satisfy only one condition, there will be 
only one conditional equation involving the parameters, and con- 
sequently only one parameter can be eliminated; then by assign- 
ing a suitable value to the remaining parameter, the line may be 
made to satisfy any other given condition. 

Ex. Find the equation of a straight line passing through the point 
( — 4, 1) and making equal intercepts on the axes. 

Let — f- ^ = 1 be the equation of the line. 

Then, since the intercepts are equal, a = 6. 

Also, since ( — 4, 1) is on the line, [- =- = 1. 

. • . a = 6 = — 3, and x + y + 3 = is the equation required. 

46. To find the equation of a straight line passing through a fixed 
point (o^i, t/i) in a given direction. 

Let the line make with the a?-axis an angle tan~^ m. 
Its equation will then be (where h is unknown) 

y = mx + b; (1) 

and since the line passes through (x^, y^), 

yi=mx, + b. (2) 
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Whence, by subtracting (2) from (1), 

y — y^ = m(^x—x^). (3) 

The line given by (3) will pass through the point (a;,, yi) for 
all values of m; and may be made to represent any line through 
(^i> y\) by giving to m a suitable value. 

If then we know a line passes through a certain point we may 
write its equation in the form (3), and determine the value of m. 
from the other condition the line is made to satisfy. 

sin Y 
Since m = tan z' = (§ 42), equation (3) maybe written 

in the form 

^Zl£l=i^ZZi(. = ,, (4) 

COS Y Biny ^ 

where r is the variable distance from the fixed point (o^i, 2/i) to 
any point (a;, y) on the line. 

Let the student prove (4) directly from a figure. 

47. To find the equation of a straight line which passes through two 
given points (£Ci, yi) and (iCj, y^)- 

Since the line passes through (xi, yO its equation will be of 
the form [(3), § 46] 

y — y^ = m{x — x{)] (I) 

then, since (iCj, 2/2) is 8,lso on the line, we have 

y2 — yx = wiCiTj — iTi). (2) 

Dividing (1) by (2) gives the required equation 
y — yi x — x. 



2/2 y\ ^2 Xi 

Equation (3) may also be written 



(3) 



X, 


y> 


1 


Xu 


Vu 


1 


X2, 


2/2, 


1 



= 0, (4) 



which is obvious, since the area of the triangle formed by (xi , 1/,) 
(X2j t/2) and any other point (x, y) on the line is zero. 
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EXAMPLES. 
Find the equation of the straight line 

I. if 6 = Jand }'=tan-^ i. 2. ifa = 6andp=5. 

' 3. if y = 30°andp=4. 4. if 6 =—3 and y = 150^. 

5. ity = tan-* 2 and the line passes through (3, — 4). 

6. if y = tan-* j- and the line passes through ( — a, b). 

7. passing through the pairs of points (2, 3) and ( — 6, 1); 
(—1, 3) and (6,-7); (a, b) and (a + 6, a— 6). 

8. Find the equations of the sides of the triangle whose vertices are 
the points (1, 3), (3, —5) a^d (—1, —3). 

9. Find the equations of the three medians of this triangle, and show 
that they meet in a point. 

10. Find the equation of a line passing through (—1,4) and having in- 
tercepts (1) equal in length, (2) equal in length but opposite in sign. 

II. Show that the equations of the lines passing through the point (4, 4) 
and whose distance from the origin is 2 are x(i rb y^l) -h y(l =f i/7) =8. 

12. Find the equation of the line through (a, b) parallel to the line join- 
ing (0, — a) and (6, 0). 

13. What is the equation of the line through (4,-5) parallel to 
2a; + 3y=6? 

14. Find the equations of the lines which pass through (—2, 1) and cut 
off equal lengths from the axes. 

rlS. Showthatthethreelines2a;— y=4, a;+2y = 7, and 3a;+y = ll 
6t in a point. 

16. Show that the three points (1, 3), ( — 1, 4), and (9, — 1) are on a 
straight line; also (3a, 0), (0, 36), and (a, 26). 

17. Show that the equation of the line passing through the points 
<a cos a, 6 sin a) and (a cos p, b sin P) is 

bx cos Ha -\- P)-j-ay sin i(a -\- P)=ab cos i(a — /3). 

18. Show that the equation of the line which passes through the points 
<a sec a, 6 tan a) and (a sec p, b tan p) is 

bx cos \{a — p) — ay sin \(a-^P)=ab cos }(a + /3). 

19. Find the equations of the lines which bisect the opposite sides of 
the quadrilateral (3, 4), (5, 1), (—3, 4), and (5, —1). 

20. Find the equations of the lines which go through the origin and 
trisect that portion of the line 3a; — 2y = 18 which is intercepted between 
the axes. 
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21. For what value of m will the line y = mx —4 pass through (4, 2)? 
be 2 units distant from the origin ? 

22. _ A line is 3 units distant from O and makes an angle of 60° with OX^ 
What is its polar equation ? its rectangular equation ? 

23. Find the locus of all points which are equidistant from the two lines 
3x— 2y=8 and 3x— 2y-|-2 = 0. 

24. What is the distance between the parallel lines 

3a; + 4^ = 5 and 6a; + 8^ + 15 = 0? 

25. Show, by the use of (1), § 44, or by transforming (3), § 46, that the 
polar equation of a line passing through the fixed point (/ji, ^i) may be 
written 

p cos (^ — rt) = p\ COS (^1 — a). 

26. Show, directly from a figure, or by transforming (3), § 47, that the 
polar equation of the straight line which passes through the two fixed 
points (pi, ^i) and (/^g, ^2) is 

P1P2 sin (^2 — ^li+PiP sin (p — e.^) + {pp^ sin (^1 — ^) = 0. 

27. Show that the three straight lines 

aiX + hiy + Ci = 0, a2X + bay + C2 = 0, a^ + bgy + C3 = 

will meet in a point if 

ai , 61 , cA 

02 , 62 » C2 1 = 0. 

03, &3, •C3I 

28. Find the determinant expressions for the coordinates of the vertices, 
and for the area of the triangle formed by the three lines in Ex. 27, and 
show that the determinant there given is a aqiuire factor of the determi- 
nant expression for the area of the triangle. 



48. To find the angle between two straight lines whose equations are 
given. 




Let AB and A'B' be the given lines. 
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Let <p be the required angle. 

* Then, using the same notation and the same convention as to 
direction of the lines as in § 42, 

I. If the equations of the given lines be 

X cos « + 2/ sin « = jp^ and x cos «' + 1/ sin a' — p'^ 
cos ^ can be found by direct substitution in 

cos <p = cos a cos a' + sin a sin a'. (2) 

II. If the equations of the given lines be 

y = mx + h and y = m'x + 6', 
we have from (1), since tan y = m^ and tan f = m' , 

. ,. tan^ — tan/ m — nnf 

••• .=1^n-(i?^). (4) 

\1 -{-mm'/ 

When m = m', tan ^ =0, and the lines are parallel. 
When 1 + mm' = 0, tan ^ is infinite. 

Therefore, when m' = the lines are perpendicular to one 

another. 

III. If the equations of the lines be 

Ax + By+C = and A'x + B'y + C = 0, 

A A' 

then m = — ^, m' = — ^-; and therefore, from (3), 

X) x> 

A'B—AB ,_- 

**^ ^ = AA' + BB' - (^) 

If A'B — AB'= 0, t. e. 1^-77= -d7> *^® ^^^^ ^^^^ ^ parallel. 

If AA'-\- BB'= 0, the lines will be at right angles to one an- 
other. 

It should be noticed that (2) gives the angle between two di- 
rected lines. For if all the signs in one of the equations in I. be 
changed, the direction of the line will be changed by ± w, (§ 42). 
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The sign of cos ^ given by (2) will also be changed and ^ be- 
comes the supplement of its former value. But if all the signs 
in both equations be changed, ^ is unaltered. 

If 1ihe equations be so written that the origin is on the same 
side (either positive or negative) of both lineS; it will be in the 
obtuse angle between the lines when cos ^ is positive, and in the 
acute angle when cos ^ is negative. 

If m and m' be so taken that w' > m, then f > y and (3) will 
give tan ( — (p) = — tan (p, instead of tan <p, 

49. To find the equations of two lines passing through a given point 
(a?i, 2/0 J ihe one parallel^ the other perpendicular to a given line. 

Let the given line be 

Then the parallel line is 

Ax + By + K=0, [§48, III.] (1) 

and the perpendicular line is 

Bx —Ay +IC = 0, [§ 48, III.] (2) 

where ^and K' are constants to be determined. 

Since both (1) and (2) are to go through {xi, ?/,) these con- 
stants are such that 

Ax, + By, + K=0 1 
and Bx, — Ay, + K' = 0, } 

i.e. K = 

and K' = 



(3) 

(Ax, + By^) \ .4^ 

■(Bx,-Al).f ^ ^ 



Therefore, the required equations are, respectively, 

A(ix-^xO+B(y — yO = (5) 

and B(x — x,) — A(y — y,) =0. (6) 

If the equation of the given line is in the form 

y = mx + 6, 

the required equations may be written [(3), § 46, and II. , § 48] 

y — y^ = rn(x — x,) (7) 

pjid y—yi = —-(.^—^i)' (^) 



t>'^ 
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EXAMPLES. 
Find the angles between the following pairs of lines : 
({) ^x + ^y=% and ly — x + \i=0. 
2.. 2a; + 32/ = 6 and 2i/ = 3a; — 12. 

3. x+^=2y and x + 3y = 9. 

4. 32/ + 12a; + 16 = and 2y=ix+ho 

^-^- = 1 and ^-^- = 1. 
b a b 

^ Prove that the points (1, 3), (5, 0), (0,-4), and (—4,-1) are the 
vertices of a parallelogram, and find the angle between its diagonals. 

Find the equations of the two straight lines 

hJ passing through the point (2, 3), the one parallel, the other perpen- 
dicular to the line ix — 3y = 6. 

fe.) passing through (4, — 2), the one parallel, the other perpendicular to 
thWline2/ = 2a; + 4. 

/9/ passing through the intersection of ix-\-y-\-5 = and 
2x — 3y-{-13 = 0, one parallel, the other perpendicular to the line through 
the two points (3, 1) and (—1,-2). 

flOJ Find the equation of the perpendicular bisector of the line joining 
thSpoints (3, — 1) and (— 2, 1). * 

11. Find the equations of the lines perpendicular to the line joining 
(2, 1) and ( — 3, — 2) at the points which divide it internally and externally 
In the ratio 2:3. 

12. What is the equation of a line parallel to 3x-\-^y = 12 and at a dis- 
tance 4 from the origin? 

13. Show that two parallel lines intersect at infinity. 
The vertices of a triangle are (3, 1), (— 2, 3), and (2,-4): 

f u/. Find the equations of its altitudes and show that they meet in a 
point. 

15. Find the equations of the perpendicular bisectors of its sides, and 
show that they meet in a point which is equidistant from the three vertices. 



§ 



,6. Find its interior angles. 



(17/ Find the equations of two lines through the origin, each making an 
angle of 30® with the line 4a; + 2/ + 4 = 0. 

18. Show that the equations of the two straight lines through a given 
point (xi f 2/1) making a given angle with the line 3/ = ma? + 6 are 

tn =b tan . 
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19. Show that the equations of the lines passing through (— 3, 2) and 
inclined at an angle of 60° to the line V % — x = 3 are 

aj+3=0 and VSy + x + 3 = 0. 

20. Find the equations of the sides of a square of which the points (2, 2) 
and ( — 2, 1) are opposite vertices. 

21. What are the equations of the sides of a rhombus if two opposite 
vertices are at the points (— 1, 3) and (5, — 3)| and the interior angles at 
these vertices are each 60° ? 

22. Prove that the equation of the straight line which passes through 
the point (a cos^d, a sin^d) and is perpendicular to the straight line 
XBec6-\-y CSC ^ = a is 

z cos — y sin ^ = a cos 2d. 

50. To jind the perpendicular distance from a given straight line to 
a given point Pi ( a^i , i/i ) . 




Let HKhe the given line, and let WK' be parallel to HKsmd 
pass through Pj. 

Let Pi Q be the perpendicular from Pj on HK, and ORy OR' the 
perpendiculars from on HK and H'K', 

Let the equation of HK be 

X cos a + y sin a = p. 

Then the equation of HK is 

X cos a + t/sin a =p +PP' =p + QP,; 

and since this line (2) goes through Pi(a:i, i/O, 
Xi cos a + t/i sin a =p + QPi. 



(1) 

(2) 
(3) 
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.•. QPj = a?i cosa + t/i sin a — |),* (4) 

whiph is the distance /ram the line a, p to the point (Xi, yi). 
If the equation of the given line be 

Ax + By+C = 0, 
A B 

cos a = —y=====- sin a = 



l/A' + B'' VA' + B'' 

and substituting these values in (4) gives 

which is the distance from line Ay B, Cto the point (xi, y{). 

Hence the length of the perpendicular from a given line-to a given 
point is found by suhstUvting the coordinates of the point in the equation 
of the line reduced to the distance form with all the terms transposed to 
the first member. 

The expression (5) will be positive or negative according as 
Axi + -Bt/i + Cis positive or negative (if VA^ + B^ be positive). 
If Aoci + -St/i + Ois positive, the point {x^ y^) \& said to be on 
^e positive side of the line Ax + By + C = 0; if Ax^ + By^ + C 
is negative, (a?i, y{) is said to be on the negative side of the line. 
If the equation of the line be written so that p is positive^ the ex- 
pression (5) will be found to be positive when P^ and are on 
opposite sides of the line. {Cf. % 42. ) 

Hence the points (a^i, 2/1) and (iCa? 2/2) ^^ o^ the sams side or 
opposite sides of the line Ax + By -|- C = according as 
Axi + By I + C and Ax2 + By^ + C have the sams sign or opposite 
signs. 

This proves for the straight line the principles illustrated in 
§§ U-20. __^ 

* Another proof. Let the coordinates of Q be iC2, y^t of D, xi, ^21 then 
«2 COS a + ^2 sin a =p, since Q is on (1). Projecting on QPi gives 

QPi = proj. QD+proj. DPu 

.'. QPi = (aJi — a^) cos fl + (yi — j/2) sin a 

= (a?! cos a + 2/1 sin fl) — (a^ cos + ^2 sin a) 

= Xi cos a + yi sin a — p. 
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51. To find the equations of the hkedors of the angles between the 
lines 

Aj- -\- By -\- C = Oj or x cos « + ^ sin a — p = 0, (1) 

and A'or + B'y + C" = 0, or x cos «'+ 2/ sin «'— p' =0. (2) 

Suppose the equations of the lines written so that the origin is 
on the same side of both lines. 

Then for any point (x, y) on the bisector of the angle which 
includes the origin, 

Dist, from (1) to (x, y) = Dist from (2) to (aj, y) ; 

and for any point {x, y) on the other bisector, 

Dist. from (1) to {Xj y) = — Dist from (2) to (x, y). 

Therefore the required equations are [§ 50] 

Ax + By + C __ _^4^+ B'y + C 
V A' + B' " ~ V'A'' + B" ' ^ ^ 

or X cos a + 2/ s^^ ^ — V = ± ^ cos «'+ 2/ ^^^ "' — P- C"^) 

Ex. Show that these two lines are perpendicularto each other. [Use (4).] 

EXAMPLES. 
Find the following distances : 

1. From 3x + 42/ + 10 = to (1,12), (-3,-9), (3,4). 

2. From X — 32/ -7 to (3,2), (6,3), (2,-5). 

3. From 5x+ 122/ = 13 ^ (3,-2), (-3,2), (4,-7). 

4. From6(x — a)+a(2/ — 6)=0 to (—a,— 6), (—6,— a), (6, a). 

5. From4(x-3) = 3(2/ + l) to (6,1), (4,-5), (-7,2). 
Are the above points on the same or opposite sides of the lines ? 
Find the equations of the bisectors of the angles between the lines 

6. 3a; + 42/+ 12 = and 4x— 32/ = 12. 

7. 3a;_42/+5 = and 12a; + 52/ + 14 = 0. 

8. 2/ = 2a; + 5 and a; — 22/ = 8. 

9. y=\'6x + ^ and a;+V32/ = 9. 

10. Find the lengths of the altitudes of the triangle whose vertices are 
(3,4), (-4,1), and (-1,-5). 

11. What is the locus of a point which is 3 units distant from the line 
2a;— 42/ = 99 
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12. Find the points on the axes which are 4 units from the line 
x — 72/ + 21 = 0. 

13. Show that the perpendiculars let fall from any point of 22a5 — 42/ = 15 
upon the lines 24a; + 7y = 20 and ^x — 3y = 2 are equal. Find another line 
of which this statement is true. 

14. Find the perpendicular distance of the point y, m) from the line 
through (a, 6) perpendicular to Ix+my = 1. 

15. . Show that the bisectors of the interior angles of a triangle meet in 
a point. 

16. Find the locus of a point which is equally distant from the lines 
5a; — 3y = 15and 32/ = 5x + 6. 

17. Show that the locus of a point which moves so that the sum of its 
distances from the two lines 

X cos a + 2/ sin a=p and x cos a^ -\-y sin a^ = p^ 
is constant and equal to f' is the straight line 

X cos J(« + «0 + 2/ sin i(« + «0 = 2(p +p' + K:) sec }(« + «0' 
Show that the locus is parallel to one of the bisectors of the angles 
formed by the two given lines. 

Show also that if the difference of the distances from the two given lines 
is constant, the locus is a straight line parallel to the other bisector. 

18. If p and p^ be the perpendiculars from the origin upon the straight 
lines whose equations are 

xsecO-\-y cQcO;=a and x cos O — y 8m 6 = a cos 2<9, 

prove that 4p'*+p^^ = a^. 

52. To find the equation of a straight line passing through the m- 
tersection of two given straight lines. 

The most obvious method of finding the required equation is 
to find the coordinates a?', «/' of the point of intersection of the 
two given lines, and then substitute these values in equation (3), 
§46. • 

The following method of dealing with this class of problems 
is, however, sometimes preferable, both on account of its gener- 
ality and because it saves the labor of solving the two given 
equations: 

Let the equations of the two given straight lines be 

Ax + By+C = 0, (1) 

and A'x + Ry + C" = 0. . (2) 
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The required equation is then written 

Ax + By-\-C + X{A'x + B'y + (7)= 0, (3) 

where A is any constant. 

Equation (3) is of the first degree, and therefore represents a 
straight line; if (a?', y') is the point common to (1) and (2), we 
have 

and ^V+5y+C"=0. 

which shows that the point (a?', ^) is also on (3). 

Hence (3) is the equation of a straight line passing through 
the point of intersection of the two given lines. Moreover, 
equation (3) contains one arbitrary parameter, A, and therefore, 
by giving a suitable value to A, the line may be made to satisfy 
any other given condition ; it may, for example, be made to pass 
through any other given point, may be made parallel, or per- 
pendicular to a given line. Hence equation (3) represents, fpr 
different values of ^, all straight lines through the point of in- 
tersection of (1) and (2). 

The other condition which any particular line is made to sat- 
isfy will give an equation for the determination of the value of I. 

Ex. Find the equation of a straight line passing through the point of 
intersection of 2a; + % — 4 = and 4a; — 22/ + 2 = 0, and perpendicular to 
the line 

2a;-4y = 7. (1) 

Any line through the intersection is given by 

2a; + 5j/— 4 + ;i(4a;-2y + 2) = 0, 
or (2 + 4X)a; + (5—2;i)y + (2X-4)=0. (2) 

Now (2) is perpendicular to (1) if (§ 48, III.) 

2(2 + 4A) — 4(5 — 2A) = 0; i.e.,ifA=:l. 
. • . 6a; + 32/ = 2 is the required equation. 

EXAMPLES. 

1. Find the equations of the lines joining the points (0, 0), (4, 2), 
(— 1, 3), ( — 3, — 4) to the point of intersection of the lines 2a; + 2/ = 2 and 
2a; — 32/=6. 

2. What is the equation of the straight line passing through the inter- 
section of 4a; — 2y = 4 and lx — Sy + 2i = 0, and parallel to 9a; — 43/ = 0? 
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3. Find the equations of the two lines passing through the intersection 
of a; — 2y = 1 and 2a; + 5y + ^ = 0, the one parallel, the other perpendicu- 
lar to a; + 2y = 0. 

4. Find the equations of the two lines passing through the intersection 
of 7x —- 5y = 35 and 8a; — 3y + 24 = 0, the one parallel to j/ = 2a;, the other 
perpendicular to 3a; -|- 4^^ = 0. 

5. What id the equation of a line passing through the intersection of 
3a; — 2y + 12 = and a; + 4y = 20, and (a) equally inclined to the axes? 
(6) whose slope is — 2? 

6. The distance of a line from the origin is 5, and it passes through the 
intersection ot2x + Sy+ll=:0 and 3a; — by = 16, Find its equation. 

7. Find the equations of the two lines which pass through the intersec- 
tion of a; -f 2y = and 2a; — y + 8 = 0, and touch the circle 

7^+y' = 9. 

8. Find the equations of the two lines which pass through the intersec- 
tion of«-|-3y-|-9 = and 3a; = 2/ + 13, and touch the circle 

(a; + 2)«+(y-3)« = 25. 

9. Find the equations of the diagonals of the rectangle whose sides are 
a; + 2y = 10, x + 2y-{-2 = 0, 2a;— y = 12, and 2a;— y = 16, without finding 
the coordinates of its vertices. 

10. Show that if fif = and fi^= represent the equations of any two loci 
with terms all transposed to the first member, and X denotes an arbitrary 
constant, then the locus represented by the equation 

8+X8'=0 

will pass through all the common points of the two giren loci. 
Consider the two cases A = 0, and X = oo . 

11. Find the equation of the circle which passes through the origin and 
the common points of the circles 

x» + 2/« = 25 and x^ + y'^ — 18x + 20 = 0. 

12. Find the equation of the circle which passes through the common 

points of 

x^ + y^ = 16 and a;— y = 4, 

and (1) passes through the origin, (2) touches the a;-axis. 

13. A circle passes through the common points of 

x'^ + y^=2b and a;--4y + 13 = 0, 
and cuts the x-azis in two coincident points. Find its equation. 
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Equations Representing Two or More Straight Lines. 

53.* The straight lines represented by n equations of the first degree 
may be represented by a single eqiuition of the nth degree. 

Let Si=AiX + B^y + 0^=0, 

S, = A,X+B,y+ C3=0, 



S^ = A„X + B^y + C. = 0, 

be the equations of n straight lines. 

Taking the product of these n expressions gives 

S,SA . . . «» = 0. (1) 

Equation (1) is satisfied by the coordinates of all the points, and 
no others, which satisfy the separate equations 8i=0, . . . S^ = 0; 
because the product S^S^^ . . . S^ = when, and only when, at 
least one of its factors is zero. Therefore all points which are on 
the n given lines, and no other points, are on the locus of (1). 
But (1) is an equation of the nth degree, hence the proposition. 
Conversely, if an expression of the nth degree can be separated into n 
factors of the first degree, it vrill represent n straight liwes^ when equated 
to zero. 

Observe that in the given equations all terms must be trans- 
posed to the first member before we multiply or factor. 
E' g. Let the given equations bey— x — a = 0, and y + x — a = 0. 
Since (y — z^ a)(y + x — a)=y^ — a^— 2ay + a\ (1) 

the same locus will be represented by 

{y — x — a)(y + x — a) = and y«— x« — 2ay + a» = 0. (2) 

The given equations may, however, be written 

3) p = a + x, or (4) y^x = a, 
and (5) y = a—-x, or (6) y + x = a. 

Multiplying (3) by (5) and (4) by (6) gives, respectively, 
(7) y^=za^-^x^, or x^+y^ = a^, a circle; 
and (8) y^^x^ = a% a hyperbola (§ 36), instead of two lines. 

The first members of (2) are identities, i. e., the same for all values of x 
and y; but equations (3), (5), (7), and (8) are merely consistent; i. e., they 
* For this reason factors of the first degree are sometimes called linear factors. 
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are satisfied by the pair of values x = 0, 2/ = a, and by no other ireal pair. 
Hence we observe that the loci of identities equated to zero coincide, 
whereas the loci of consistent equations merely concur, 

Ex. Show that the equation S182S3 . . . fi>» = represents all the loci of 
8i = 0f 82 = 0, 8^ = . . . 8n = 0, whatever the form of the expressions 
81, 82,83 ,.. 8n may be. 

cr 

. Is the locus of ^ = 0jOt8i + 82 = 0, the same as the loci of §[ = and 

02 
82=0? 

The equation of any two straight lines may therefore be writ- 
ten in the form 

(te + mt/ + n) (J!x + mfy + n') = 0, 
or IV3(? + (^wi' 4- l^rn)xy + mm'y^ + (^^' + rn)x 

+ (^mn' -f- wi'n)i/ + wn' = 0. 

This equation contains terms involving ar*, y^j xy, x, y, and a 
constant, or all possible terms involving x and ^ of a degree not 
higher than the second. A notation which is in general use for 
such an expression is 

aaf + 2hxy + 6/ + 2gx + 2fy + c, 

and when equated to zero is called The General Equation of 
the Second Degree. 

Hence, the most general equation which represents two straight 
lines is a form assumed by the general equation of the second 
degree. An equation of the second degree, however, can not be 
separated into linear factors unless a certain relation holds be- 
tween the coefficients of its terms, and therefore does not always 
represent a line pair. E, g., x^±: y^=l, y^= x, xy = a^ are not 
line pairs. 

In general, as will be shown in Chap. YII, an equation of the 
second degree represents a Conic Section, 

54.* To find the condition that the general equation of the second 
degree may represent two straight lines. 

The necessary and sufficient condition that (§53) 
ao(^ + 2hxy + hf + 2gx+2fy + c = 
may represent a pair of straight lines is 
aoi? + 2hxy + bf + 2gx + 2fy + o 

= (Ix -\- my -]r n) (Vx + m'y -f •»'). 
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These two expressions are identically equal if their coefficients 
are respectively equal; i, e., if (§ 63) 

a = K', 6 = mm' J c = nn', 

2h = Im' + I'm, 2g = In' + Vn, 2/ = mn' + m'n. 

The continued multiplication of the last three of these equations 
gives 
8/^^ = 2U'mm'nn'-\- U'(m?n'^ + m'W)+ mm'(n^i" + n'*P) 

= 2Wmm'nn'-\- K'[(mn'+ m'ny—2mm'nn'l^ 

+ mm' linV + n'ly — 2nn'w] + nn' [(im' + I'my — 2U'mm''] 

= 2abc + a(4:f — 26c) + 6( V — 2ac) + c(^h' — 2a6). 

,-. abe + 2fgh — af—bg'—ch'=0, (1) 

or A= a, A, ^f =0, (2) 



«, 


h, 
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A, 


h 


/ 


S't 


f, 


c 



is the required condition. 

This determinant is called the Discriminant of the General 
Equation. The general equation of the second degree therefore 
represents two straight lines if its discriminant vanishes. 

Def. If the sum of the exponents of x and y is the same in 
each term of an algebraic function (§ 28), it is called a homoge- 
neoua function of x and y. 

E.g. 2a? — Ax^ + ^xy^ — j/* is a homogeneous function of x and y of the 
third degree. 

55.* A homx>geneouB f unction of the nth degree can be separated into 
n homogeneous linear factors j and therefore, when equated to zero, repre - 
sents n straight lines, real or imaginary, through the origin. 

Let the function be 

t/"+ K,y--'x + K^-'a? + K,y-'x' + . . . + K^x\ (1 ) 

This is identically equal to 
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The polynomial factor in (2) is a function of the nth degree in 

I ^|, and therefore has n roots, real or imaginary. (§90.) 

Let mi, wia, ma . . . m„ be these robts. Then (2) is identically 
equal to (§ 89) 

-K— )(l— )(i— ) • ■ • (f—)]. <») 

or (y — mix)(y — m^)(^y — m^) . . . (y—m^x), (4) 

When (4), which is identically equal to (1), is equated to zero, 
it represents the n straight lines (§53), 

y — miic = 0, y — mgic = 0, y — m = 0, . . . y — m^oj = 0, 

all of which go through the origin. 

56.* To find the equcMon of the lines joining the origin to the com- 
mon points of 

ax' + 2hxy + hf ^2gx + 2fy + c = 0, ( 1 ) 

and Ix + my = n. (2) 

Equation (2) may be written 

?^±^ = l. (3) 

n "^ 

Making equation (1) homogeneous and of the second degree 
by means of (3), we get 

a^ + 2hxy + bf + 2igx+fy){^)+c(^)'=0, (4) 

which is the required equation. 

Equation (4), being homogeneous and of the second degree, rep- 
resents two straight lines through the origin (§55). Moreover, 
the coordinates of the common points of the two given loci sat- 
isfy both equation (1) and equation (3), and therefore satisfy (4). 

For values of x and y which satisfy (3) make — ~ — ~ equal to 

unity, and therefore give the same result when substituted in (4) 
as when substituted in (1); t. e., if they satisfy (1) they will 
also satisfy (4). 

Therefore the two lines (4) pass through the common points of 
(1) »nd (2). 
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In the same maimer we may make the equation of any curve 
homogeneous by means of (3) and obtain the equation of the 
straight lines joining the origin to the points common to the line 
(2) and the given curve. * 

Ex. 1. Find the equation of the lines through the origin and the points 

common to 

x^ + xy— 6a; — 3y + 9 = 0, and y + 3x = 7. 

The equation required is 

which on reduction gives 

2x' — xy — ey' = (x—2y){2x + Sy) = 0. 
Ex. 2. If 5i and S^ be two homogeneous functions of the same degree, 
and Kf K' be two constants, show that 

will be the equation of the straight lines through the origin and the com- 
mon points of iSf + ^ = and B'-\- -P^ = 0, if X be so chosen that K + IK' = 0. 

57.* To find the angle between the two straight lines represented by 
the homogeneous equation 

aoi? + 2hxy -\-bif = 0. ( 1 ) 

Let the separate equations of the two lines be 

y — m^x = 0, and y — m2X = 0. (2) 

Then y^ + 2^xy + ^x'=(y—m,x)(y — m^) [§55] (3) 

Equating the coefficients of xy and x^ in (4) gives 

m^-\-m2 = — 2 J- J and mim2=-r. (5) 

2 



Whence mj — mg = l/(mi + m^y — 4m,W2 = jr^h'^ — ^^- (6) 
If if be the angle between the lines (2), 

Therefore from (5) and (6) we get 



. „ 2Vh^ — ab 

tan ^ = — -- — . (7) 



a + 6 



t 
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If h^ — ah > 0, the lines (1) are real. 

If h? — a6 = 0, the lines (1) are coincident. 

If h? — ah < 0, the lines (1) are imaginary. 

If a + 6 = 0, i. e. , if the sfwm of the coefficients of oi? and y^ is zerOj 
tan ^ = Qc , and the two lines given by (1) are at right angles to 
one another. 

Ex. Show that equation (7 ) also gives the angle between the two lines 
represented by the equation 

az-' + 2hxy + by' + 2gx + 2fy + c = 0, 

when the discriminant is zero. 

58.* To find the equation of the straight lines bisecting the angles 
between the two lines given by 

ax' + 2hot:y + bif=0. (1) 

Let Xi and ^2 be the angles which jbhe lines given by (1) make 
with the a?-axis ; then 

y' + 2^jcy + -^x' = {y — a:; tan ri){y — x tan y^), 

.-. tann+tan^'a^ ^, tan ^^i tan ^2= p [§^7, (5).] (2) 

Let r be the angle that one of the bisectors makes with the ir-axis ; 
then will 

r = i(ri+r2), or r = Kri+r2+ 'f). 

Hence for either value of y^ 

tan 2^ = tan (ri+r2); 

2 tan y tan y^+ tan ^2 ,on 

1 — tan^ y 1 — tan y^ tan y^ 

If {x, y) be any point on either bisector, then 

tan r = ^. (4) 

X 



(5) 



Substituting (2) and (4) in (3) gives 

2xy _ —2h 
y^ — x^~ a — b' 

.-. h(x'—f) = (a-b)xy (6) 

is the required equation, since it is the relation between the co- 
ordinates of any point on either of the bisectors. 
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EXAMPLES. 

Find the separate equations of the lines represented by the following 
equations^ and determine the angle between each pair: 

1. aJ— 9 = 0. 2. ajy + 3x — 2y = 6. 

3. 8x»4.24xy4.1Qy» = 0. 4. x»-ete» + llaj — 6 = 0. 

5. 4{c» — 24xy4-lly« = 0. 6. 4aj« + 2aijy + 9y» = 0. 

7. 2x«4-3xy — 2y» = 0. 8. y» + srj^ — 14a% — 24x» = 0. 

9. x«4-2ajysec^ + y^ = 0. 10. «* + 2xy cot 2^ — y« = 0. 

11. x»4-2ajyc8c2^4-y*=0. 12. y»cot*^4-2ajy + «« sin»^ = 0. 
What loci are represented by 

13. y* = 16a«x». 14. (x»+y^)«— 4r«a^=0. 

15. y* + (ir»— x*)2/ — xT = G. 16. y* + (« — x»)y»--ir* = 0. 

17. Find the equations of the bisectors of the angles between the pairs 
of lines given in examples 3, 5, 6, 7, 9, and 10. 

18. Show that the two straight lines 

(a;2_ y«) sin 20 + 2(x sin — y cos <py cot (9 = 2acy cos 2^ 
include an angle B, 

Show that the following equations represent straight lines; find their 
point of intersection and the angle between them : [Solve for xory,'] 

19) x»+3xy + 2y> — 3a; — 3y = 0. 

20. 10aj«— 13xy— 32/»+16a; + iQy — 8 = 0. 

21. x» — xy — 2y> — »— 4y — 2 = 0. 

22. 2«« + 5xy— 3y» + 6« — lQy-8 = 0. 

23. 2a;«—3xy — 2y» — 10a; — IQy— 12 = 0. 

24. 4a;» + 12xy + 9y' — 18a; — 27^4-18 = 0. 

Find the respective values of ^ for which the following equations repre- 
sent line pairs: 

25. x» — 4y^ — 2a; + 8y + ^=0. 

26. 12a;^ — xy+ V + 2a; + 7y — 2 = 0. 

27. ;ix« — 7xy— 5y»-14a; + 32y — 12 = 0. 

28. a;'— 4a;2/ + 4y^ + 3a; — 6y + ^ = 0. 

29. Xa;2/ + 3y» — 2a; — 12y + 12 = 0. 



58.] THE STBAIGHT LIl^B. ' 79 

30. x^ + 5xy + Qy^ + ^x — 12y^4LS = 0. 

31. 12a;2 + 2Xjc2/— 3y«+10x + 252/ — 28 = a 

32. Gx^ + xy—i^^ + Xx+my-'4X) = 0. 

33. x' — 6xy + 7iy*-'Sx + S^y+iQ = 0. 

34. a^ + ;iiC2/ + 92/2 — 8a; — 4Xy + 16=0. 

35. What are the conditions that the equations 

ax^ + by^ + gx+gy = and ay^ + hacy + gx +fy = 0, 
may each represent a pair of straight lines ? 

36. Find the equations of the straight lines passing through the origin 
and the points of intersection of 

(1) y^ = ix and 2a:+y = 12. 

(2) (^x — 6y+(y — 2y = 20 and y + 3a; = 10. 
What is the angle between the last pair of lines? 

37. Find the angle between the lines which join the origin to the com- 
mon points of 

3x2 — xy — 2y2 + 10x + 8 = and 4y — 3x = 10. 

38. Show that the lines through the origin and the points of intersec- 
tion of 

x^+y^ = 2 and y = mx + 2 

are at right angles if m = =b v/3. 

39. Show that the straight lines joining the origin to the points of in- 
tersection of the straight line x — y = 2 and the curve 

2y^ — 2xy — Sx^ — 4x+^y + ^ = 

make equal angles with the axes. 

40. Prove that the angle between the lines joining the origin to the 

points common to the straight line a; + 2y = 1 and the curve 

7 
1 Oy^ — 7x2/ + ^* — 2a; — 4y + 1 = is tan-i g . 

41. Find the equation of the straight lines passing through the origin 
and the common points of 

g + |' = l and x^+y^ = lQ, 

42. Show that the lines passing through the origin and the points com- 
mon to 

^ + g = l and b{x' + y^) = 8a^ 
are perpendicular to each other. 
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[59. 



Oblique Axes. 

59. To find the equaiion of a atrqight line referred to axes inclined 
at an angle w. 




Let ABPhQ any line meeting the ^-axis at a distance h from 
the origin, and making an angle y with the j^-axis. 

Draw PQ parallel to the 3/-axis and OR parallel to the given 
line ABP. 

Let P{x, y) be any point on the line ABP] then 

OQ = X, and QR = QP— RP=7j — b, 
Since Z ORQ = Z ROY= m — y, we also have 
y — h _QJR_ &mQOR __ sin r 

X 



y 



OQ Bin ORQ &in(oj—yy 
sin y 



x+b, 



sin (to — y) 
which is the required equation. 

sin y _ tan y 



Let 



Then 



m = 



sin («> — y) sin w — cos w tan y 

m sin fj} 

tan y — : 



(1) 

(2) 
(3) 



1 + m cos w^ 

and equation (1) becomes 

y-mx-\-h, (4) 

which in oblique coordinates represents a straight line inclined 

J. IX. -J. IX i/ m sin 01 

to the a;-axis at an angle tan""M - — ; 

° \1 + m cos w 



:)• 
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60. Some of the investigations in the preceding sections of 
this chapter apply to oblique as well as to rectangular axes. Let 
the student show that this is true of the following equations: 

f+f = l, [(!),§ 41] 



y — yi = m(x—xO, C(3), § 46] 

C(3): § 47] 



y — yi ^ x — x, 
y2—yi X2—X,' 



61.* To find the angle between two straight lines whose equations, 
rejerred to axes inclined at an angle w, are 

y =z mx + b and y = m'x + b\ 

If Y and y^ are the angles which these lines make respectively 
with the £c-axis, then [§69, (3)] 

m sin "> ^ , m' sin m ,^ ^ 

tanr = :r-i ? tanr'=— - — -. . (1) 

1 + m cos "> 1 + m' cos a> ^ 

m sin ti} m' sin u) 



xxTX. X / /^ 1 + Wl COS w 1 + m' cos w 

Whence tan (^^ — f) — : ^—7—: • (2 ) 

'^ m sm Hi m' sm w ^ ^ 

1 + m cos tt> * 1 + wi' cos w 

(m — m') sin a* 

.'. tan sp = ^ , . , — Tv^ i -„ (3j 

1 + (m + m')cos o) -f mm' ^ ^ 

where ^ = r — fy the angle between the lines. 
The two given lines are parallel if m = m'. 
Thfey are perpendicular to one another if 

1 + (m + m') cos o) + mm' = 0. (4) 

If the equations of the given lines are 

Ax + By + C = and A'x + B'y + C= 0, 

A A' 

then m = — ^ and m'= — -^. 

Substituting these values in (3) we have 

- (A'B~AB')smw 

^^^- AA'+ BB'— (AB'+ A' B) COB iu' ^^^ 
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The lines will be parallel if A'B—AB'= 0. 
They will be perpendicular to one another if 

AA'+ BR— {AB'+ A'B) cos c^ = 0. (6) 

62. To find the equation of a straight line in terms of p, the per- 
pendicular upon it from the origin, and the angles a, fi which p makes 
with the axes, 

fY 




Let AB be the given line and OR the perpendicular on it from 
the origin. 

Let P(xj y) be any point on AB, Drjp»w QP parallel to the 
^-axis, and NP parallel to OR. 

Then lYOE = iNPQ = jS, OQ^x, QP=y. 
Projecting OQ and QP on OR gives 

OQ cos a + QP cos ^= OR. 

.*. X cos a -{- y C08 fi =p, (1) 

is the required equation. 

Let r = Z ^B^ = Z XQM= a + 90°. 

Then / PQM = 90°— ^? = ;- — «>. 

. • . cos a = sin y cos y? = sin (y — «>) = — sin (oj — ^), 

and the equation (1) of the line may be written 

X sin y — y sin (w — y) = p, (2) 

Equation (1), or (2), is called the normal, or distance form of the 
equation of the straight line when the axes are oblique. 
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The conventions as to the direction of p and J. J5, and the posi- 
tive and negative sides of ABj are the same as in § 42. 

63. To change the general equation 

Ax + By+C = 0, (1) 

referred to oblique axes, to the distance form, 

X cos o. + y cos /? — p = 0. (2) 

Since (1) and (2) represent the same line their first members 
are identically equal, and therefore their coefficients are propor- 
tional, i. e. 

cos a __ cos /5 _ — p 

~r " ~B~ ~ ~c~' ^^^ 

p^ _ COS^a _ COSV _ 2 COS a COS /? COS (a + /?) 

•*• C^~'~F~'~"~W~'~' 2AB cos (« + fi) 

_ COS^ a + COS'^ /? — 2 COS a COS /? COS (a + /?) 

""; A'+B'—2ABcoa(ia + ^) ' ^^^ 

But 

cos^ a + cos^/5 — 2 COS a COS /? COS (a -f /9) = sin^(a + /^) = sin^«>, 
since a -f /3 = w, the angle between the axes. 



Whence 



and 



COB a 


_ COS /? _ — p _ sin to 


(5) 


A 


B C i/A'+ B'— 2AB COS a,' 


IP. A 


A sin oj 

cos flt — 


(6) 




VA'+B'—2ABQO&io' 




B sin a> 
P-OS p — ■ 


(7) 




VA'+B'— 2AB COB w' 




— C sin oi 
p — . 


(8) 




^ l/ /|2_L R2 O /I I? ^^« ' 



Substituting (6), (7), and (8) in (2) gives 

(Ax + By + G)einio _ ^ 

l/A'+ B'— 2AB cos io "' ^^^ 

which is the distance form of the general equation (1). 
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64. To find the perpendieidar distance of a given point {x^ yi)from 
the line whose equation' is 

XOOBa + ycOBfi — p = 0, (1) 

X Binr — ^ sin (c«# — y) — p =0, (2) 

or Ax + By+C = 0, (3) 

where w z= a -\- ^ is the angle between the axes. 

The demonstration given in § 50 applies also when the axes are 
oblique. The required results are, respectively, 

Xi cos « + ^1 COS /5 — p^ (4) 

iTiSinr — 2/, sin(a> — ^)— j), (5) 
and Ua. . + %.+C)si nc. 

VA'^B'—2ABqobu> ^ ^ 

Observe that formulse previously found independently for rect- 
angular axes can now be derived from those here obtained for 
oblique axes by simply putting w = 90*^. {Cf, §§7 and 10.) 

EXAMPLES. 

1. The axes being inclined at an angle of 60°, find the inclination to the 
X-axis of the straight lines 

2/ = aj-3, (i/3-l)y = 2x+(y3 + l), 2y + x = 4. 

2. If w = 120°, find the angle between the two lines 

(i) y + 3x = 3 and 42/ = a; + 8, 
(2) y-3a; — 2 and 22/ + x = 4. 

3. Show that when the angle between the axes is w, the angle between 
the two lines 

y — ma; = and my'\-x = is tan~^( .^_. tano>j. 

4. Prove that the straight lines 

2/ = X + c and y-\-x — b 
are at right angles, whatever be the angle between the axes. 

5. If the lines 

32/^2x = 3 and 72/ + 8x + 14 = 

are at right angles, what is the value of w ? 

6. Show that the two points (xi, yO and (X2, ^2) are on the same side or 
on opposite sides of the line Ax-^-By -\-C = Q according as Ax^ -|- Byi + C 
and Ax2 + By2 + ^ have the same sign or opposite signs, the axes being 
oblique. 
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7. Find the equations of the bisectors of the angles between the follow- 
ing lines when w = 60° : 

(1) y = x + 2 and y + 2x + 6 = 0. 

(2) x + y + 3 = and 2y + (1 + v'6)a; + 4 = 0. 

(3) a» + 62/ + 8 = and 6x + 3y = 10. 

8. If (J = 30°, find the equation of the line through the point (2, 3), and 
(1) parallel to, (2) perpendicular to the line 3y = 2x, 

9. Find the length of the perpendicular drawn from the point (2, — 4) 
upon the line 3x + % + 11 = 0, when o = 60°. 

10. Find the equation to, and the length of the perpendicular drawn 
from the point (— 3, — 2) to the line ix + Sy = 6, when w = 60°. 

11. Prove that the equation of the line which passes through the point 
(xi, yi) and is perpendicular to 

(1) 2/ = 0, 

(2) x = 0, 

(3) X sin y -\- y sin (y — <^)=p 
is, respectively, 

(1) {x — Xi) + {y — yi)coBo) = Q, 

(2) {X'-Xi)coscj + y—yi=zO, 

(3) (x — xi) cos y + (y — yi) cos (y — u) = 0. 

12. Show that the equation of the line through the point (xi, y^) per- 
pendicular to the line 

, ... l + mcos6> 

maybewntten y — vi = '-j (x — xi). 

^ ^ ^ w+cosw ^ ^' 

13. Show that the lines 

x+y cos6> = 6cos w and xco8w + 2/ = 6 
are perpendicular to the axes of x and y respectively. 

14. If y = mx + 6 and y — m^x + 6^ make equal angles with the x-aiis 
and are not parallel, prove that 

m + m''+ 2mm'' cos a> = 0. 

15. Find the equations of the sides of a regular hexagon when two of 
the sides which meet in a vertex are the axes of coordinates. 

16. PA and PB are the perpendiculars upon the axes from the point 
P^a, 6) ; if w be the angle between the axes, prove that 

AB = sin w i/a2 + 62_(_2a6cosw. 
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17. Show also that the length of the perpendicular from P on AB in 
Ex. 16 is 

ab BVD? u 

and that its equation is ox — by = 0^ — 6*. 

18. From each vertex of a parallelogram a perpendicular is drawn upon 
the diagonal which does not pass through that vertex, and these are pro- 
duced to form another parallelogram; show that its diagonals are perpen- 
dicular to the sides of the first parallelogram and that they both have the 
same centre. 

19. If the axes be inclined at an angle w, show that the equation of a 
straight line through (xi, yi) making a given angle y with the x-axis may 
be written 

(x — xi)siny — (y — y,)sin(a> — >') = 0, 

and also that this equation is in the distance form. 

20. Find the angle between the lines 

ax2 + 2/ixy + 62/«=0, 

when the ax^s are inclined at an angle <*). Show also that these lines are 
at right angles to one another if 

a-\-b — 2h cos 6) = 0. 



Examples on Chapter III. 

1. What are the loci of the following equations ? 

(1) x'^ + ax2/ = 0. (2) 7? — 7yy^=0, 

(3) x^ + y'^^O. (4) x^ — y»=0. 

(5) a^x^— 6V=0. (6) aV + 6V=0. 

(7) (x^-l)(2/2-4)=0. (8) {ax + byy=c\ 

(9) y^-{x-ay=(^, (10) (x-ar + (y- 6X^=0. 

(11) {x — ay — {y — by=Q, (12) x^ — x^y + X2/2 — y^^O. 

(13) /) = asec(^ — a). 

2. Find the angle between the two lines 3x = 4y + 7 and by = 12x + 6; 
also the equations of the two lines which pass through the point (4, 5) and 
make equal angles with the two given lines. 

3. Find the length of the perpendicular from the origin upon the line 
passing through the points 

(a cos a, a sin a) and (a cos /?, a sin /?). 
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4. What is the equation of the line through the intersection of the two 
straight lines 

bx-{-ay = ah and y = mx, 

and perpendicular to the former ? 

5. Prove that the equation of the two straight lines which pass through 
the origin and make an angle a with the line y + a; = is 

x^ + 2xy8ec2a+y^=0, 

. 6. Find the perimeter, altitudes, and area of the triangle whose vertices 
are at the points (3, 5), (7, 9), (9, 11). 

7. It p and p^ be the perpendiculars from the points (=b Va^ — 6^ ^ qj 
upon the line — cos ^ + ^ sin ^ = 1, , 

prove pp^ = 6^. 

8. Find the equations of the sides of the square of which the points 
(2, -^ 3) and (6, 5) are two opposite vertices. 

9. Show that the equation 

2/» — x» + 3iC2/(2/ — x)=0 
represents three straight lines equally inclined to one another. 

10. Prove that the equation 

y2(cos a + v^ 3 sin «) cos a — xy(sm 2a — VS cos 2a) 

+ aj2(sin a — VS cos a) sin a = 
represents two lines inclined at an angle of 60° to each other. 

11. For what value of m will the lines 

bx + ay = abf ax + 63/ = a6, y = mx 
meet in a point ? 

12. Show that the lines 

y = mix + bi, y = m^ + b2y y=m3X + b3 

will meet in a point if 

tHs — nil _ &3 — bi 
rtti — ftii 62 — b\ 

13. From a point P perpendiculars PM and PN are drawn upon two 
fixed lines which are inclined at an angle 6> and meet in O. Take the two 
fixed lines as axes of coordinates and find the locus of P if 

(1) 0M+0N = 2e, (2) 0M—0N=2c. 

(3) PM+PN=2c, (4) PM—PN = 2c. 

(6) MN = 2c. Ans. to (5) . x^ + 2xy coBu + y^ = 40^ csc^ «. 
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14. Find the points of intersection of the loci 

pcoB(0 — J7r)=a and pcoa(0 — |7r)=a> 

15. also of p cos (B — Jtt) = fa and p = a sin d, 

16. OA and OB are two fixed straight lines, A and B being fixed points; 
P and Q are any two points on these lines such that the ratio AP : BQ is 
constant. Show that the locus of the middle point of PQ is a straight line. 

17. PM and PN are perpendiculars from a point P on two fixed straight 
lines which meet in O; MQ and NQ are drawn parallel to the fixed lines to 
meet inQ; prove that if the locus of Pis a straight line, the locus of Q 
will also be a straight line. 

18. ABCD is a parallelogram. Taking A as pole and AB as initial line, 
find the polar equations of the four sides and two diagonals. 

19. A straight line moves so that the sum of the reciprocals of its in- 
tercepts on two fixed intersecting lines is constant; show that it passes 
through a fixed point. 

20. The distance of a point (xi, yi) from each of two straight lines, 
which pass through the origin, is d; prove that the two lines are given by 

(.xiy-xyiy=d\x' + y^). 

21. Show that the six bisectors of the angles formed by the lines 

a; cos ai + y sin a, = pi, 

X cos a.j + y sin a.2 = p2> x cos "a + y sin a^ = jpa, 

meet in sets of three in four different points. What are these four points ? 

22. Prove that the three altitudes of a triangle meet in a point. 

23. Prove that the three perpendicular bisectors of the sides of a tri- 
angle meet in a point. 

24. Find the area of the triangle formed by the lines 

y+3x = 6, y=:2a; — 4, y = ix+3. 

25. Show that the area of the triangle formed by the lines 

y — niix + 6i, y = m2X + 62, and x = 0, 

is i^P^=^\ 

wii — m2 

26. Show that the area of the triangle formed by the lines 

y = mix-f-6i, y = rrhx + b2f and y = m^ + b3 
(bi-b2)\ (62 -bay, (&8-biy 



IS 



Lmi — m2 nh — ma m^ — wiiJ'^ "^ 
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27. What is the area of the triangle whose sides are the lines 

3aj + 4y + i2 = 0, 2a; + y = 4, ^—3y = 15? 

28. Find the equation of the pair of linea joining the origin to the in- 
tersections of the straight line y = mx + b and the circle x^-\-y^ = r^. 

Show that these lines will be at right angles if 

262 = r2(l + m»); 
and coincident if b^ = r\l + m^). 

29. Prove that the straight lines joining the origin to the points of in- 
tersection of the line bx + ay = 2ab with the circle' 

^x-ay+(iy-^by = r^ 

will be at right angles if a'^-\-b^ = 7^, 

30. Show that the two straight lines joining the origin to the other 
points of intersection of the two curves 

ax^ + 2hxy + by^ + 2gx-0 

and a V + 2h^QDy + b^ + 2g^x = 

will be perpendicular to one another if 

g^(a + b) = g(^a' + bO. 

31. Prove that the angle between the two lines joining the origin to the 
intersections of the line 2y = 3x + 2 with the curve 

lOc" — 14a;y + 3y2 — 5a; + 2y — 2 = is tan-i f. 

32. Show that bx^ — 2hQDy + ay^ = represents \JW0 straight lines at 
right angles respectively to the two straight lines 

ax^ + 2hixy+by^=0. 

33. . If the pairs of straight lines 

»2 — 2pxy — y^ = and x^ — 2qxy — y^ = 

be such that each pair bisects the angles between the other pair, prove 
that Pq= — !• 

34. Find the locus of the vertex of a triangle which has a given base 
and a given difference of base angles. 

35. The product of the perpendiculars drawn from a point P(x^, y^) on 
the lines 

X cos <9 + 2/ sin /? = a and x cos <;& + y sin = a 

is equal to the square of the perpendicular drawn from P on the line 

X cos \{d + <^) -f y sin K^ + ^) = a cos }((9 — «^). 
Show that the equation of the locus of P is 

x'''-\-y''' = a^. 
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36. Prove that the straight lines 

make equal angles with the x-axis if h = a cos u, the axes being inclined 
at an angle ij. 

37. If 0^ be the angle between the axes, show that the lines given by the 
equation 

x^ + 2xy cos u + y2 cos 2w = 

are at right angles to one another. 

38. Prove that the general equation 

ax'+2kxy + by^+2gx + 2fy + c = 
represents two parallel straight lines if 

h'^= ab and 6fir*= of. 
Prove also that the distance between them is 



\a(a + b) 



39. Show that the product of the perpendiculars from the point («', y^) 
upon the two lines 

ax'+2haDy + by^=0 

aa;^+2/txV+by^' 

^® 1/ {a — by + W ' 

40. Show that the pair of lines given by 

ax'+2kxy + by^ + Mx^ + y') = 
is equally inclined to the pair given by 

ax* + 2hayy + by^= 0. (Use § 68.) 

41. Show also that the pair 

a»x2 + 2h(a + b)xy + 6 V = 
is equally inclined to the same pair. 

42. If the general equation 

ax^ + 2kxy + by^ + 2gx + 2fy + c = 

represents a pair of straight lines, prove that the equation of the other pair 
of lines meeting the axes in the same points is 

ax' + 2(^-hyy + by' + 2gx + 2fy + c = 0. 

43. Prove that the three lines represented by the equation 

x(x2 — Sy^) = my{y^ — 3x2) 
make equal angles with one another. 
(Hint. Show that the polar equation is m tan 3^ + 1=0.) 
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44. Show that the condition that two of the lines represented by the 
equation 

may be at right angles is 

A^ + SAC + SBD + i>2= 0. 
SUG. The given equation must be equivalent to 
(te + my)(x' + 7^xy—y^) = 0.) 

45. Show that (- — ^ j + ( - — ^ j — 6 = represents two pairs of 
perpendicular lines through the origin. 

46. If2 = - — ^, show that 

y X 

represents n pairs of perpendicular lines through the origin. 

47. Show that x* + 4(x2 — y^)xy — x^y^ + y^= represents two pairs of 
perpendicular lines through the origin. 

48. Show that the equation 

a(ic*+ y*) — 4toy(aj* — y«) + 6ca;V= 
represents two pairs of straight lines at right angles to one another, and 
that the two pairs' will coincide if 

26»=a2+3ac. 



CHAPTER IV. 
TRANSFORMATION OF COORDINATES, OR CHANGE OF 



65. The formulae for changing an equation from rectangular 
to polar coordinates and vice versa have already been found in § 6, 
and their usefulness amply illustrated. Moreover, the equation 
of a curve in any system of coordinates is sometimes greatly sim- 
plified by referring it to a new set of axes of the same system. 
Hence, it is also desirable to be able to deduce from the equation 
of a curve referred to one set of axes its equation referred to an- 
other set of axes of the same system. Either of these operations 
is known as a Transformation of Coordinates, or Change 
of Axes. 

The equations, which express the relations between the two 
sets of coordinates of the same pointy and by means of which these 
operations are performed, are called PormulsB of Transforma- 
tion. 

Change of Axes in Cartesian Coordinates. 

66. To change from one set of rectilinear axes inclined at an angle 
(jt) to any other set inclined at an angle «>'. 

Let OX and OF be the positive directions of the original axes, 
O'X' and O'Y' the positive directions of the new axes; let 
XOY= o), and X'0'T= io\ be positive angles less than ^. 

Let O'X' meet OX and OY in A and £ respectively. 

Let Z XAX'= 0, then Z X'BY= io—O, 

Let ^, A; be the coordinates of the new origin 0' referred to the 
original axes. 

The equation of any line referred to the new axes may be writ- 
ten in the distance form. [(2), § 62] 

a/ sin /'' — ?/'sin(«>' — /) = ^', (1) 

where f is the angle the line makes with O'X', p' is the distance 
from Cy to the line, and the primes are used to depote that the 
equation is referred to the new axes.. 
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For the line OX the positive direction of y is daumioard (§42), 
while the positive direction of k is upward; hence p' and h have 
the same sign. For OF the positive direction of p' is toward the 
right, or the same as the positive direction of h; hence |)' and h 
have opposite signs. 




Therefore, for all relative positions of the two pairs of axes we 
have, since sin w is positive, 

for OX, f=lX'AX= — lXAX'= — 0, 

p'=z Dist. from 0' to OX = ^ sin «> ; 
for OY, r'=lX'BY= «> — e', 

p'= Dist from 0' to 0Y= — h sin «>. 

Therefore the equations of OX and OY referred to the new 
axes are, respectively, from (1) 

x' sin (— 0) — y' sin [w' — (— 0)'] = k sin w, (2) 

and £c' sin (a> — 0) — y' sin [a>' — (w — ey] = —h sin w, (3) 

When (2) and (3) are written in the form 

a?'sin^ + yrin(a;'+^) +^sin«>=^, (4) 

and ic' sin ((o—.0) — y' sin (w' — to -j- 0) -\- h sin a)= 0, (5) 
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the positive sides of OX and OF with reference to these equa- 
tions (§50) are the same as their positive sides when they are 
considered as the original axes of coordinates. 

Let P be any point whose coordinates are x, y referred to OX 
and OF, and ixf, if referred to O'X' and 0' T. 

Draw Pif and P^T perpendicular to OX and OYj respectively. 

Then from (5) and (4) we get [(5), § 64]. 

NP = xsin to = d?'sin (w — d) — i/'sin(</>' — w -f- 0)-\-hem<i»y (6) 

MP = y sin u) = x' sin ^ + y' sin («>'+ ^) + ^ sin w. (7) 

Whence 

X = \_x^ sin (oi — d) — y' sin («>'—«> -f- ^)] esc w + ^, ^ 

y = [x^ sin -{- y' sin («>'+ ^)] esc ^ -j- ik. J 

These formulae give the values of the old coordinates of any 
point in terms of the new coordinates; and if these values be 
substituted in a given equation, the result will be the equation 
of the Barm curve referred to the new axes. 

When the origin remains the same, and only the direction of the axes 
is changed, h = k = 0, and we have 

X — \x' sin {ot — d) — I/' sin (</>' — w -\- 0)"] esc w, ^ 

y =r \x' sin -\- y' sin («>'+ oy] esc w. J 

These general formulae (8) and (9) are rarely used in the man- 
ner suggested above, but some of the forms which they take in 
certain particular cases are of great importance. 

To change the origin to the point 
(A, k) without changing the diree-- 
tion of the axes. 

Since in this case the new axes 
are parallel respectively to the 
old, 

,Q and ^ = 0. 

Substituting these values in (8) we get 

"=^+M (10) 

t^ = ?/'+ fc. J 
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(11) 



As these equations are independent of «*, they hold for both 
rectangular and oblique coordinates. 

Hence to find what a given equation becomes when the origin 
is moved to the point (^, ^), the new axes being parallel to the 
old, substitute a:;'+ h for x and y'-^h for y. After the substitu- 
tion is made we can write x and y instead of of and i/'; so that 
practically this transformation is effected by simply writing x-\-^ 
in the place of x. and y -\- k in the place of y. 

To turn a set of rectangular axesiY* 
through an angle without chang- 
ing the origin. 

In this case 

and the general formulae (9) re- 
duce to 

x = x* cos — y' sin 0, 

y = x' sin -^ y' cos ^ 

If at the same time the origin be changed to the point (h, h), the re- 
quired formidce wHl he 

x = x' CO& —y' sin S + h, 

y = oc'sin -\- y' cos -\-k. 

This transformation is clearly obtained by combining the two 
formulae (10) and (11). 

Ex. 1. Prove by means of (11) 

cos (d + d^) = cos 6 cos e^ — sin sin 6^, 
sin (6 + e^) = sin 6 cos e^ + cos sin e\ 

Ex. 2. Show by the use of (12) that the area of a triangle is the same 
function* of the coordinates of its vertices referred to any set of rectan- 
gular axes. 

To turn a set of oblique axes through an angle withmd changing 
the origin, we have, since «>' = <o, 

x = [p(f sin (w — 0) — y' sin 0'] esc w, 

y = [x' sin + y' sin («> + ^)] esc «>. 

*It can now be shown that formuls proved for points in the first quadrant will hold 
for points in any quadrant. (See note under § 7.) 



(12) 



(13) 
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To pass from rectangular axes to oblique wiihovt changing the origin, 
we have 

X=x'C0&e + y' 008 (ai'+ 0),^. 

y = oif sine + j/ Bin (to'-\-0). ) ^ 

If, in making this transformation, the x-axifl is not changed, 
^ = and the required formulae are 

x-x'+y'cosa,^^ 
y = y' sin en'. J 

To pass from oblique to rectangular axes having the same origin, we 
have 

X = Ix' sin (w — 0) — t/' cos ( w — ^)] CSC «>, 1 

y z= [ic' sin ^ + y COS ^] CSC o). J 

If this transformation is effected without changing the x-axis, 
^ = and these formulae reduce to 

x = x'—y'cota,, 1 
y^y' esc w. , J 

What do the formulae (13), (14), (15), (16) become when the 
origin is also changed to the point (h, k)? 

Observe that in making all these transformations attention 
must be paid to the signs of h, k, and 0, 

67. The degree of an equation can not be altered by any change of 
the axes. 

The expressions giving x and y in terms of x^ and y' are linear, 
that is, always 

x=lx^-\' my'-\-n, y = Vx^+ rn^y'+ n', 

where either / or m is not zero, and also either V or m'. 
Any term in/(:c, y), say aafy^, becomes 

a{lx'+ my'+ ny{l'x'^ m'y'+ n'Y, 

and contains at least one term of degree p -{-q, either 

aU'af^^^, alm*x'^\j'^, aVmx'^y'^, or amm'y'^^^; 

perhaps other terms also, but none of higher degree. 

Hence the degree of an equation can not be raised by any trans- 
formation of coordinates. Neither can it be lowered; for if it 
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were, by changing back to the original axes, and therefore to the 
original equation, the degree would be raised. 

Otherwise. The degree of an equation (and also of its locus) is 
the number of points in which its locus is cut by a straight line ; 
and this number can not be altered by any transformation of 
coordinates. 

Transformation in Polar Coordinates. 

68. To turn the initial line through an angle a vMhout changing 
the pole, 

LetangleXOX'=a. 

Let P be any point whose co- 
ordinates are/t>, ^, referred to OX, 
and /o, 6', referred to 0X\ 

Then e = ^'+ a, while p is not 
changed. 

Hence the desired transforma- 
tion is effected by simply writing ^ 
^ + a in the place of e, [C/. § 66, (10).] 

69. To change the pole^ the direction of the initial line remaining 
the same, or changed by an angle a. 

This transformation can be performed by first changing the 
given equation to rectangular coordinates [§ 6, (2)] ; then mov- 
ing the origin to the new pole [§ 66, (10)] ; then transforming 
back to polar coordinates [§ 6, (1)] ; and finally, if desired, turn- 
ing the initial line through the angle a (§ 68). 

EXAMPLES. 
Transform to parallel axes through the point (— 3, 2) 

1. y'-4« + 4y + 16=0. 

2. 2a;«+3y»-12aj + 2y + 29 = 0. 

What are the equations of the following loci when referred to parallel 
axes throughout the point (a, 6)? 

3. (« — a)' + (2/ — 6)»=r». 

4. xy — ax — by'\-ab = d^. 

5. y^ — 2by + iax = ia^ — b\ 

6. b\x' — 2ax) + a\y^ — 2hy) + a«6«= 0. 
8 
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To pass from rectangular axes to oblique toUhout changing the origin, 
we have 

If; in making this transformation, the x-axis is not changed, 
^ = and the required formulae are 

y = y' sin «>'. / 

To pass from oblique to rectangular a^es having the earns origin, we 
have 

X = [x^ sin {o} —0) — t/' cos (w — oy] CSC w, 1 
y =z [x' sin -\-y' cos 0"] csc tt>. J 

If this transformation is effected without changing the x-axis, 
^ = and these formulae reduce to 

X = x' — if cot «>. 1 

. \ (17) 

y^=^y* csc ui, . J 

What do the formulae (13), (14), (15), (16) become when the 
origin is also changed to the point (A, h) ? 

Observe that in making all these transformations attention 
must be paid to the si^ns of h, k, and 6, 

67. The degree of an equation can not be altered by any change of 
the axes. 

The expressions giving x and y in terms of oc' and y' are linear, 
that is, always 

x=lx'-\-my' + n, y =Vx'-\-m'y'-\-n', 

where either I or mi& not zero, and also either V or m'. 
Any term inf(x, y), say aoffy^, becomes 

a{lx'+ my'+ ny(l'x/+ m'y'-\- n')S 

and contains at least one term of degree^ + q, either 

oZiV^^^, alm!x'^yi^, aVmx'^y'^, or amm'i/'^+«; 

perhaps other terms also, but none of higher degree. 

Hence the degree of an equation can not \i% raised by any trans- 
formation of coordinates. N'either can it be lowered; for if it 
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were, by changing back to the original axes, and therefore to the 
original equation, the degree would be raised. 

Otherwise. The degree of an equation (and also of its locus) is 
the number of points in which its locus is cut by a straight line; 
and this number can not be altered by any transformation of 
coordinates. 

Transformation in Polar Coordinates. 

68. To turn the initial line through an angle a vdthout changing 
the pole. 

LetangleXOX'=a. 

Let P be any point whose co- 
ordinates are/t>, 0, referred to OXj 
and p, 0', referred to 0X\ 

Then = ^'+ a, while p is not 
changed. 

Hence the desired transforma- 
tion is effected by simply writing ^ 
^ + a in the place of 0. [C/. § 66, (10).] 

69. To change the pole, the direction of the initial line remaining 
the same, or changed by an angle a. 

This transformation can be performed by first changing the 
given equation to rectangular coordinates [§ 6, (2)] ; then mov- 
ing the origin to the new pole [§ 66, (10)] ; then transforming 
back to polar coordinates [§ 6, (1)] ; and finally, if desired, turn- 
ing the initial line through the angle « (§ 68). 

EXAMPLES. 
Transform to parallel axes through the point (— 3, 2) 

1. y'-4« + 4y + 16=0. 

2. 2x^+3y^'^12x + 2y + 2Q = 0, 

What are the equations of the following loci when referred to parallel 
axes throughout the point (a, h)? 

3. (x-ay + iy-hy=r'. 

4. xy — ax — by-\'ab = a^. 

5. y* — 26y + 4ax = 4a» — 6». 

6. b\z'' — 2ax) + a\y^ — 2by) + a«6«= 0. 
8 
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Transform by turning rectangular axes through an angle of 45°. 

7. X"— y»=a«. 8. l2^'-2xy + ly^=2. 

9. 2(y + ic)=(2/ — x)\ 10. ax* + 2kzy + ay^= 1. 

11. ir* + 6a^y« + y* = 2. 12. 2xy(a^ + y») + 1 = 0. 

13. Transform — |- j^ = 1 by turning the axes through tan-* j-, 

14. What does 2x^ — Sxy — 2y^ = 5a^ become when the axes are turned 
through tan-» 2? 

15. If the axes be turned through an angle of 30°, what does the equation 
9x^ — 2/3xy + lly* = 4 become ? 

16. Show that the equation 

2x' + xy — y^ + 3x^y-Jr2 = 

can be reduced to 2x^ + xy — 2/^ = 0, by transforming to parallel axes 
through a properly chosen point. 

17. The equation of a line referred to axes inclined at 30° is y = 3x — 2. 
Show that its equation referred to axes inclined at 60°, the origin and x-axis 
not being changed, is (3 + \/S)y = Sx — 2. 

18. The equation of a curve referred to axes inclined at 60° is 
2x^ + 6xy + y^ = 2. Find its equation referred to rectangular axes such 
that the two x-axes coincide. 

19. Transform y^ + iay cot /3 = iax from rectangular to oblique axes 
meeting at an angle /3, leaving the x-axis and origin unchanged. 

20. Show that the formulae for transforming from rectangular axes OX, 
OY to oblique axes OX^, OY', such that the angle X'OY^^ w, and OX 
bisects the angle X^OY^, are 

X =- (y^-\- x^) cot Jw, y = {y^,— x^) sin ^w. 

21. Apply the formulae of Ex. 20 to the equations 

— , ± ^, = 1, when (J = 2 tan-* — . 

22. Prove that the formulae for passing from axes inclined at an angle 
u> to axes bisecting the angles between the original axes are 

a; = ^(aj^ sec ^<j — 2/^ esc }w), y = i{x^sec Jw + y-'csc Jw). 

Use the formulae of Ex. 22 and thus transform 

23. x^+xy + y^ = Sy when w =^60°. 
2ix^ + y') = a-' + b' 



24. 



4lX}/ = a^ + b' 



}■ 



when < 



:2tan 



lb 
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Transformation of Functions of Two Linear Expressions. 

70.* The equations giving the values of x and y in terms of 
x' and y [(8), § 66] may be written 

y sin w=z AV+ M't/'+ i''. J 

In like manner we should find the equations giving a/ and y' in 
terms of x and t/ to be 

x' sin w'=: Ix + my -\- n, 1 

t/' sin <!>'= ^'a:; -f m'y -\-n^, j 

where Ix -{-my -\-n^0 (3) 

and Vx + m'y + n'=0 (4) 

are the equations, in the distance form^ of the new axes 0' P and 
O'X', respectively, referred to the old; and «>' is the angle between 
O'X' and O'F. 

If, then, the given equation is a function of the linear expres- 
sions lx-\-my -rn and Vx + m'y -\- n', the new equation is ob- 
. tained at once by writing x' sin «>' in the place of lx-\-my -\- n, 
and y sin «>' in the place of Vx -^ m'y -\-n'. 

That is, if the given equation be 

f{lx -{-my + n, Vx + m'y + n') = 0, (5) 

the new equation referred to the lines (3) and (4) will be 

f{x' sin «>', 2/' sin w') = ; (6) 

or, if the new axes be rectangular, 

/(^', 2/0=0. (7) 

71. Illustrative Examples. 

Ex. 1. What 18 the locus of the equation 

(2x-y-.4)^ + 4(a: + 2y-7)2 = 80? (1) 

Dividing by 5 gives 
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where the linear expressions within the parentheses are both in the distance 
form. 

Y 

/Y' 




Take x + 2y — l = 0toT the new x-axis, (yX^, and 2x — y — 4 = f or the 
new2/-axio, 0^Y\ 
Then, since the new axes are rectangular, 

_^ 2x-y-4 x + 2y-7 

" . 1/5 • 



Writing x^ in the place of ^ , and y^ in the place of — -'-— ^ 

in (2) gives for the new equation 



[(2), § 70] 

-2y- 

1/5 



aj^2 + 42/^^ = 16, or ±^- + ^ = 1, 



which represents an ellipse (§ 34) whose semi -axes are 4 and 2. 

Ex. 2. What 18 the locus of 

(3x - 4y + 12)2 = 5(4x + 32/ + 4) ? 
Dividing by 25 gives 

- 42/ +12\2_ /4x + 32/ + 4\ 



/3x-4y+12y_ /4 



(3) 



(1) 



(2) 



5 /""V 5 / 

Take 3x — 42/ + 12 = for the new x-axis, 0^X\ and 4x + 32/ + 4 = for 
the new 2/-axis, 0^Y\ 
Then since angle ^^O^F^ = 90°, 



4X + 32/ + 4 3X-42/ + 12 

x_ g , y- g . 



[(2), §70] 



Therefore the new equation referred to (yx^ and O^Y^ is 

2/^» = »'. (3) 

Hence the locus is a parabola (§ 37), and lies on the positive side of the 
line4x + 32/ + 4 = 0. 
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Ex. 3. Find the equation of the locvs represented by 
5(2aj - y — 3)» + (3x — 4y — 8)»= 45, 
. when the new x-axi8 is the line 

3x — 4y — 8 = 0, 
and the new yaxis is the line 

2x — yS = 0, 
Equation (1) may be written 



(^^r-')'+^=?=-7-8 



(1) 

(2) 
(3) 

(4) 



If u' be the angle between the lines (2) and (3), then from equation (5), 

§ 48, tan «'= J, and therefore sin u^= -r=. 

Let p and q be the perpendiculars dravn from any point on (4) to the 
lines (3) and (2) respectively ; then from (2) § 70, or (5) § 60, 



, . , «' 2* — « — 3 
, . , y' 3x— 4y— 8 



(6) 
(6) 

(7) 



is the required equation. 
The locus is enclosed by the Unes x'= ±S, and y'= ±3; construct it. 
Observe that if we substitute p and q in (4) we get 



P' + 9' = l, 



(8) 
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which is also a^ oquatioi^ of the locus referred to the same new axes, but 
'\ezpre2use^in;teniw of perpendicvlara upon the axes instead of parnUels to 
**the ax€s; 't;*e: W6 have the equation in a new system of coordinates. 

\ y^.:i'.* iFH^'ii^ equation of the straight line 

9x + ly+U = (1) 

when the new x-aais is the line 

a; + 3y + 6 = 0, 
and the new y-axis is the line 

3x — y + 3 = 0. 

AB8ume9x + ly + U = l(^x — y + S)+m(x + Sy + Q) + k 

= (3l + m)x + (3m — Oy + (3i + 6m + A;). (2) 
Equating coefficients in (2) g^ves 

3i + m = 9, 3m — 1 = 7, 31 + 6m + A; = 14. 
Whence 1 = 2, m = 3, fc = — 10. 

Hence equation (1) may be written 

2(3x-y-3) + 3(a: + 3y + 6)-10=0, (3) 

... 2z'+3y'=i/10 (5) 

is the required equation, since the new axes are rectangular. 

EXAMPLES. 

If the lines x — y + 1 = and a; + y = 2 be taken as new axes, what are 
the equations of the lines 

I. x = 2,y = 3? 2. 5a; + y — 4 + 3v/2 = 0? 

3. x — iiy + iQ = 0? 4. ax + by + c = 0? 

When referred to the lines 3a; — 4y + 4 = and 4a; + 3y = 6 as axes, what 
are the equations of the lines 

5. 18x + 2/ = 4? 6. x — lSy + U = 0? 

7. 8xSiy = 20? 8. 22a; — 21y + 6;=0? 

9. 7a; — y = 0? 10. 4a; + % + 20 = 0? 

Find the equations of the following lines when the lines 2a; — y = 4 and 
x-\-2y = 6 are taken as axes : 

II. 2x — lly— 12 + v/5 = 0. 12. 7a; — % — 5 = 0. 
13. 12a; — y = 22. 14. x + 12y = 7. 

Find the equations of the following straight lines in oblique coordinates, 

the new axes being 

y = Sx + 6 and Sy = x+3: 
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15. 4y — 4a; — 9 + v/10 = 0. 16. llic + 3y = 8. 

17. x + 5y + 5 = 0. 18. lly— 17a; = 26. 

Find the equations of the loci represented by the following equations 
when the lines represented by the linear expressions which they contain 
are chosen for the new axes of coordinates: 

19. (4a; + 3y + i5)»=5(3x — 4y). 

20. 9(2a;-.32/ + 4)^ + 4(3aj + 22/— 5)»=468. 

21. (x + y-iy + i{x-y + 2) = 0. 

22. 3(x + 3y — 4)^ — 4(3a;— y + 6)*=120. 

23. 4(2x — 4y + 7)* + 5r2a; — 2/+7)*=80. 

24. 4(5a; + 122/ + 24r— (12a;— 5y+ 15)2=676. 

25. (y — 3x + 3)»=20(3y — ar-.6). 

26. 3(3x — 4y — 12)» + 10(2a: — 2/ + 4)2=150. 

27. 5(x — 3y — 4)» + 4(a; + 22/ + 2)2=200. 

28. (y-3x + S)^--2{y + 2x-iy=S. 

29. 2(x + y)=-.(y^x)\ 

30. V2(y-x)^=(x + y--2)\- 

31. (x + % + 4)(2a;-y)»=50j/5. 

32. (x-yY + 2(x^y){x + y+l)-(x + y + 1)^=2. 

33. {Ix + my + n)(Vx + m'y + n') = 0. 

34. (2/ — 3ar + 3)(2/ + 2a:-4) = 25|/2. 

35. Show that when the lines 2a; — y + 2 = and a; + 2y = are the axes 
of coordinates the equation of the locus given by 

2a:' + ary + 232/2 + 2a: — 26y + 13 = 

is x^Sxy + ^y^ + 2V5(x — 2y) + i = 0. 

36. Transform the equation 

9a;2 — 16a;y — 4y2^2a; — 9y + 48 = 
to the oblique axes whose equations are 

y — 3a; = and y + 2a;+l = 0. 

37. Find the equations of the old axes referred to the new, and check 
the results obtained in numbers 35 and 36 by passing back to the original 
equations. " 
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Parameters of Two Loci ah Coordinates op Points. 

72.* The point (a, b) has been defined as the point for which 
x = a and y = b; i. e. the point of intersection of the two lines 
whose equations are 

X — a=0 and y — 6=0. 

Now a and b are the parameters of these lines, and for every 
pair of values of a and b they both have a definite 'position. If 
a and b vary continuously and in such a manner that b =f(a)^ 
these lines change their positions simultaneously and continu- 
ously, and their common point will describe a continuous* curve 
whose equation is y =f(^x). 

Likewise in polar coordinates the point (r, a) is the intersec- 
tion of the circle and the straight line 

p =r and <? = a ; 

and here also the coordinates of the point are the parameters of 
the curves whose intersection determines the position of the 
point. If these parameters vary so that r=f(a)j the intersec- 
tion of these two curves will move so that p =f(^0). 

Hence, in both the Cartesian and polar systems, the coordinates 
of a point may be regarded as the parameters of two loci whose in- 
tersection determines the position of the point, and vice versa. 

These are but special cases of the following general principle: 




73.* Let 

F(x,7j,a) = (1) 

and F,(x,y,b)=0 (2) 

be algebraic equations of two 
curves, a and b being arbi- 
trary parameters. 

If particular values be as- 
signed to these parameters^ 
two fixed curves A and B will 
be obtained which intersect in 
P. Now if a varies while b 



* See second note under § 73. 
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remains constant, the curve A will change its position while the 
curve B remains fixed, and hence P will move along jB. In like 
manner, if b varies while a is constant, P will move along the fixed 
curve A. If all possible values be assigned to a and b independ- 
ently, the curves A and B move independently and all points in 
the plane will be obtained, provided the curves A and B both 
sweep over the whole plane. Moreover, to each pair of values of 
a and b there corresponds the same finite number of points, the 
number depending upon the degree of (1) and (2) in a; and y, 
and to each point a finite number of values of a and b depending 
upon the degree of (1) and (2) in a and 6, respectively.* 

Hence a and b may be called the Parameter Coordinates of 
the point P. 

If we solve (1) and (2) for a and h respectively, the results 
may be written in the form 

a = <p,{x,y), b=<p,(x,y), (3) 

which express the relations between parameter and Cartesian co- 
ordinates. 

Suppose the parameters a and 6 are not both arbitrary, but 
must satisfy the equation 

b=f(a). ;(4) 

Then a variation in a, however small, causes a variation in b ; 
and for every displacement of the curve A, however small, there 
is a simultaneous displacement of the curve B, Hence F can 
take only a fin^e number of positions on any single curve ; i. e. 
P can not move to all places in the plane. If we assign to a the 
particular value a^, b will have the particular value ft,, and we 
obtain the two curves Ay^ and J5i which intersect in P,. Likewise 
when a = ttg, 6 = b^, and we have the curves A2 and B^ meeting 
in Pa, and so on. 

If the parameter a varies continuously, f then will b also vary 
continuously, the two- curves A and B will be displaced in a contin- 
uous manner, and therefore P will describe a continuous curve PQ. 

* There is not a one to one correspondence between a pair of values o£ a and 6, and 
the position of P, unless (1) and (2) are of the first degree in x and y, and also in a and b. 

t A quantity is said to vary continuously from one yalue p to another value q when it 
passes through all values intermediate to p and g without at any stage making a sudden 
Jump. 

It is here assumed that 5 is a continuous function of a. See § 87; also Chrystal's Al- 
gebra, Vol. I, Chap. XV, § 2 and § 5. 



106 PARAMETER COORDINATES. [74. 

The form of FQ will evidently depend upon equation (4), which 
may therefore be called the equation of the locus of the inter- 
section of (1) and (2) expressed in parameter coordinates, 

74.* To find the locus of the common points of two curves whose 
equatioiiis involve one and the same independent variable parameter. 

Let F{oc,tj,a)=Q (1) 

and F,{xjy,h)=0 (2) 

be the equations of two loci involving the variable parameters a 
and h which are connected by the equation 

h =f^a). (3) 

Eliminating h from (2) by means of (3) gives 

i^i[^, 2/,/(a)] = 0, (4) 

and we have the equations (1) and (4) of the two given curves 
expressed in terms of the same arbitrary parameter. If we treat 
(1) and (4) simultaneously and eliminate a we obtain an equa- 
tion of the form 

9{x, y)=0. (5) 

Now (1), (4), and (5) form a consistent system of equations; 
i, e, all values of x and y which satisfy both (1) and (4) also satisfy 
(5). But values of x and y which satisfy both (1) and (4) are 
the coordinates of the common points of their loci. Hence the 
coordinates of all points common to the two given curves satisfy 
equation (6)i Moreover, since (5) does not involve a, it is sat- 
isfied by the coordinates of all points common t5 the loci of (1) 
and (4) whatever the value of a may be; i. e. by the coordinates 
of all points on the curve described by these common points as a 
varies. 

Therefore (5) is the equation of the required locus. 

Hence, to find the locus of the comm^m points of two curves whose 
equations involve one arbitrary parameter, treat ihe two equations simul- 
taneously and eliminate the arbitrary parameter. 

When the given equations contain two dependent parameters, 
as (1) and (2), connected by an equation, such as (3), the required 
equation (5) is found by eliminating a and b from the tiiree equa- 
tions (1), (2;, and (3), as has just been shown. This can be 
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accomplished directly by substituting equations (3), § 73, in equa- 
tion (3) above. 

Hence equations (3), § 73, may be called the formulae of 
transformation for changing an equation from parameter to Car- 
tesian coordinates. 

If one or both of the given equations contain both a and 6, the 
equations can each be expressed in terms of the same parameter ; 
or, values of a and h can be found in terms of x and y as before. 
Hence the locus is found in the same manner. 

Likewise if the given equations contain n parameters connected 
by 71 — 1 relations, only one parameter can be arbitrary ; for by 
means of the n — 1 equations between the parameters the values 
of all can be found in terms of one, and the given equations can 
then be expressed in terms of that one. 

In such cases the locus is found by eliminating the n parameters 
between the n + 1 given equations.* 

A few examples will suffice to make this general theory clear. 



Bi-PoLAR Coordinates. 

75.* Let the variable curves be the two circles whose equations 
are (§32) 

^x-cy + y' = T' (1) 

and ^ ix + oy + jf = r'\ (2) 

r and / being the variable parameters. 




For each pair of values of r and r', such that r + r' > 2c and 
1^ — f\ < 2c, these circles intersect in two real points P. If all 

* a fuller discussion of this subject is given in Chap. Ill, Book II, of Brlot and Bouquet's 
Elements of Analytical Geometry, translated by J. H. Boyd. 
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positive values, which satisfy these conditions, be assigned to r 
and r', every point in the plane wiU be obtained. 

The variables r and r', which represent the distances of the 
point P from the fixed points F and F, are called the Bi-Polar 
Coordinates of the point P. 

If r and r' vary continuously in such a manner that 

r'=/(r), . (3) 

then the circles are displaced simultaneously and continuously 
and their common points describe a continuous curve, of which 
(3) is the bi-polar equation. 
Solving (1) and (2) for r and r', respectively, gives 



r = i/(x- cy + y\ r^= \/{x + cf + y\ (4) 

which are the formulae for passing from bi-polar to rectangular 
coordinates; where (o, 0) and ( — c, 0) are the two fixed points 
of the bi-polar system. 

EXAMPLES. 

Find the locus of P in rectangular coordinates when its bi-polar coordi- 
nates satisfy the following equations: 

1. r = T'. 3. r + r'= 2a. (Cy.§34.) 

2. r±r^= 2c. 4. r—r^= 2a. (Cy. §36.) 

5. T^=nT. (See Ex. 24, p. 50.) 

6. rT'= c\ - Ans. (x" + yy = 2c'{r' — y^). 

7. Trace rr'=K for various values of Ky taking (=b 1, 0) for poles. 

Using the points (± c, 0) for poles, find the bi-polar equations of the 
following loci: 

8. aj» + 2/'' = c'. 10. x = a, x = c, y = 6. 

12. Show that the formulae for changing from rectangular to bi-polar 
coordinates are 

13. Show that the bi-polar equation of parabola y^ = 4ca; may be written 

r + 2c = i/r^2 + 8c». 
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76.* Let the two given 
equations be 

y=m(x — c)' (1) 

and y=m\x + c)y (2) 

m and m' being arbitrary pa- 
rameters. 

These lines pass through 
the fixed points F(c, 0) and 
-F( — c, 0), respectively, for 
all values of m and m'. When 
the values of m and m' are given, the directions of these lines are 
determined and the position of P can be found. 

Hence m and m' are coordinates of the point P. 

If m and m' may take any values independently, P will move 
to any position in the plane, but if they are connected by the 
equation 

m'=/(m), (3) 

P will describe a definite curve (§ 73) whose form depends upon 
equation (3). The equation of this curve in rectangular coor- 
dinates will be found by substituting in (3) the values 



y 



m' 



y 



x~\-c 



(4) 



given by (1) and (2). (See § 74. ) 



EXAMPLES. 

1. What are the coordinates of O, F, F\ (0, c), (c, c), (— c, c), (c, 0), 
( — c, 0) in terms of m and m-'? 

Find the locus of P in rectangular coordinates when 

2. m^= fcm. Consider the special case fc = — i. 

3. mm^= k. Discuss the result for positive and negative values of fc, 
especially ± i. 

4. m + m^= fc. 5. m' — m = k, 

6. m(a — c) = m'(a + c). 7. 2cmm^= b(m — m') . 

8. 2mm^= a(m-{- m') . 9. m*m^ = m* — m^. 

10. j^FPF'=a. 11. lXFP+lXF'P=a, 

Consider both acute and obtuse values of the constant angle a. 
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Let aaagle XFP = r = tan-' m, and angle XPP —d = tan"* m'. 

Then ;', ^ are also coordinates of P, suQh that for every pair of 
values of r and d there is one and only one position of P, except for 
points on the line FP.^ 



77* Example. 




written (§ 60) 

» — »i=mi(x — ari), 
where wii is constant. 
Similarly the equation of the variable secant PiDC is 

where m is the variable parameter. 
Putting x = 0, and y = in (i) and (2) we find 



LetOX and OYbe ttoo fixed lines 
arid Pi(xi ,yi)a fixed point. Through 
Pi draw a fixed secant PiBA {meeting 
OX in Aj OY in B), and the variable 
secant PiDC (meeting OX inCjOY in 
D); also draw the lines AD and BC 
meeting in P. Find the locus of P. 

Take the lines OX and OF as axes 
of coordinates. 
The equation of PiBA may be 



(1) 



(2) 



nil 
2/1 



OB = yi — miXif 



OC = xi — ^*, OD = yi — mxi. 
Hence the equations of AD and BC are (§ 41 and § 60) 



y 



2/1 yi — mxi 



= 1 



«i — 



TWl 



and 



Xi — 



|/i 2/1 — rnixi 
m 



= 1. 



(3) 
(4) 



Equations (3) and (4) contain one and the same variable parameter, m; 
hence the locus of P is found by eliminating m between these two equa- 
tions. (§ 74.) 

"^As a result of this general theory we may say that, in the most general sense, the 
point {a, h) is the intersection of two curves whose equations involve a and b as arbitrary 
parameters. When the two curves are straight lines parallel to two fixed lines we have 
Cartesian coordinates; when one is a circle with a fixed centre and the other a straight 
line through its centre, we have polar coordinates; when both curves are circles having 
fixed centres, we have bi-polar coordinates, etc. 
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By subtracting (4) from (3) we obtain 

which simplified g^ves 

yix + xiy = 0. (6) 

Therefore the locus is a straight line passing through O. 

EXAMPLES. 

1. A trapezoid is formed by drawing a line parallel to the base of a tri- 
angle. Find the locus of the intersection of its diagonals. 

2. Through a fixed point O a variable secant is drawn meeting two fixed 
parallel lines in R and Q; through R and Q straight lines are drawn in fixed 
directions, meeting in P. Find the locus of P. 

3. The hypotenuse of a given right triangle slides between the axes of 
coordinates, its ends always touching the axes. Find the locus of the ver- 
tex of the right angle. 

4. Find the locus of the intersection of the lines 

'L + y- = i and ^+^ = 1. 
am I ' 6 * 

where I and m are variable parameters, such that 

a-{-m = b-\-l, 

5. Find the locus of the centres of all rectangles which may be inscribed 
in A' given triangle. 

6. A variable quadrilateral is inscribed in a given rectangle so that its 
diagonals are perpendicular to each other and parallel to the sides of the 
rectangle. Find the locus of the intersection of its opposite sides. 

7. Find the equation of the locus of a point at which two given por- 
tions of the same straight line subtend equal angles. 

8. Find the locus of the intersection of the two lines 

2/ — mx = aVl-\-m'^ and my + x =a Vl + m^ 
for all values of m. 



CHAPTER V. 



SLOPE, TANGENTS AND NORMALS. 



78. Definitions. Let two points P and Q be taken on any 
curve FQR, and let the point Q move along the curve nearer and 
nearer to P; the limiting position, TT% 
of the secant PQ when the point Q moves 
up to and ultimately coincides with P is 
called the Tangent * to the curve at the 
point P. 

The straight line PiV through the point 
P, perpendicular to the tangent TT', is 
called the Normal to the curve at the 
point P. 

The Slope, or Qradient, of a curve at any point is the slope 
of the straight line tangent to the curve at that point. 




79. To find the slope of a curve at any pointy 




Let P{xy y) and Q{x -\-^Xj y -\- %) be two points close together 
on any curve AB; then dx is the difference of the abscissas, dy the 
difference of the ordinates of P and Q. 

*Thi8 definition was first suggested by Roberval (1602-1675) , but was stated more Qon- 
cisely by Fermat and Des Cartes. (History of Math.— Cajori, p. 173; Ball, p. 243.) 
t Read Ex. 1, § 81, in connection with this general demonstration. 
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Let the secant PQ meet the x-ssis in S, and let tiie tangent line 
at F meet the ic-axis in T. 

Draw the ordinates MP, NQ, and draw PR parallel to the a:;-axis. 

Then PR = dx, BQ = dy. 

Let the equation of the curve be 

y =Kx). (1) 

Then at the points P and Q we have 

OM=x, MP = y^f(x), 

OJV= x + Sx, NQ = y + %=/(a; + dx). 
•'• Sy=f(x + Sx)—f(x). 

Also ' tanXSQ = tani?PQ = ^=^. 

The slope of the tangent TP, which is the slope of the curve at 
the point P, is the ultimate slope of the secant SPQ when the 
point Q moves along the curve close up to P; t. e. 

tan XTP = lim tan XSQ = lim ^ as Q approaches P. 

When the point Q approaches the position of P as a limit, the 
differences Sx and Sy simultaneously approach zero as a limit, and 

the limiting value of the ratio -~- is denoted by -^ ; therefore in the 

limit we have 

tanJrrP_^^_^^_0 . (3) 

The ratio represented by the last member of equation (3) is 
also a function of x; and if, x being regarded as fixed, this ratio 
has a definite limiting value as ^x becomes zero, this limiting 
value is called the Derived Function, or the Derivative of 
f{x) with respect to x, and will be denoted hy f(x) ; H. e. if 

y=f(x), then ^£=f'(x). 

♦The sign " = " in these conditions for a limit ((Ja; = 0) is to be understood to mean 
hecomea equal. 

9 
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Hence to find the dlope at any point of a curve whose equation 
is in the form y =j(x) we find/(a;), the derivative otf(x) with 
respect to x, and in this substitute the abacma of the given point. 

To find the derivative of a function of x, denoted by /(x), we 
assign a small increment dx to x^ producing an increment, de- 
noted by f{x + 8x) — /(^), in the function, and then find the 
limiting value of the ratio 

fix-\-dx)-Kx) 
dx ' 

as dx vanishes. 

E. g,f letf{x) = a^, then 

.... lim f(x+6x)—f{x) lim (x + Sxf — a^ 
f(x) = dx = ^ =6x = si 

The operation of finding the derivative of a function is caJled 

differentiation. 

It is to be carefully noticed that in the definition of a deri.a- 

dy 
live given above we speak of the limiting value of the rcdio -p, and 

ox 

not of the ratio of the limiting values of dy and dx. The latter ratio 

is indeterminate, on the face of it, being of the form — . To give 

the latter definiteness we now define it as equal to the former. 
That is, the ratio of the vanishing increments of function and 
variable is the limit that the ratio of their finite increments ap- 
proaches when these finite increments at last vanish. 

80. Examples of limiting values of ratios of vanishing quantities. 

(1.) Let K be the area of a square whose side is x, 
r lim area "I _ 

L lim side J x = 0~ 0' 

^ ^ lim K lim x^ lim , , ^ 

But ^^Q-=^^Q~=^ ^q{x) = 0. 

(2.) Let Jf be the area of a rectangle with a constant base b and a vari- 
able altitude x. 



Then 



rlim^-i _ 



] 



L lim a; J a: ==0 0* 

^ ^ lim K lim 6a: , 

But x = 0^=x = 0'^ = ^' 
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(3.) Let V be the volume, T the total surface, C the circumference of the 
base of a right circular cylinder whose altitude is constant and radius 
variable. 

rlimr-i _0 rl™^T -^ 

^^®^ LlimOjr = 0"0' Llimrjr = 0~0" 

„ , lim T lim 27rr(r + /i) lim , , ,. , 
But ^^Oc=r:=0 2i^ = r-^0('' + ^) = ^^ 

lim T lim 2'irr(r+h) lim 2(r + h) 2h 
and r = OF=r=:0 ^^/, =r - 0" i^;— = -cr = ^' 

lim r 
If 5f be the convex surface, find ^ «_ q-^. 

(4) . ' rlim(x-a)M ^0. 

^ ^^ L lim (ar^ —a^) J a; = a ~ 0' 

, lim (a; — a)^ _ lim x — a _ ^ 

(5.) Find jTo'-^^^' 

Multiplying both numerator and denominator by 1 + l/l — x^ gives 

lim l-i/r=T^ _ lim a^' _ lim ^ _i 

aj = ^ a.2 iB = 0a;2(l+i/i — a;2) a^ = Oi + y/i _ 3.2 2' 

EXAMPLES. 
Find the limits indicated in the following expressions : 
^O lim x^ — a^ 



X^ lim g * — g * 

^ lim (x — aY ^-^ lim 3a;'' — 6a; + 3 

5-/iP = a^^ _ ax' — a'x + a^ ' (^ ^ = 1 2^^ — 4x + 2 

lim ^"^ ^ lim 8a ;'^ + a; — 1 



/T) lim 1/44-x — 1/4— X O lim ,/-5-; — ^^ 

(y x = S ^8^^3,^l/a^4-x^-ic. 

^ lim sin a; . ^^T^ lim see x , 

y a; == tiiTx = ^- !^^^- • a'=90° tiiri= 1- 

/. . ) lim 1 — cos X 1 '^n . lim tan x — sin x 



l.XlXJi JL ^VO .(/ J. -l O " -I**** WCW.X .(/ - 



cos a; 



.„ lim sin x _ lim tan x . 

1^- a; = 0-^ -x = 0— aT ^^* 

14. If V be the volume, T the total surface, 5f the convex surface, C the 
circumference of the base of a cone of revolution whose altitude h is con- 
stant, show that 

lim r _ 1 lim T _ lim T _ . lim T _ „ 
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8^. Examples of derivatives and slope of curves. 
Ex. 1. Find the slope of the curve whose equation is 

y = X* + a. 




(1) 



Let P(x, y) and Q{x + <5x, y + ^V) be any 

two points close together on the curve ; and 
let TP be the tangent at P. 

Then at P, y = a:« -|- a, (2) 

and at Q, y-\-6y = ^x + 6xf + a. (3) 
Whence 

{y^-^y)'-y ^ {x + 6xY + a — {x'' + a) 
6x ^x 

= tan RPq. (4) 



-^ = 2a; + cJx = tanXSfQ. 



(5) 



When Q coincides with P, or as we say, 
X proceeding to the limit 6x = 0, we have (§ 79) 

^ = 2x = tan2rrP. 
ax 



(6) 



Hence the slope of the curve at any point is equal to twice the abscissa 
of the point. 

AtPn, a: = 0. 



. • . PqTq is parallel to the x-axis. 

AtPi, X=:i, 

.'. tan XTiPi = 1. 

At P2, X = f , 

.-. tan^r2P2 = 3. 

AtPs, x = — J, 

.-. tan^TaPa^ — l. 

E^^. Find the slope of the curve y = —> 
We now have 

6y^f{x-\-6x)-f{x)= ^ 



H 


Pl^ 

^^y 


T. ^ 

/ 


/ X X 


Tx 


T. T, 



6x 



x{x-\-6xy 



Whence 



x-\-6x X 

iy ^ 1 

6x x{x-\-6xy 

. dy ^ lira / __L_V_L. 

*■ dx 6x — 0\ x(x + f^x)/ x^' 

That is, the slope is always negative and varies inversely as the square 
of the abscissa of the point. 
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BiT^ Let y = y^x he the given curve. 

L^ / — 6x 

Then rf« = V a; + daj — |/x = . . , , — 7 , 

6y_^ 1 

^ _. lim 1 _ i 

•'• dx ^« = 0>/x + (Ja; + i/a; 2|/ «.' 

Verify the results found in Exs. 2 and 3 by constructing the loci. 

EXAMPLES. 

Find the slope at the points where a; = 0, dz 1, =b 2, etc., of the curves 
whose equations are 

1. y = ^, 2. y = x*. 

3. y = ^,. '4. 2/^ = x3. 

5. y = x3 — 4a;. 6. y = x* — 20x2 + 64. 

7. Find the slope oiy = V o? + ^% where x = 0, d= a, 00 . 

8. Find the slope of y = V a} — x% where x = 0, ± a, ± Ja. 

9. Find the slope of lOj/ = x* — 3x — 20, where x = 0, ±1, ±4. 

[Ex. 1, § 22.] 

10. Find the slope oiy — x and y — mx + b. 

Find the derivatives of the functions 

11. y = -i-. 12. y= ^ 



^^- ^ = £t^- ^*- » = «»'' + '««'+«• 

15. y = svax, [See Ex. 1, § 104.] 16. j;=cos«. 

17.. If,=^^,showthat^|._^, 

18.» If y=fix)- ^x), show that -^ =/(*)• ^'(x) + <J(x)-/'(x). 

19.» H y = gl, show that ^ = ^(^^--^^^g -<^.''^- ^^^''^ 

20.* If y =[/(x)]», show that -^ - n[/(x)]'-i -/^(x). [Use § 82.] 

21.* Find the derivatives of the functions 

x+d ax — b 
y = tan x, cot x, sec x, csc'x, sin x, cos x, cos^ x, — ^ — , — -t-t. 

X "~~" CL ax ~x" o 
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82. To prove that for all rational values of n 
lim £c" — a" 



X =a ^ — 



X — a 



= na'*~'\ 



I. When n is a positive integer, we have 

= a""~^ + ^^""^ + • • • to 71 terms 



II. When 71 = -, a positive fraction, we put 

x = y^ and a = 6» ; 
p_ p_ 

then x'^ = y^j a^=b''j and when 1/ = 6, x = a. 

p_ p_ 

lim x** — a" lim x^ — a* lim y^ — b^ 

• • x = a x—a ~^=<^ x — a ~y=f>if — b''' 

if — h' 
lim y — h pb^~^ ,_ ,. . 

= y = bf^=^^ (C-«^IO 

y—b 

III. When n = — tw, we have 
lim X** — a** lim x/"^ — a 

1 



a-*" lim / 1 ,£r"* — a"*\ 

a ir = a \^ x'^a'^ x — a ) 



- • 7»a"»-^ 



whether m is an integer or a fraction.. (Cases I and II. ) 

Ex. 1. Show that 

limit lf(x)-]-~lKx)y __ ^ r^r^M»-i 
Ax)=^{x) /(x)-K^) -^t^(^)]" • 

Ex. 2. Show that 

lim sin^a; — cos^x _ 3 
X = 45° sin X — cos x ~ 2' 
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General Eulbs for Differentiation. 

83. Differentiation of an integral algebraic function of orie variable 
^oith rational exponents. 

The most general form of such a function is 

axT + baf + caf"-^ + . . . +kx + l 

Let y =f{x) = aa;" + bx""'' + cxT'^ + . . . +kx + L (1) 

If we let dx = h=: (x + h) — Xy for convenience, then will 

dy=f{x + h)-f{x)) [§79] 

that is, 

dy = ai{x + hy—o(f^] +fc[(a; + A)"-^— aj"-^ 

+ c[(£c + Ay-2— ar-T+ . . . +ik[(ic + ^)— ic]. (2) 

•• dx L{x + h) — xAL (,X + h)—X A 

Proceeding to the limit <5ir = A = 0, we obtain, by applying § 82 
to each term of the second member of (3), 

^ = nax"-*+6(7i — l)a;*-'+c(n — 2)ic"-'+ . . h=f\x). (4) 

HencSy if f(x) is an integral algebraic function^ we find f(x) by 
multiplying the coefficient of each term by the exponent of x in that term 
and diminishing each exponent by unity, 

E. g., if /(x) =a:* — 2jr» + 3a:« + x — 4af^—6x-^-{-2x-^ — Sx-\ 
/'(x) = 4ajs— 6x» +6x+ 1 +6x-'^ — 4r-H 9x-*. 

Observe from (4) and (1) that the derivative of the sum of a number of 
terms is the sum of the derivatives of the separate terms, and also that the 
derivative of a constant term is zero. 

Ex. 1. If fix) =/i(x) +/2(aj), show that/'Caj) =//(x) '\-fAx). 

Ex. 2. Show by cjonstructing a figure that the slope of y =/i(ic)+/f(^) 
is the sum of the separate slopes of 

y=fi(.^) and y=f2{x). 
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84. To find the derivative of a function of the type F(^x, y) = 0. 

When we desire to differentiate a function of the type 
F{x, y) = 0, -we may try first to solve the equation with respect 
to ^; so as to put it in the form y =f{x) ; or to solve with re- 
spect to X, so as to bring it to the form x =fi(y)' It is useful, 
however, to have a rule to meet cases when this process would 
be inconvenient or impracticable. It will be sufficient for the 
purpose of this book to illustrate the rule by considering the gen- 
eral equation of the second degree (§53). 

Let F(x,y)=aa^ + 2hxy + by' + 2gx + 2fy + c==0. (1) 

Let P(x, y) and Q(x -{- ^x, y + ^y) ^^ two points close to- 
gether on the locus of (1) ; then at Pand Q, respectively, 

ax' + 2hxy + by' + 2gx -\-2fy + c=0, (2) 

a(x + dxy + 2h(x + dx)(y + dy)+ b(y + dyy 

+ 2g(x + <^x) + 2f(iy + 8y)+ c =0. (3) 
Subtracting (2) from (3) gives 
a(2ic<5ic + dx") + 2h{y(^x + xhj + dx^y) 

+ b{2ydy + df) + 2gdx + 2fdy = 0. (4) 

Whrnce j^ __2«^+jAgj- 2^ + a^^ + 2A% 

Whence ^^- 2hx + 2bf+^f + bdy ' ^^^ 

ProceeJing tj the limit, when dx = 8y = 0, we have 

dy ^ ax + hy + g 

dx hx + by+f ^ ^ 

Kow apply to (1) the rule deduced in § 83 and differentiate 
first with respect to x regarding y as constant; then differentiate 
with respect to y regarding x as constant. Denoting these partial 
derivatives respectively by FJ(x, y) and F/(x, y), we thus 

obtain 

F;(x, y)=2(ax + hy + g) (7) 

and F;(x, y)=2{hx + by +/). . (8) 

. dij _ FJ{x, y) ^ a x + hy + g 
•• dx F;(x,y) hx + by+f ^ { 

which expresses the rule for differentiating any function of the 

typeF(x, y) = 0. 
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Tangents and Normals. 

85. , To find the equations of the tangent, and the normal at any 
point {x'j y') of a curve. 

For the tangent, m = ^^,. (§ 79. ) 

dx^ 
For the normal, m = — ,- . (§ 78 and § 48. ) 

Since both lines pass through the point (a?', i/'), the equation 
of the tangent is (§ 49) 

y-y'^-£(ix-x'); (1; 

and the equation of the normal is 

dr' 

y-y'—^(^-^)- (2; 

d?/ 
The primes in -^ denote that the coordinates x', yf of the point 

of contact are to be substituted in the derivative of the equation. 
CoR. If the axes are oblique, 

%= . f^ , ^v.. ' (§59.) 

dx &in (to — ^) ^'^ ^ ^ 

Hence equation (1) holds also for oblique axes.* 

» Examples on Chapter V. 

Find the equations of the tangent and normal to each of the following 
curves at the point {x^, y^) : 

1. y = x\ Ans. ^--^^ = 1. 

^ x^ if 

Ans. -4- ; = 1- 

y' X' 

A 3x y . 

^'''- 2i>— 2F = ^- 

Ans. ^-^ = i. 
x^ 2/ 

Ans. xx^-\-yy^=i. 

* The theory of this chapter proves what has hitherto been assumed (see note on logic 
of plotting, § 21), viz., that loci of equations are usually smooth curves without sudden 
changes in slope or curvature. For, since the slope of a curve /(x, y) = at any point 
(x, y) is a function of x and y^ a small change in x and y will ordinarily produce only a 
small change in the slope. 
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7. x*--y« = l. 

8. x» + 2^ = l. Ans. xx'^ + yy^ = i. 

^' % + t=^' ^^' xH + y- = l. 

11. What are the equations of the tangents to 6, 7, 8, 9, 10 at the point 
(1, 0); and to 6, 9, 10 at the point rO, 1) ? 

Find the equation of the tangent to 

12. y* = 4x — 3x% at the point (1, 1). 

13. iOy = (x + iy at the point where x = 9. (Ex. 10, p. 28.) 

14. 4(a; + 1) = (y — 2)^ at the point where x = 3. (Ex. 10, p. 28.) 

15. {X — S)^ + (y — 2)2 = 25 at the point where x = 4. 

16. x{x^ + y^) = a(x^ — y'^) at the point where x = 0, and ± a. (§ 38.) 

17. Find the equation of the tangent to f—j +(-?) =2, and show that 
at the point (a, b) it is the same for all values of n. 

18. Show that the curve x^-\-y^ = a« becomes steeper as it approaches 
the 2/-axis, and is tangent to the axes at the points (i a, 0) and (0, ± a). 

19. Let y —f{x) and y = F(x) be two curves intersecting in the point 
'a^i, y\)f and let be the angle at which they intersect. Show that 



tan 



i+f{x,)'F'lx,y 



What is the condition that the two curves shall meet at right angles? 
be tangent to each other? 

[The angle at which two curves intersect is the angle between their tan- 
gents at the point of intersection of the curves.] 

20. ■ Find the angle of intersection between the parabolas 

y"^ = 4ax and x^ = ^ay. 

21. Show that the confocal parabolas 

y^=2a{x + a) and y'' = — 2b{x — b) 
intersect at right angles. 

22. At what angle do the rectangular hyperbolas 

x2 — y^ = d^ and xy = b 

intersect? Draw several sets of these curves by assigning different values 
to a and b. 
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23. Find the angle at which the circle x^-\-y^-\-2x = 12 intersects the 
parabola y^ = 9x. 

24. Find the angle of intersection between 

x« + y2 = 25 and 4y'^ = 9x. 

25. Let the tangent and the normal at any point P(x, y) of a curve meet 
the a;-axis in T and A" respectively, and let Jtf be the foot of the ordinate of P. 




Prove, by the use of equations (1) and (2), § 85, the following formulae: 

dx 



Subtangent, TM= y 



dy' 



dy 
Subnormal, MN = y ~ . 



Talent, rP=y^l + (^y. 



Intercept, OT =x — y 



dx 



dy 



Intercept, ' OQ = y — x , - 

26. Find the intercepts of the tangent, the subtangent, and the sub- 
normal of the parabola 

t/' = 4ax. 



CHA.PTER VI. 
THEORY OF EQUATIONS. 

86. An expression of the form 

oar + bar-' + car-' + . . , +kx + ly (1) 

where n is a finite positive integer and the coefl&cients 
a, by Cy . . . k, I do not contain x, is called a Rational and 
Integral Algebraic Function of x of the nth degree; and 

ax" + bx""-' + carr' + . . . +kx + l=0 (2) 

is called the Qeneral Equation of the nth degree. This is the 
kind of equation we shall consider in this section. 

If we divide the left side of equation (2) by a, the coefl&cient 
of X**, we shall obtain the general equation of the nth degree in 
the standard form, 

a^" + p.x'^-' + p^-' + . . . + p«-iaj + i?. = 0, (3) 

where pi, ^2? • • • Pn-\^ Pn do not contain x, but are otherwise 
unrestricted. As will be seen hereafter, some of the properties 
of equations can be stated more concisely when the equation is 
in the standard form. 

In this section the symbol f(x) will be used to denote a rational 
integral function of x, such as (1) or the left member of (3). 

Any quantity which substituted for x mf(x) makes /( a:) van- 
ish is called a Root off(x)] or a Root of the Equation 

Kx)=o. 

If we put y =f(x) and plot the locus of this equation, we shall 
obtain a curve which is called the Graph off(x). The real roots 
of f(x) are, therefore, the x-intercepts of its graph, 

87. A rational integral function of x is continuous, and finite for 
any finite value of x. 

Let f(x)^poX''+p,x''-'+p2X''-'+ . . . +p„-iX+p„. (1) 
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Then each term will be finite, provided x is finite; and there- 
fore, as the nnmber of terms is finite, the sum of them all, that 
is /(a?), will be finite for any finite value of x. 

Now suppose X receives a small increment ^, producing in f{x) 
the increment /(a? + K) — f{x) ; then 

j(^x+h)—f(,x)=p,i{x + hy—jf]+p,i{x + hy-'-x--'-] 

+ . . . +Pn-,i(.x + h)—xy (2) 

Each of the terms in the right member of (2) will become in- 
definitely small when h is indefinitely small ; hence their sum will 
become indefinitely small. Therefore f{x + h) — f{x) can be 
made as small as we please by making h sufficiently small. This shows 
that as x changes from any value a to another value 6, f(x) will 
change gradually and without interruption, i, e. without any sud- 
den jump, from /(a) to f(b) ; so that /(a;) must pass at least once 
through every value intermediate to /(a) and /(6). That is, f(x) 
is a continvxyuf function. 

Hence the graph of f(x) is a continuous curve with finite ordinates 
for finite values of x. 

88. To calculate tlie numerical value off(a), 

Let/(£c) =poX^ + p,x' + P-2X+ j?3. (1) 

Then we wish to calculate the numerical value of 

/(a) =i>oa' + ;>!«' + P2O' + i>3. (2) 

This result is most easily obtained as follows : 
Multiply Pq by a and add to p^ this gives poa + p^ ; 
Multiply this by a and add to p^, this gives poa^ + p^a + P2 ; 
Multiply this by a and add top^, this gives ^Jo^' + Pi(^^ + i>2» + Ps- 
The process may be arranged in the following way : 
Po Pi i>2 Ps 

^oO Pof^^+PiO' Pi>(^^ + P^ + P/^ 

Po Pifl' + Pi Po<^^ + Pl<^ + P2 Po^^ + Pl^' + P2(^ + PZ' 

We may proceed in the same way, whatever the degree oif(x). 
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Ex. Find the numerical value otf(S) if 

/(x) ££ 2aj* — 7x» + 13x — 16. 

2—7 13—16 

6 —3 —9 12 



— 1 —3 4 —4 

.-. /(3) = -4. 
This process is called Synthetic Substitution. 

89. To find the remainder and the quotient when f(^x) is divided hy 
X — a, where a is any constant. 

Divide /(ic) hy x — a until the remainder no longer contains a*. 
Let Q denote the quotient and R the remainder. We then 
have the identical equation 

f{x)-:^q{x-a)+R, (1) 

which must be satisfied when any value whatever is substituted 
for X, Let a: = a, then 

Ka) = q{a — a)+R = R', . (2) 

for Q{a — a) = 0, since by § 87 Q remains finite. That is, the 
remainder is equal to the result obtained by substituting a for x 
in the given function. 

CoR. If ^ is a root of f{x), then f(x) is divisible by x — a. 

Conversely, if fix) is divisible by x — a, then a, is a root of f(x). 

For, if either /(a) =0, or R = 0, in (2) the other is also equal 
to zero, which proves the proposition. 

Let f(x) =PoX^ + PiX^ + P2'^ + Ps 7 for example. 

By actual division we find 

Q=PoX^ + (poa +Pi)x+ (poa^+p,a +P2), 

and R = p^a^ -\- p^a^ + p2a -\- p^. 

By comparing these expressions with the results found in § 88 
we see that R and the coefficients in Q are the same as the sums 
obtained by synthetic substitution. 
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Ex. Find Q and R when 3x"^ — 2x* — IGa^ — x + 7 is divided by (x + 2). 

3—2 —16 —1 +7 

— 6 +16 0+2 

3 —S —1 +9 

Thus Q = Sx*—Sx^—ij and R = 9, 

.'. 3x5 — 2a;*— 16x2-x + 7:e(x + 2)(3x* — 8x3— 1) + 9. 

This process can be applied to any function of any degree, and 
is a particular case of Synthetic Division. (See Todhunter's 
Algebra, Chap. LVIII.) 

90. An equation of the nth degree has n roots, real or imaginary. 
Let the equation be 

f(x)=ar+p,x"-'+p^--'+ . . . +p^==0. (I) 

Let tti be one root* of the equation f(x) == 0, then f{x) is divis- 
ible by (a;— a,). (§89.) 

... f(x) = (x-aOMx), (2) 

where /,(ir) is an integral function of x of degree (n — 1). 
In like manner if a^ is a root of /,(a;), then 

fi(x) = (x — a^)f2(x), (3) 

where /2(a;) is an integral function of x of degree (n — 2). 

Proceeding in this way we shall find n factors of the form 
(x — a,.), and we have finally, 

fix) = (x — aj)(x — a2)(^x — a^) . . . (x — a„)=0. (4) 

It is now clear that aj, a^, a^ . . . a^ are roots of the equation 
f(^x) =0; and as no other value of x will make /(a?) vanish, the 
equation can have no other roots. 

The factors oif(x) need not all be different from one another; 
thus we may have 

f(x)EE(x — a,y(x — a,yCoc — a,y . . . , (5) 

where 'p-\-q + r-\-.,.=n. 

*We here assume the fundamental theorem that every equation has one root, real or 
imaginary. Proofs of this theorem have been given by Argand, Cauchy, Clifford, and 
others, but they are too difBcult to be included in this book. The student, however, is 
already familiar with the fact that every equation of the first degree has one root; that 
every equation of the second degree has two roots, real or imaginary; and it will be shown 
in § 94 that every equation of an odd degree has one real root. 
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In this case /(a:) has 7) roots each ai, q roots each aj, etc., the 
whole number of roots feeing 

Therefore the graph of f{x) will cut the a;-axis in n points, 
which may be real, coincident, or imaginary ; and the real roots 
are its a;-intercepts. 

Hence the real roots of a function may be found exactly or ap- 
proximately by constructing its graph. 

EXAMPLES. 

1. Divide2x5_6aU__5a.2^10x + 18bya;-3. 
Find the other roots of the following equations: 

2. Two roots of aj*— 12x3 + 49a;2 — 78a; + 40 = are 1 and 5. 

3. One root of «»_ igo;* + 20x + 112 = is — 2. 

4. Two roots of a;*+ 8x»— 22x2— I6x + 40 = are 2 and — 10. 

5. Tworootsof x*— 12x8 + 48x2 — 68x + 15 = are 5 and 3. 

6. Three roots of Gx^ + llx* — 21x» + Tx* + 15x — 18 = are ± 1 and — 3. 
Find graphically the exact or approximate roots of 

7. x3 — 2x2— llx + 12=0. 

8. X* — 8x»+^14x2 + 8x — 15 = 0. 

9. X* — 2x«— 13x2 — 14x + 24 = 0. 

10. x3— 8x2 — 28x + 80 = 0. 

11. 6x8— 13x2 — 21x + 18 = 0. 

12. 8x3— 18x2— 71x + 60 = 0. 

13. X*— 6x8 — 5x2 + 56x — 30 = 0. 

91. Relatiotis between the roots and the coeffidenta of an equation. 
If there are two roots, ai and ag, we have (§90) 

x^ +PiX+p2=(x — ai)(x — a^) 

= x^— (tti + a^)x + 0,0^. (1) 

.•. ai + a2 = — pi, a^a2=p2* 
If there are three roots a^, a^, and ag, we have 
x^ + PxX^ -]-p^+p^={x — aO {x — ttg) {x — 03) 

= x^ — (ai + tta + (^z)^ + {(^\^2 + (^2(^2 + (h(^i)x — a^a^a^. (2) 

• *. «! + ^2 + <»8 = Vly <h<^2 + <^2<^Z + a3«l ==i^2? CLlO'^Z = JPs- 
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In like manner if the equation is of the nth degree and there- 
fore has n roots ai, Og . . . a^ . . . a„, then 

= {x — a,)(x — a^) . . . (x — a,) . . . (a; — a.) (3) 
= x''—Siaf-' + S^-'— . . . +(—iySr3if-'' 

± . . . +(-irS., (4) 

where S^ is the sum of all the products of a^ ag, . . . a^ . . . o„ 
taken r together. 

Equating the coefficients of the same powers of x on the two 
sides of the identity (4) gives 

Si = —Pi, S., =p.2, Sr= (— lypr, 

S^=(—iyp^=(—iya,a, ... a, ... a„. 

The absolute term, p„j is divisible by each of the roots. 
If p^z=Oj one root is zero; if p^=p^_i=iO, two roots are zero; if 
j)^z= p^_^= . . . |)^_^=0, r -(- 1 roots are zero, 

EXAMPLES. 
Find the other roots of the following equations : 

1. Two roots ofx'4a:'* — 4a; — 4 = are 2 and — 1. 

2. Tworootsof x» — 4x^— 3x + 12 = 0are4and i/3. 

3. Two ropts of x» — 13x + 12 = are 1 and 3. 

4. Threerootsof»* — 10x» + 35x^ — 50a; + 24 = are i,2,and3. 

5. Onerootof a;* — 4a;^ — a; = 0i8— (2'+|/5). 

6. Onerootof a;*— 6a;*+12a;' = 0is3— 1/^=^. 

7. Tworootsof 6a;*— Ta;*— 14a;2 + 15a; = 0are 1 andf. 

8. Tworootsof 4a;* — 5a;* + 2a;8 + 6a;2 = 0arelzb V^^=T. 
Porm the equations whose roots are 

9. 1,3,-5. 

11. h-hh 

13. 0,1,-4,5. 

15. 0, - 2, rb i/ir2. 

17. 4±|/3, — ld=v/6. 

19. 0,2±l/=n:,— 3±:/6. 

21. Idzi/^— 2=b^^^. 
10 



10. 


-2,3,-4,6. 


12. 


± 1, d= 4. 


14. 


rb i/2, ± i/3. 


16. 


3,5=fc:>/5. 


18. 


1,^2,3,-4,5. 


20. 


0,0,i,-?,l±^2. 


22. 


— 3,2=bi/— 3,-3ib/— 2. 
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92. The first term of f(x) can be made to exceed tJie sum of all the 
other term^ by giving to x a value sufficiently great. 

Let /(-c)=i)oJ!'"+Pi^""'+i>2^"~'+ . . . +Pn, 
and let k be the greatest of the coefficients ; then 

PoPC^ ^ P^ 



PiO(f-' + P2'Xr-' + . . . +p.'^ k(af-' + x''''+ ... +1) 

^ p^(^x — 1) >. Popir(x—i) ^ Po,^ , ^ 

> k{af—l) ^ kar . ^ k^^ ^' 
Now ^{x — 1) can be made as great as we please by sufficiently 
increasing x, which gives the proposition. 

93. An even number y or an odd number, of real roots off^x) =0 
lie between a and b according asf(a) and f{b) have the same sign, or 
opposite signs. 

The two points -4 [a, /(a)] and B[b,f(b)'] are on the saine side, 
or on opposite sides, of the a:-axis according as /(a) and/(6) have 
the sams sign, or opposite signs. 

Therefore, since the graph oif(x) is a continuous curve (§ 87)^ 
in passing from AiioB along the graph the a;-axis will be crossed 
an even number, or an odd number, of times according as /(a) and 
/(6) have the same sign, or opposite signs. This proves the propo- 
sition. 

E. g., if /(x) = x«- 3x+ 1, then /(I) = — 1 and/(2) = 3. 

. •. At least one real root of x* — 3x + 1 = lies between 1 and 2. 

94. An equation of an odd degree has at least one real root. 
Let the given equation be 

f(x)=x'''^'+p^o^-+p^^-'+ . . . +1)2-^1=0. 

Let a be a value of x sufficiently large to make the first term of 
/(a) greater than the sum of all the other terms (§ 92). Then 
the sign of /(a) will be the same as the sign of a^"+^, i. e. the same 
as the sign of a. 

Hence if a be sufficiently great, /(a) is positive, /(O) = i>2«+i> and 
/( — a) is negative. 

Therefore in all cases there is one real root, which is positive or 
negative according as p2«+i is negative or positive (§93). 
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Hence the graph of a function of an odd degree in the standard form 
extends to infinity in the first and third quadranis. 

95. An equation of an even d^ree in the standard form vdth the 
last term negative has at least two real roots with opposite signs. 

Let the given equation be 

f(x)=x^+P,x^-'+P20(^-'+ . . . +p,.= 0. 

If a is taken sufficiently great, /(a) will have the same sign as 
a^» (§92), which is positive for both positive and negative values 
of a ; that is, /(a) and/( — a) will both be positive, while/(0) =jp2«> 
which by hypothesis is negative. 

Therefore there is at least one real root between and a, and 
another between and — a (-§93). 

The graph of a function of an even degree in the standard form ex- 
tends to infinity in the first and second quadrants. 

96. To find approximately the real roots of f{x) = 0. 

Construct the graph of f(x) and thus determine the pairs of 
consecutive integers between which the roots lie. 
Y 




Suppose f{a) = CA, a positive number; and /(a + 1)=Z)J5, a 

negative number. 

Then there is at least one real root (§ 93) between a and a + 1. 
Draw the chord AB cutting the x-axis in E; draw £i^ parallel 

to the a;-axis meeting A C produced in F. 
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Then, if there is only one root between a and a + 1, it is approxi- 
mately equal to OE] if the graph were a straight line, it would be 
exactly equal to OE, 

Since the triangles A CE and AFB are similar, 

f.j,_ FB-CA _ CA /(a) 

^ FA -CA+BI)-f{a)—f{a+iy ^^^ 

If we use numerical values of /(o) and /(a -|- 1), we shall then 
have for all cases 

Ex. Find the roots of x» — 29x + 42 = 0. 

Here /(4) = — 10 and /(5) = 22. Hence there is one root between 4 and 5. 
Substituting in (2) g^ves 

^^ = ^+T0T22 = '-^- 

ThenfiiA) = — .456 and/(4.5) = 3,081. 

Hence the root lies between 4.4 and 4.5. 

When the root is greater than OE, as in the diagram and also in this ex- 
ample, it is better to try the figure, next greater than that given by the 
quotient. 

The next figure of the root may now be approximated in the same way. 

Thus /(4.4) _ .456 _ 

^^""^ /(4.4)+/(4.5) 3.537 '"^• 

.*. The approximate root is 4.41. The exact root is (3 + /2). 

EXAMPLES. 

Calculate to two places of decimals the real roots of the following equa- 
tions : 

1. a^-Sx — l=0. 2. ar^ — 7x + 7 = 0. 

3. x^ + 2x'' — 3x — 9 = 0. 4. x3 + 2x2 — 4aj— 43 = 0. 

5. x« — 15x + 21=0. 6. X* — 12x + 7 = 0. 

7. x* — 5x^ + 2x2 — 13x + 55 = 0. 8. x'^— 3x2 — 2x + 5 = 0. 

9. x^ — 81x + 40 = 0. 10. X* — 55x2 — 30x+ 400 = 0. 

97. In any equation with real coefficients imaginary roots occur in 
pairs. 

I. Let /(a?) = be an equation with real coefficients having r 
real roots and the other roots imaginary. Then 

f{x) = (x — a,)(ix—a,) . . . (x — a,.)<p(x)=0, (§90) (1) 
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where ^(x) is a function with real coefficients whose roots are all 
the imaginary roots of f(x)y and no others. Hence ^(x) must 
be of even degree, and therefore has an even number of roots. 
Otherwise it would have at least one real root (§ 94). 
Therefore (1) has an even number of imaginary roots. 

II. If a -]- bV — i is a root of an equation with real coefficiently 
then a — 6l/ — 1 is also a root. 

Let the equation be 

af+p,x"-'+p2X''-'+ . . . +p,.=0. (2) 

Substituting a + bV — 1 for a:: in (2), we have 



(a + bl/—iy+p,(a + bl/—iy-' +po(a + bV — l)ir'*~' 

+ . . . +;>,.^0. (3) 

Expanding by the binomial theorem, and collecting together 
the real and imaginary terms, we shall have a result in the form 

P+ §1/^=^=0. (4) 

In order that this equation may hold we must have 

p=e = o. (5) 

Since Pand Q are realj they contain only even powers of |/ — 1, 
and hence will not be changed by changing the sign of l/ — 1. 
Therefore, when a — bV — 1 is substituted for ic in (2), the re- 
sult will be P — QV^-i. 

But from (5) P — QV^^I = 0. 

.*. a — bl"^ — 1 is also a root of (2). 

Corresponding to the roots a ±: bV — 1 ot f(x) = 0, f(x) will 
have the real quadratic factor \_(x — a)^ + 6^] . 

The two quantities a zt bV^ — 1 are called conjugate imaginary 
expressions. 

Show that the locus of the equation y = of + k cuts the a?-axis 
in two points which are real and distinct, real and coincident, or 
imaginary according as A; is negative, zero, or positive. Hence 
illustrate graphically the preceding theorem by showing that, as 
the absolute term oif(x) is changed, real intersections of its graph . 
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with the aj-axis disappear or reappear in pairs ; and that the pas- 
sage from a pair of real distinct roots to a pair of imaginary roots 
is through a pair of real coincident roots. 

EXAMPLES. 

1. Show that if either a ri= v^6 is a root of an equation with rational co- 
efficients, the other is also a root. 

2. Solve the equation x* — 2x^ — 22x- + 62x -^ 15 = 0, having given that 
on© root is 2 + 1/3. 

3. Solve the equation 2x^ — ibx^ + 46x — 42 = 0, having given that one 
root is 3 +^'^—5. 

4. If i/a + v/6 is a root of an equation with rational coefficients, y a and 
i/b not being similar surds, show that ± | a ± ^/b will all four be roots. 

5. Form the biquadratic equation with rational coefficients one root of 
which is 1/ 2 + |/3. 

6. Show that Ex. 4 holds when either or both a and 5 are negative. 

7. Find the biquadratic equation with rational coefficients one root of 
which is i/2 + V^S. 

8. Solve the equation 2x« — 3x* + 5a;* + Gar^ — Zlx + 81 = 0, having given 
that one root is i,/2 + i/— 1. 

Transformation of Equations. 

98. I. To find an equation whose roots are those of a given equa;tion 
v)ith opposite signs. 

If the given equation is/(ic) = 0, the required equation will be 
/( — £c)==0. For, when x^a, f(x)=^f(a), and when x= — a, 
/( — x)=f(a) ; hence, if a is a root of /(a;) = 0, then — a will be 
a root of /( — x) = 0. 

The graph of /( — x) is the reflection of the graph otf(x) in a 
mirror through the ?/-axis perpendicular to the plane ; i, e, the two 
graphs are symmetrical with respect to the t/-axis, which proves 
the transformation for real roots. 

If /(ic) =/( — x) [§ 28, (2)] , the two graphs will coincide, and 
the roots of f{x) will occur in symmetric pairs of the form ± a. 

If the equation is complete, this transformation is effected by 
simply changing the sign of every other term beginning with the 
second. 



98.] THEORY OF EQUATIONS. 136 

II. To find an equation whose roots are those of a given equation, each 
diminished by the same given quantity. 

If we put x = x^+hy the origin will be moved to the right a 
distance equal to h [§ 66, (10)]. 

Hence the ^r-intercepts of the graph of /(a:), i. e. the real roots 
of /(ic), will each be diminished by A. 

Therefore, iff(x)=0 is the given equation, the required equa- 
tion will be f{x + A)=:0. For, when £c = a, f(x) ==/(a), and 
when x = a — h, f(x + A) =/(«) ; hence, if a is a root of f{x) = 0, 
then a — A is also a root of f(x + h)=^0, whether a is real or 
imaginary. 

The coefficients of the new equation can be found by synthetic 
substitution as follows : 

Ex. Find the equation whose roots are those of 
X* — 3ar'»— 15x2 + 49x — 12 = 
each diminished by 2. 

Operation 



1 


-3 
2 


-16 
-2 


+ 49 
-34 


-12 
+ 30 


1 


— 1 
2 


-17 
2 


+ 15 
-30 


+ 18 


1 


n 


— 16 

+ 6 


-15 




1 


+ 3 , 
2 1 


-9 





1 5 

. • . X* + 5a^ — 9x'^ — 15a; + 18 = is the required equation. 

If we put x = x' — -, where T?! is the coefficient of x^~\ each 
root will be diminished by I — — |, and therefore the sum of the 

roots will be diminished by n t — — )= — Pv 

Hence the sum of the roots of the new equation will be zero (§ 91); 
i, e. the coefficient of the second term will be zero. 

Ex. Transform the equation «' + 6x2 + 4ir + 5 = into another in which 
the coefficient of x^ is zero. 
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Let X = x^— 2, since pi = 6 and n = 3 ; then we obtain 
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±i 


±1 


+ 5 
+ 8 
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±i 


-4 
-4 


+ 13 


1 


±1 


-8 





• 1 

. •. x* — 8x + 13 = is the required equation. 

III. To find an equation wJwse roots are the reciprocals of the roots 
of a given equation. 

Let the given equation be 

Poxr+Piaf-'+p^^-'+ . . . +Pn-iir+p,= 0. (!>■ 

Substituting - for a? in (1) gives 

z 

which is the required equation, for (2) is satisfied by the recip- 
rocal of any quantity which satisfies (1). 
Multiplying (2) by 2" gives 

Pn^+Pn-l^-'+Pn-^-'+ • • • +PlZ+Po = 0. (3> 

Therefore the required equation is obtained by merely reverdng^ 
the order of the coefficients of the given equation. 

If j)^ = 0, one root of (1) is zero, and hence the corresponding^ 
root of (2 ) is infinite. Therefore, as the coefficient of the highest power 
of X infix) approaches zero, one root of f(x) approaches infinity. 

If the coefficients of (1) are the same (or differ only in sign) 
when read in order backwards as when read in order forwards^ 
the roots of (1) and (3) are the same. That is, the roots of (1) 

will then occur in pairs of the form a and -. 

An equation in which the Reciprocal of any root is also a root 
is called a Reciprocal Equation. 

E. gf., 6a^ — 19x'^ + 19x — 6 = is a reciprocal equation in which the co- 
efficients differ in sign when read in order backwards and forwards; two 
roots are | and f . 
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EXAMPLES. 

Find the equations whose roots are those of the following equations with 
opposite eigna: 

I. x2__4a._5 = o. 2. x3 + 6x2 — 7a; — 60="0. 
3- aj»— 8x2 — 28a; + 80=0. 4^ x*— 12x2+ 12a; — 3 = 0. 
Find the equation whose roots are those of 

5. x» — 16x* + 20x + 112 = 0, each diminished by 4. 

6. X*— 12x3 + 49x2 — 78x + 40 = 0, each diminished by 2. 

7. X* — 3x»— 6x2 + 14x + 12 = 0, each diminished by — 2. 

Transform the following equations so as to make the second terms dis- 
appear: 

8. x2 — 4x — 21=0. 9. x» — 6x2 + 8x — 2 = 0. 

10. x* + 4x»— 29x2 — 156x + 180=0. 

II. Find the equation whose roots are those of x^ + 6x2 — ^5^ + 12 = 
each diminished by c, and find what c must be in order that, in the trans- 
formed equation, (1) the sum of the roots, and (2) the sum of the products 
of the roots two together, may be zero. 

12. Transform the equation x* + 3x2 — g^ — 27 = into another in which 
che coefficient of x shall be zero. 

Find the equation whose roots shall be the reciprocals of the roots of 

13. x2 — 8x — 9 = 0. 14. 2x3 + 3x2~13x-12 = 0. 

15. 6x* — 5x* — 30a;2 + 20x + 24=0. 

16. Show that a reciprocal equation of an odd degree whose correspond- 
ing coefficients have the same sign has one root equal to — 1. 

17. Show that a reciprocal equation of an odd degree in which corre- 
sponding coefficients have opposite signs has one root equal to + 1. 

18. Show that a reciprocal equation of an even degree in which corre- 
sponding coefficients have opposite signs has the two roots ± 1. 

Solve the following equations: 

19. 2x3 — 7x2 + 7x-2 = 0. 20. 6x»-7x^-7x + 6 = 0. 
21. 3x3 + 5x2 + 5x + 3 = 0. 22. Sr''- 7x2 + 7x— 5 = 0. 

23. 2x* + 5x3 — 5x2-2 = 0. 24. 12x* - 25x3 + 25x — 12 = 0. 

25. 6x* — 7x8 + 7x-6 = 0. 

26. Solve the equation 2x* — 3x3 — 1^3.2 _ 33. + 2 = 0, having given that 
one root is — 2. 

27. Solve the equation 14x5 — 3x* — 34x8 — 34x2 — 3x + 14 = 0, having 
given that one root is 2. 

28. Solve the equation 10x« — 21x5 + 21x — 10 = 0, having given that 
one root is 2. 
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99. Successive Derivatives, If f(x) denote any fanction of x, 
its derivative/ (a?) , (§ 79), will in general be a function of x that 
can also be differentiated. The result of differentiating /'(a:-) is 
called the Second Derivative of f(x). If this, again, can be 
differentiated, the result is called the Third Derivative, and 
so on. 

The successive derivatives of f(j') will be denoted by 
/\.r), /"(.r), r'Cr) . . . f-\,r). 



Let /(.r) A,^ + A„r + A.,x^ + A,jr'+ . . . +A„,r\ 
Then f(x) ^ A, + 2A.^^ + SA^' + . . . + nA,,jr^-\ 
f\x)=2A, + 2'^A^+ . . . +n(n — l)X.r" 



(§83) 



r\x)^l'2'SA,+ 



+ n(n — l)(ii — 2)A„x" 



f^^^Xx) =7i(n — l)(i7i — 2) . . . +3-2' lA„^A„'nl. 

E.g.,itf(x)^x*—3x'—6x'' + 2x — l, 
then /^(x) = 4a;^ — 9x- — 10a; + 2, • /^^^(x) = 24x — 18, 

f'{x) = 12x2 __ i8x — 10, f'ix) = 24 = 4 ! . 

Hence the rth derivative of a rational integral function of the 
nth degree is itself a rational integral function of degree (n — r), 
(where r is not greater than n) ; and the nth derivative is a con- 
stant. Therefore the preceding theorems pertaining to a rational 
integral function /(a;;) will also hold for its derivatives. 



100. The Derivative Curve j and Elbows. 




Let the curves i3/and L'3f'be the loci, respectively, of the 
equations ^ ^^^^^ ^^^ 

and 2/-/(x). (2) 
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We will call i'-ftf , the locus of (2), the Derivative Curve, 
<or D. C), and i>i¥ the Integral Curve. (See § 102.) 

Draw any line parallel to the i/-axis meeting the ^-axis in Q, 
a;nd the curves in P and P'. 

We will call P and P' corr 3sponding points. 

Then, if OQ = a, we have b}^ § 79 

QP' = f(a)= slope of LM at P. 

Hence the D. C. is a curve such that its ordinate at any point 
is the slope of the integral curve at the corresponding point. 

Let -4, B, Cj Dhe the points on i^itf where the slope, i. e. f{x)y 
is zero; then the ordinates of the corresponding points A\ B', C, 
ly on i'Jtf are zero. Hence J.', B% C, 2>' are the intersections 
of L^M with the £c-axis. Between A and B the slope of LM is 
positive, between B and C negative, etc. Therefore, between A^ 
and B^ the curve L'M' is above ;the x-Sbxis between J?' and C 
below, etc. 

It will be convenient to call such points as A JB, C, D, Elbows 
of the curve. Then the abscissas of the elbows of the graph of 
/(x) are the roots of f^x), and may therefore be found by plot- 
ting the D. C. or by solving the equation /'(x) = 0. 

Since /'(a;) is of degree (n — 1), (§ 99,) the graph oif(x) can 
not have more than (w — 1) elbows. 

If /(a?) is of an odd degree, its graph will have an even number 
of elbows, and therefore f(x) will have at least one real root. 
<C/. §94.) 

If the roots of /'(a?) are imaginary, the graph oif(x) will have 
no elbows. 

If two roots oif(x) are equal, its graph will touch the a;-axis, 
as at D', and the two corresponding elbows of the integral curve 
will coincide as shown at D. Hence the slope of LM has the same 
sign on both sides of D. The integral curve therefore changes 
the direction of its curvature at Z), and crosses its own tangent, 
which it cuts in three coincident points. Such a point is called a 
Point of Inflection. 

Ex. Find the coordinates of the elbows of the following loci ; 
1. y = 3?—\2a. 2. y = 2a:*— 15x2 + 24a; -{-5. 

3. 2/ = aj8 — 6x^ + 32. 4. y = ac*'— 20x3 + l&r'' + iO&r. 

6. 2/=3x5_20r»+io. 6. y = 3x*— 8x3-^66x^ + 1440;. 
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Equal Roots 
101. Rolle's Theorem. At least one real root of the equaiion 

n-r)=0 (1) 

lies between any two consecutive real roots of 

/(^)=0. (2> 

Fw there is at least one elbow of the integral curve, LM (§ 100) ^ 
between any two consecutive intersections of it with the oj-axis. 

Conversely, Zrif can not meet the :r-axis more than once be- 
tween any two of its consecutive elbows. 

Therefore, at most one real root of (2) lies between any two 
consecutive real roots of (1). 

That is, the real roots of (1) separate those of (2). 

If by a continuous modification of the form of /(oj) — for example, 
by the addition or subtraction of a constant (§ 97) — two roots are 
made equal, the root oif(x) lying between them must approach 
the same value. Hence a double root of (2) is also a root of (1). 

In general, iif(x) has an r-fold root, such a root being regarded 
as due to the coalescence of r distinct roots, then will f(x) have 
an (r — l)-fold root due to the coalescence of the (r — 1) intent 
vening roots. That is, if /(j) has r roots each equal to a, f(xy 
will have (r — 1) roots each equal to a. 

Then, by the application of Rolle's theorem tof(x) and/"(a5)^ 
f\x) and/'"(^)> and so on, 
if f(x) = (x — ayip(x), 

we have /'(^) = (^ — «)'— Vi(^)? 

rG>r) = (.r-a)'-V.(.^), 



f-\x) = (x^a)<p,._,(x). 



(3) 



Conversely, if r roots of f(x) coalesce and become equal to a,, 
the corresponding r elbows of the iutegral curve i>if will coalesce ; 
then, if a is a root of /(a:), this r-fold elbow will rest on the ic-axis 
and give an (r + l)-fold root off(x). 

Hence by induction, if 

/(r-.)(a) =/<'-^)(a) =/^'-=' (a) = . . . f'(a) =/(«) = 0, 
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and a is a single root of /*'~^^(a;), then a is a double root of 
/*— 2)(ic), atriplerootof /^'-«)(a:), . . . an (r — l).foldrootof 
fix), and an r-fold root of /(ic). 

I'his suggests an easy method of finding real multiple roots of 
an equation, when the roots are all equal except one or two. 

^.fif.,if /(a;)=x^ — 5iC* + 4ac»-80aj + 48 = 0, 

we have /'(x) =5aj* — 2ac8 + 80a; — 80, 

/^^(x) = 2ar»— eOtr'^ + SO, 
/^^^(x) = 60a:^ — 12ar. 

The roots of GOx^ — i20a; = are and 2. 

Since f(2) =/^(2) =f(2) =/{2) = 0, 2 is a fourfold root of /(aj) = 0. 
Hence all its roots are 2, 2, 2, 2, —3. 

Equations (3) are true whether a is real or imaginary. For 
suppose /(ic) has an r-fold root equal to a, then, whether a is real 
or imaginary, we have (§89 and § 90) 

f(a:)^(x-ayHx). (4) 

Then 

/(^)^/^0^^~^+^^^^^^^+/^~^"^~^^^^-\ (§79) (5) 

Expanding [(a: — a)+ hy by the binomial theorem gives 
lim ^ [(X ~ ay + rix — a)'->fe>(x + h) 

^ [jr(r-l)(x~ay-W+. . + h'']<}>(ix + h) -^ (x - ay<i>(x) ) ^^^ 
lim ( fi,(x^h) — (p{x) 

= h=o\(^- <^y h 

+ [r(x - ay-' + ir{r - l)(x - ay-'h + . . + h--':i<p(x + h) | (7) 
= (x — a)'-^^(a:) + r(x — a)»-i^(x) (8) 

= (X — ar-^[(x — a)0^(x) + r^(x)] = (x — a)*- Vi(x), (9) 

which is of the same form as the second of equations (3). 

In like manner if f(x) also has a ^-fold root equal to 6, and an 
«-fold root equal to c, and so on, then 

f(x) = (x—ay(x — by(x — cy . . . <p(x); (10) 

and f(^x) = (x—ay-\x — by-\x — cy-' . . . ^,(x). (11) 

/. {x—ay-Xx—by-'^x—cy-' . . . 

is the G. C. D. of f<ix) and /(a;). 
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Hence. the multiple roots of an equation /(;r)= 0, if there are 
any, can be detected by finding the G. C. D. of J{x) and f{x) 
by the usual algebraic process. 

Likewise the common roots of any two functions can be ob- 
tained by finding the G. C. D. of the two functions, and then 
finding the roots of this G. C. D. 

Ex. If /(x)-:Ex* + a^ — 13r^ — aj' + 48x-36 = 0, 

then fix) = 5x* + 4a^ — 39x-^ — 2x + 48. 

The G. C. D. of f{x) and/^(x) will be found to be 
x=^ + x — 6 = (x — 2)(x + 3). 
.-. /(x) - (x-2)2(x + 3)2(2; -1) = 0, 
and the roots are 2, 2, — 3, — 3, 1. 

EXAMPLES. 
Solve the following equations by testing for equal roots: 

1. x3 + llx*^ + 24x — 36 = 0. 

2. x^ — 2x'^ — 15x + 36 = 0. 

3. x* — 7x3 + 9x^ + 27x — 64=0. 

4. X*— llx3 + 44x2~76x + 48 = 0. 

5. x* — 5x^ — 9x^ + 81x— 108 = 0. 

6. x^— 15x^+10x2 + 60x — 72 = 0. 

7. x^ — X* — 5x« + a52 + 8« + 4 = 0. 

8. X* — 2x3— 11x2+ 12x + 36 = 0. 

9. x^— 10x2+ 15x — 6 = 0. 

10. X* — 3x3 -6x2 + 28x — 24 = 0. 

11. x>— 10x3 + 20x2— 15x + 4 = 0. 

12. x*+10x3 + 24x2 — 32x — 128 = 0. . 

13. x^ +19x*+ 130x3+ 350x2 + 125x — 625 = 0. 

14. x« — 5x^ + 5x* + 9x3— 14x2 — 4x + 8 = 0. 

15. x^ — 2x* — 6x^ + 8x2 + 9x+.2 = 0. 

16. x« + 7x^ + 4x* — 58x3— 115x2 — 49x — 6 = 0. 

17. x5 — 8x^ + 24x2 — 28x+16 = 0. 

18. x5 — 6x'' — 28x2 — 39x — 36 = 0. 

19. What is the condition that the cubic equation 

x3 + gx + r = 
shall have a double root ? 

20. Show that in any cubic equation with rational coefficients a multiple 
root must be rational. 
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Quadrature. 

102* Let y =f{x) and y =fix) be the equations of the 
curves Zif and L'M' respectively. 




It is required to find the area included between the curve L'M^ 
the a*-axis, and the ordinates corresponding to a; = a = OQ, and 
x=h=. OR, where 6 > a. Let -BT denote the area QA'B'E. 

Divide the distance QE into (n + 1) equal parts, each equal to 
h = 3x. Draw ordinates at the points of division and construct 
rectangles as shown in the figure. 

Let 

Xi = a -\- h = OQi, £Ca = a + 2A, . . . Xn= a + nh — 0Q„. 
Then 

§i'=/'(a), Q,p,^=f(xo, . . . Q.p,:=njc„), 

and the sum of the areas of the (n + 1) rectangles is 

hna)+hf(j',)+hf(x,)+ . . . hf\x„). 

.'. K=^^^^[h]f'(a)+f(x,)+f(a',)+ . . . f(x.)\l (1) 
Now we know by § 79 that 

Whence hfix) +hp^ f{x + h) —/(a;) , (3) 

where ;» is a quantity which will vanish with h. 



144 QUADRATUBB. [102. 

Therefore we may put 

-A/(a) + Vo=/(^i)-/(a), 
Af(a-0 + Vi=/te)-/(^i), 



From these equations we have by addition 

^nx)+:Shp=f(b)-Ka). (4) 

The second member of (4) is independent of w, ^f{xf) repre- 
sents theaizm of the areas of the (w + 1) rectangles however great 
their number, and SA^o vanishes when n becomes infinite. 

.-. K = ^^^^^r{x-)Sx=f{b)-S(^a)=RB-qA. (5) 

The notation used to express this is 

K=£f(x)dx = f(ib)-f(a), (6) 

where the symbol C is an abbreviation of the word '*sum,'* and 

meanSy in this case, the summation of an infinite number of infinitessi- 
mat rectangles. 

Therefore, in order to find the required area, we must first 
obtain a function which when differentiated mil give f(x); then 
substitute in this new function /(a?) the abscissas of the bounding 
ordinates and take the difference of the results. 

Hence equation (6) may be written 

J^=fj\or)dx = [Kx)]l = Kb)-f(ia). (7) 

In applying the formula we must first find f(x) from f(x), i» e. 
we must reverse the operation of differentiation. In this sense the 
symbol f denotes an operation which is the inverse ofdifferervtiation. 

This inverse process is called Integration. 
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If then the symbol D be used to denote differentiation, the two 
symbols j and D neutralize each other, L e. CDf(x)=f{x). 

E. g., if Df{x) = f\x) = 4x3 — 3x2 + 4x — 6, 

then Jiy(x)=J/^(x)=:/(x)=x* — x»+2x2-6x+c. 

Hence, to integrate an integral function of x, increase the exponent of 
each power of x by unity and divide the coefficient by the increased ex- 

/jpn + l 
X» = -r--r. 

" Iff(x) is the derivative oif(x), thenf(x) is called the Inte- 
gral of f(x). The curve LM may be called the Integral Curve 
with respect to L'M'. Then we may say that the area bounded 
by the D. C. , the aj-axis, and two ordinates is numerically equal 
to the difference of the two corresponding ordinates of the I. C. 

If L'M' lies below the a:-axis between A^ and B\ the slope of 
LM between A and B will be negative (§ 100). Hence EB < QA, 
i, e. f(,h)<Cf(a), and the area is negative. The rectangles will then 
lie above the curve. 

Therefore the area will be positive or negative according as it lies 
to the right or left of the curve viewed in the direction of x increasing. 
If L'M* cuts the ic-axis between A' and B\ the formula gives the 
excess (positive or negative) of the area which lies to the right 
over that which lies to the left. 

Ex. 1 . Find the area of the segment of 
the parabola y^— 4cix cut off by the double 
ordinate through P{x\ y'). 

Here y = 2/ax* =f{x), 
.-. Area 

ONP= r'2)/ax^dx = 2\'a Cx^dx 

= 2/a [#]"= 2v/a • w' 

= ^x''2/ax'^='ixY 

— 5 rectangle OBPN, 

. • . Area OPQ = § rectangle ABPQ, 

. •. Area between AB and the curve is 
equal to iABPQ. 

That is, the parabola trisects the rect- 
angle. 

11 



Y 
B — ji^ 

X* 

O N "" 

^ -^> 
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Let X = x^— 2, since pi = 6 and n = 3 ; then we obtain 
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±1 
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' 1 

a^ — 8x + 13=:0'isthe 



required equation. 



III. To find an equation whose roots are the reciprocals of the roots 
of a given equation. 

Let the given equation be 

Substituting - for a? in (1) gives 

z 

which is the required equation^ for (2) is satisfied by the recip- 
rocal of any quantity which satisfies (1). 
Multiplying (2) by 2" gives 

Therefore the required equation is obtained by merely reversing^ 
the order of the coefficients of the given equation. 

lip^ = 0, one root of (1) is zero, and hence the corresponding^ 
root of (2 ) is infinite. Therefore, as the coefficient of the highest power 
of X in f(x) approaches zero, one root of f(x) approaches infinity. 

If the coefficients of (1) are the same (ordiffer only in sign) 
when read in order backwards as when read in order forwards^ 
the roots of (1) and (3) are the same. That is, the roots of (1) 

will then occur in pairs of the form a and — . 
^ a 

An equation in which the ^reciprocal of any root is also a root 

is called a Reciprocal Equation. 

E. g., 6a^ — 19x'^ + 19x— 6 = is a reciprocal equation in which the co- 
efficients differ in sig^i when read in order backwards and forwards; two 
roots are | and f . 
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EXAMPLES. 

Find the equations whose roots are those of the following equations with 
opposite aignis: 

I. x^ — 4a? — 5 = 0. - 2. a;» + 6x2 — 7x — 60="0. 
3. x»— 8a;2 — 28a; + 80=0. 4. x*— 12x2 + 12a; — 3 = 0. 
Find the equation whose roots are those of 

5. x» — 16x2 + 20x + 112 = 0, each diminished by 4. 

6. X* — 12x8 + 49x2 — 78x + 40 = 0, each diminished by 2. 

7. X* — 3x3 _ 6a.2 _|. 14a. _|. 12 = 0, each diminished by - 2. 

Transform the following equations so as to make the second terms dis- 
appear: 

8. x2 — 4x — 21=0. 9. x» — 6x2 + 8x — 2 = 0. 

10. x* + 4x3-29x2 — 156x+ 180=0. 

II. Find the equation whose roots are those of x^ + Gx^ — 15x + 12 = 
each diminished by c, and find what c must be in order that, in the trans- 
formed equation, (1) the sum of the roots, and (2) tlie sum of the products 
of the roots two together, may be zero. 

12. Transform the equation x^ + 3x^ — 9x — 27 = into another in which 
che coefficient of x shall be zero. 

Find the equation whose roots shall be the reciprocals of the roots of 

13. x2 — 8x — 9 = 0. 14. 2x3 + 3x2 — 13x — 12 = 0. 

15. 6x* — 5x3 — 30a;2 + 20x + 24 = 0. 

16. Show that a reciprocal equation of an odd degree whose correspond- 
ing coefficients have the same sign has one root equal to — 1. 

17. Show that a reciprocal equation of an odd degree in which corre- 
sponding coefficients have opposite signs has one root equal to + 1. 

18. Show that a reciprocal equation of an even degree in which corre- 
sponding coefficients have opposite signs has the two roots ± 1. 

Solve the following equations : 

19. 2x3 — 7x2 + 7x-2 = 0. 20. 6x3-7x^ -7x + 6 = 0. 
21. 3x3 + 5x2 + 5x + 3 = 0. 22. 5x^ — 7x2 + 7x — 5 = 0. 

23. 2x* + 5x3 — 5x2 — 2 = 0. 24. 12x^ - 25x3 + 25x — 12 = 0. 

25. 6x* — 7x3 + 7x-6 = 0. 

26. Solve the equation 2x* — 3r^ — 16x2 — 3x + 2 = 0, having given that 
one root is — 2. 

27. Solve the equation Ux^ — 3x* — 34x3 — 34x2 — 3x + 14 = 0, having 
given that one root is 2. 

28. Solve the equation lOx* — 21x5 + 21x — 10 = 0, having given ttat 
one root is 2. 
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09. Sticceasive Derivatives, If /(a?) denote any fanction of x, 
its derivative/Caj), (§ 79), will in general be a function of x that 
can also be differentiated. The result of differentiating/'(j:) is 
called the Second Derivative of f(x). U this, again, can be 
differentiated, the result is called the Third Derivative, and 
so on. 

The successive derivatives of f(x) will be denoted by 

rCr), /"(.r), rCr) . . . f^-\x). 
Let /(.r) -:A, + A,.r + A,j'' + A,x'+ . . . +A„.r\ 
Then f(x)=A,+2A,x + SA^'+ . . . +nA,,r^-\ (§83) 
r{x)=2A,+2'SA,x+ . . . +n(n — \)A,x"-\ 
f"(x)=l'2'3A,+ . . . -i-n(n — l)0i — 2)A,.x"-% 



f.n)^x)=n(n — l)(n — 2) . . . +3 * 2 ' 1A„=A„' nl. 
E. g., if f(x) - X* — 3x^ — 5x'^ + 2x — i, 
then /^(x) = 4x^ — 9x^ — 103; + 2, • /^^^(x) = 24x — 18, 

f'{x) = 12x2 — 18x - 10, f'ix) = 24 = 4! . 

Hence the rth derivative of a rational integral function of the 
wth degree is itself a rational integral function of degree (w — r), 
(where r is not greater than n) ; and the nth derivative is a con- 
stant. Therefore the preceding theorems pertaining to a rational 
integral function /(a?) will also hold for its derivatives. 
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Let the curves LM and L'M' be the loci, respectively, of the 
equations 



and 






(1) 

(2) 
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We will call i'-ftf , the locus of (2), the Derivative Curve, 
(or D. C. ), and LM the Integral Curve. (See § 102. ) 

Draw any line parallel to the ?/-axis meeting the aj-axis in §, 
and the curves in P and P\ 

We will call P and P' corr 9sponding points. 

Then, if OQ = a, we have by § 79 

QP' = f(a) = slope of LM at P. 

Hence the D. C. is a curve such that its ordinate at any point 
is the slope of the integral curve at the corresponding point. 

Let -4, B, Cy 2) be the points on i>i¥ where the slope, i. e. f\x)j 
is zero; then the ordinates of the corresponding points J.', jB', C, 
ly on L'M* are zero. Hence A\ B\ C, D' are the intersections 
of L'M with the £c-axis. Between A and B the slope of LM\b 
positive, between B and C negative, etc. Therefore, between A^ 
a,nd B' the curve UM' is above jfche oj-axis between J?' and C" 
below, etc. 

It will be convenient to call such points as A JB, C, D, Elbows 
of the curve. Then the abscissas of the elbows of the graph of 
J{x) are the roots of f(x), and may therefore be found by plot- 
ting the D. C. or by solving the equation /' (a:) == 0. 

Since /'(a;) is of degree (n — 1), (§99,) the graph oif(x) can 
not have more than (n — 1) elbows. 

If /(ir) is of an odd degree, its graph will have an even number 
of elbows, and therefore f(x) will have at least one real root. 
<C/. §94.) 

If the roots oij'{x) are imaginary, the graph oif(x) will have 
no elbows. 

If two roots of /'(a?) are equal, its graph will touch the oj-axis, 
as at D', and the two corresponding elbows of the int^ral curve 
will coincide as shown at Z). Hence the slope of LM has the same 
sign on both sides of D. The integral curve therefore changes 
the direction of its curvature at Z), and crosses its own tangent, 
which it cuts in three coincident points. Such a point is called a 
Point of Inflection. 

Ex. Find the coordinates of the elbows of the following loci : 
1. y = x»--12a:. 2. y = 2a^ — ibx"" + 2ix -\- 6. 

3. 2/ = ic3— 6x2 + 32. 4. 2/ = ac^— 20ar^+i&r'»+i08a:. 

6. 2/ = 3x5— 20a^+10. g. y = Sx'—8a^ — Q6x^ + lUx. 
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Equal Roots 
101. Rolle's Theorem. At least one real root of the equation 

n-r)=0 (1) 

lies between any two consecutive real roots of 

f(x)=0. (2> 

For there is at least one elbow of the integral curve, LM(^§ 100 )y^ 
between any two consecutive intersections of it with the a:-axis. 

Conversely, LM can not meet the ic-axis more than once be- 
tween any two of its consecutive elbows. 

Therefore, at most one real root of (2) lies between any two- 
consecutive real roots of ( 1 ) . 

That is, the real roots of (1) separate those of (2). 

If by a continuous modification of the form of /(a;) — for example, 
by the addition or subtraction of a constant (§ 97) — two roots are 
made equal, the root oif'{x) lying between them must approach 
the same value. Hence a double root of (2) is also a root of (!)• 

In general, if f(^x) has an r-fold root, such a root being regarded 
as due to the coalescence of r distinct roots, then will f'{x) have 
an (r — l)-fold root due to the coalescence of the (r — 1) intec* 
vening roots. That is, if f{x) has r roots each equal to a, /'(a?) 
will have (r — 1)' roots each equal to a. 

Then, by the application of Rollers theorem to /'(a?) and/"(a;)^ 
f'\x) and/'"(a;), and so on, 

if f{x)^{x — ay<p{x), 

we have /'(^) = (^ — a)'*"Vi(^)> 

r{x) = {x-ay-\,^x), 



f'-'\x) = (x — a)<p,_,(x). 



(3) 



Conversely, if r roots of f(x) coalesce and become equal to a,, 
the corresponding r elbows of the integral curve LM will coalesce ;. 
then, if a is a root of /(a:), this r-fold elbow will rest on the a:-axis 
and give an (r + l)-fold root off(x). 

Hence by induction, if 

/(r-i)(a) -/^--2)(a) -/^»-« (a) = . . . /(a) = f(a) = 0, 



101.] THEORY OF EQUATIONS. 141 

and a is a single root of f^^^^ix), then a is a double root of 
/*-«>(aj), a triple root of /(*•-») (a:), . . . an (r — l)-foldrootof 
fix), and an r-fold root of fix). 

This suggests an easy method of finding real multiple roots of 
an equation ; when the roots are all equal except one or two. 

E,g,,it /(a;)=x^ — 5x* + 40a:^-80a; + 48 = 0, 

we have /'(x) =5x* — 20x»+80a; — 80, 

/-'^(x) = 203^ — 60x^ + 80, 
////(x) = 60x'' — 120x. 

The roots of 60x* — 120x = are and 2. 

Since f'''{2) =/^^(2) =/(2) =/(2) - 0, 2 is a fourfold root of /(a) = 0. 
Hence all its roots are 2, 2, 2, 2, —3. 

Equations (3) are true whether a is real or imaginary. For 
suppose /(a:) has an r-fold root equal to a, then, whether a is real 
or imaginary, we have (§89 and § 90) 

fix)ll(x^ay<p(x). (4) 

Then 

f^^)=j^^^^(^-^ + ^y^(^+^^^-^^--^^^^^^ (§79) (5) 

Expanding \_(x — a)+ h']'' by the binomial theorem gives 

lim ^ [(X — ay + r{x — a)'- ^fe]0(x + h) 

j^^)-h = o\ h 

^ [jr(r-l)(x-ay-W+. . + h']<p(x + h) - (x - ay<l>(x) ) ^^^ 

= h = 0\ (x-a)'- ^^ ^ ^ ^ 

+ lr{x-ay-' + ir{r-i){x-ar-'^h+ . . -\-h--'Mx + h)\ (7) 

= (X — ayy{x) + r(x — a)»-V(x) (8) 

= (X — ar-^[(x — a)^ax) + r^(x)] =(x — ar-Vi(aJ), (9) 

which is of the same form as the second of equations (3). 

In like manner if f(x) also has a ^-fold root equal to 6, and an 
^-fold root equal to c, and so on, then 

f(x) = (ix~ay(x-b)'^ix — ey . . . K^) ; (10) 

and f(ix) = (x—ay'-\x—b)^-\x — cy-' . . . 9>i(.x). (11) 

.-. (x — a)'-\x — by'-\x — cy''' . . . 

is the G. C. D. of f(x) and /(a?). 
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Hence the multiple roots of an equation /(;r)= 0, if there are 
any, can be detected by finding the G. C. D. of f(x) and f{x) 
by the usual algebraic process. 

Likewise the common roots of any two functions can be ob- 
tained by finding the G. C. D. of the two functions, and then 
finding the roots of this G. C. D. 

Ex. If /(x)^x5 + x* — 13x»~x2 + 48x-36 = 0, 

then fix) = 5a;* + 4x3 — 393.2 _ 2a; + 48. 

The G. C. D. of f(x) and /(a;) will be found to be 
x'^ + x — 6h(x — 2)(a; + 3). 
.-. /(x)-(x~2)2(x + 3)«(x-l) = 0, 
and the roots are 2, 2, — 3, — 3, 1. 

EXAMPLES. 
Solve the following equations by testing for equal roots: 

1. x»+llx'^ + 24x — 36 = 0. 

2. x^ — 2x^ — 15x + 36 = 0. 

3. x* — 7x3 + 9x^+27x — 54 = 0. 

4. X*— llx« + 44x^ — 76x + 48 = 0. 

5. x* — 5x^ — 9x2 + 81x— 108 = 0. 

6. x^— 15x^+10x2 + 60x — 72 = 0. 

7. x^ — X* — 5x» + x2 + 8x + 4 = 0. 

8. X*— 2x'— llx2 + 12x + 36 = 0. 

9. x'>— 10x2+ 15x — 6 = 0. 

10. X* — 3x3 -6x*-' + 28x — 24 = 0. 

11. x^— 10x3 + 20x2— 15x + 4 = 0. 

12. x*+10r'^ + 24x2 — 32x — 128 = 0. 

13. x^ +19x* +130x3+ 350x2 + 125x — 625 = 0. 

14. x«-5x5 + 5x* + 9x3 — 14x2 — 4x + 8 = 0. 

15. x^ — 2x* — 6x^ + 8x2 + 9x+.2 = 0. 

16. x« + 7x^ + 4x* — 58r''— 115x2 — 49x — 6 = 0. 

17. x^ — 8x3 + 24x2 — 28x+ 16 = 0. 

18. xs — 6x'^ — 28x2 — 39x — 36 = 0. 

19. What is the condition that the cubic equation 

x3 + gx + r = 
shall have a double root ? 

20. Show that in any cubic equation with rational coefficients a multiple 
root must be rational. 
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Quadrature. 

102.* Let y =fix) and y =f(x) be the equations of the 
curves Xif and i'if' respectively. 
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It is required to find the area included between the curve L'M ^ 
the ic-axis, and the ordinates corresponding to ic = a = OQ, and 
x — h^ OE, where b > a. Let K denote the area QA'B'R. 

©ivide the distance QE into (n + 1) equal parts, each equal to 
h = dx. Draw ordinates at the points of division and construct 
rectangles as shown in the figure. 

Let 

Xi=: a + h = OQiy X2 = a-\-2h, . . . Xn=a + nh — OQ„. 

Then 

QA' = r{a), Q,P,^ = f(xO, . . . Q.P,/ = nx„), 

and the sum of the areas of the (n + 1) rectangles is 

hf(a)+hf(.r,)+hf'(x,)+ . . . /./'(x„). 

Now we know by § 79 that 

Whence hj'ix) +hp^ /{x + h) —f{x) , (3) 

■where /» is a qaa!ntity which will vanish with h. 
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Therefore we may put 

V'(«) + Vo=/(^i)-/(a), 



tf (o-H-l) + hp,^, = f(Xn) — /(Xh-i), 

hr(Xn)+hp^=f(b)-f(x^). 

From these equations we have by addition 

^f(x)+ ^p =/(6) -/(a). (4) 

The second member of (4) is independent of n, ^Shf{x) repre- 
sents theatem of the areas of the (n + 1) rectangles however great 
their number, and SV vanishes when n becomes infinite. 

.-. K=^^^^^f{x)dx=S{h)-fia)=RB-qA. (5) 

The notation used to express this is 

l^ = fj'(^)<i^ = f(f>)-f(.<^), (6) 

where the symbol C is an abbreviation of the word '*sum," and 

means, in this case, the summation of an infinite number of infinitesi- 
mal rectangles. 

Therefore, in order to find the required area, we must first 
obtain a function wTiieh when differentiated vrill give f(x); then 
substitute in this new function /(a?) the abscissas of the bounding 
ordinates and take the difference of the results. 

Hence equation (6) may be written 

K=£f(x)dx = [f(x)]l = f(b) -/(a). (7) 

In applying the formula we must first find f(x) from fix), i. e, 
we must reverse the operation of differentiation. In this sense the 
symbol C denotes an operation which is the inverse of differentiation. 

This inverse process is called Integration. 
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If then the symbol D be used to denote differentiation, the two 
symbols f and D neutralize each other, L e. CDf(x) = f(x), 

E. flf., if Df{x) =/^(x)= 4a^ — 3a;2 + 4x — 6, 

then j'Df(x)=Jfix)=f[x)=x* — T'+2x^ — Qx+c. 

Hence, to integrate an integral function of x, increase the exponent of 
each power of x by unity and divide the coefficient by the increased ex - 



X'* = -r--|-. 



* Itf(x) is the derivative oif(x), thenf(x) is called the Inte- 
gral of f(x). The curve LM may be called the Integral Curve 
with respect to L^M\ Then we may say that the area bounded 
by the D. C. , the ic-axis, and two ordinates is numerically equal 
to the difference of the two corresponding ordinates of the I. C. 

If L'Jf' lies below the ir-axis between A^ and JB', the slope of 
LM between A and B will be negative (§ 100). Hence EB < QAj 
L e. f(b) </(a), and the area is negative. The rectangles will then 
lie above the curve. 

Therefore the area will be positive or negative according as it lies 
to the right or left of the curve viewed in the direction of x increasing. 
If L^M' cuts the a:-axis between A' and jB', the formula gives the 
excess (positive or negative) of the area which lies to the right 
over that which lies to the left. 

Ex.1. Find the area of the segment of 
the parabola y'^= 4ax cut off by the double 
ordinate through P{x^, y')» 

Here y = 2V'ax^ = fix), 
.'. Area 

2]/ax^dx = 2Va\ x^dx 

*/ 

= lx''2\/ax'^='ix'y' 

- S rectangle OBPN, 

. ' . Area OPQ = § rectangle ABPQ, 

. . Area between AB and the curve is 
equal to iABPQ. 

That is, the parabola trisects the rect- 
angle. 

11 
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Ex. 2. The curve y = x* — 3x* + 2x cuts the x-axis in the points<0,0)> 

B(1,0),I>(2,0). 

We now have/''(x) = tjfi—Sx* + 2x. 




OAB= C f{x)dx 

=[f-«.4-»»+c];=i. 

j—7^ + X^ + CJ 

= (4-8 + 4+c)-(i + c)=-t. 



i.e. 



DSF = (-V--27 + 9 + c) — (4 — 8 + 4 + c) = 2i. 



EXAMPLES. 

1. Find the area included between the curve 

j/ = x» — 9x2 + 23x — 15, 

the a:-axis, and the lines x = 1, x = 3; also x = 3, x = 5; x = 1, x = 5. 

2.. Find the area included between' the curve 

2/ = x2 — 2x — 8, 

the X-axis, and the lines x = — 2, x = 4; also between the curve 
2/ = x^ — 2x + 1 and the same lines. 

Find the area between the x-axis and the curve 

3. y=:x3— 3x2— 9x — 27. 

4. y = oc^-\-ax. 

5. y = x* — 4x3 — 2x2+12x + 9. 
Find the area between the curves 

6. y^ = 4ax and x* = iay, 

7. y^=ix and y^ = x*. 

8. y^=zx^ and y^ = 7?, 

9. ym — Qiin and y^ = x»». Ans. 

10. y = x^ — X and y=x, 

11. y = 3C^ — x and y' =;X|/2. 



m-{-n 
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12. y^ = 4cw5 and y = 2x — 4a. 

13. x^y = a', X = b, x = c, and y = 0. Ans, 

14. y=x^ — 5x + 4 and x + y = 4. 

15. y =T^ and y = x*. 

16. Show that the area included between the curve y = -4x», thie x-aiis 
and the line x = a is .4 . . , where h is the ordinate corresponding to 
X = a. Show that the parabola is a particular case. 



Maxima and Minima. 

1 03.* Let the curves LM, L'M' and L"M'' be the loci, respect- 
ively, of the equations 

y=Kx), (1). 

y=f\x), (2) 

and y=r(oc). (3) 

Then L'^M^^ is the Second Derivative Curve, 

i 




Since /"(ir) is the first derivative oif(x), the ordinate of VM"^ 
at any point represents the slope of L^W at the corresponding 
point; and the intersections £", i<"', G" of Z"itf" with the ic-axis 
correspond to the elbows E, F\ & of L'M' (§ 100). 

Let the line x = a meet the curves in the corresponding points 
P, P', P', and the ic-axis in Q. 
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Then QP=Ka), QP' = f(a), §P" = /"(a). 

That is, QP' is the slope of Zitf at P, and QP" is the slope of 
Jj'M'&tP\ 

Suppose the point P to move along the curve LM toward the right. 
As P approaches the elbow JB, the ordinate QP increases ; but as 
P passes through £, the ordinate ceases to increase and begins to 
decrease. At such a point the ordinate, i. e. f{x), is said to have a 
Maximum Value, or to be a Maximum: In like manner as 
P approaches the elbow -4, or C, the ordinate QP decreases; but 
as P passes through A, or C, the ordinate ceases to decrease and 
begins to increase. At such points QP, i, e. f(x)j is said to have a 
Minimum Value, or to be a Minimum. 

That is, a function, f(x) , is said to have a maximum value when 
ic = a, if /(«)>/(« =b h) ; and a minimum value, if /(a)</(a ±: h), 
for very small values of h. 

Since in these definitions the comparison is made between values 
of f(x) in the immediate vicinity only of -4, jB, 0, a maximum is 
xot necessarily the greatest, nor a minimum the least, of aU the 
T^alues of the function. 

Moreover, since maximum and minimum ordinates occur only 
at the elbows of a curve where the tangent is parallel to the £c-axis, 
a necessary but not a sufficient condition for a maximum or mini- 
mum value off(x) i&f(x)=0 (§ 100). 

Suppose a tangent to be drawn to LM a>t any elbow, i. e. at any 
point where /'(ic)= 0. Then the curve will lie below or above 
this tangent line for a short distance on both sides of the elbow, 
according as the ordinate of the elbow is a maximum or a mini- 
mum. If the curve crosses this tangent, as at D, the ordinate is 
neither a maximum nor a minimum. 

Hence, as P passes (toward the right) through an elbow, as B, 
i?irhose ordinate is a maximum, the slope of LM, ^. e. f(x), 
changes from positive to negative; and as P passes through an elbow, 
fiuch as A or C, whose ordinate is a minimum /(a?) changes from 
-negative to positive. 

Therefore, the necessary and sufficient conditions that f(x) 
«hall be a maximum or a minimum when x = a are as follows: 

Jbr maa;.,/(a)=0; f (a ^h), positive; /(a + h), negaUve.^ 
For min. , f(a)—0; f(a — A), negative; f(a + h), positive. J 
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If /(a + h) and /(a — h) have the sajne sign, /(a) is neither a 
maximum nor a minimum value of f(x). 

Now suppose, as is usually the case, that a is a single root of 
fix) =0, so that /'(a) ^ 0. (§ 101.) 

Then if QP passes through a maximum value, as J5'jB, when 
x^a, the slope of LM changes from + to — . Hence the corre- 
sponding point P' crosses the ic-axis from above downwards ^ and 
therefore the slope of L'M at B' is negative, L e, 

B'B"=f'{a) is negative. 

If QP passes through a minimum value, as C C, the slope of 
LM changes from — to +. Hence P' crosses the ic-axis from 
below upwards, and therefore the slope of L^M^ at C is positive, i, e. 

C'C"=f'{a) is positive. 

Therefore, if /"(a) ^ 0, the necessary and sufficient conditions 
that /(a) shall be a maximum or a minimum value of f{x) are: 

For a maximumy f(a)=0] f\a), negative. ^ 
For a minimum J f(^a)=0', /"(a), positive. J 

If a is an r-fold root of f(x) = 0, then /'(a) = when r > 1 
(§ 101) and the conditions (5) fail to disclose the nature of the 
corresponding ordinate. 

If r is an odd number the curve L'Jf' will cut the oj-axis in an 
odd number of coincident points, and hence will cross the a;-axis 
at the point (a, 0). Therefore the sign of f(x) will change from 
+ to — for a maximum, and from — to + for a minimum. In 
this case we must use conditions (4) to determine the nature of 

If r is an even number, L'W will not cross the a?-axis at the 
point (a, 0), as at D'. Hence f(x) will not change sign, and 
therefore /(a) is neither a maximum nor a minimum. . 

The maximum and minimum ordinates of L^M' can be deter- 
mined in the same manner. The points Ey F, O, D on ZJlf cor- 
responding to the maximum and minimum ordinates of L'M are 
therefore, respectively, the points of maximum and minimum 
slope of LM, At the points where the slope of a curve ceases to 
increase and begins to decrease, or vice versa, the curve changes 
the direction of its curvature. Therefore E, F, G, D are the 
points of inflection of LM (§ 100). 
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Hence the position of the points of inflection of a curve are obtained 
by finding the position of the maximum and minimum ordinates of the 
B.C. 

104. Illustrative Examples. 

Ex. 1. The curves y = 8m x and y - cos x are good examples of the 
relations and principles explained in § 102 and § 103. 



Let 



_, ... . lim 8in(a; + fc) — sinx 
Then /(x) = ^^o £ 



JXx) = sin X. 

lim r , , ,,,8inJ/ii ,., 

= h = o[''08(x + kh)-^\ (1) 

(Ex. 13, p. 115.) (2) 



= cos X. 

In like manner it can be shown that the derivative of cos x is — sin x. 
Let y =/(x) = sin x, equation of LM, 

y =f{x) = COS X, equation of L^M\ 
and y =f\x)— — sin x, equation of L'^M'\ 

Y 
^ 5. 




Then f\x) — cos x = 0, when x = i^r, Jtt, ^tt, etc. 

and /^''(J^) = — sin Jtt = — 1. .-. sin Jtt = 1 is a max. 

/'^(jT) = — sin |rr = 1. .-. sin|7r=: — 1 is a min., etc. 

Also f\^) — — sin X = 0, when x = tt, 27r, Stt, etc. 

These values of x make cos x alternately a maximum and a minimum, 
and hence g^ve the points of inflection of Lifcf. That is, the sine curve 
changes the direction of its curvature as it crosses the x-axis. 

Let X = OQ be any line parallel to the 2/-axis. 

Then/^(x) = cos x =QP'= slope of LM at P. 

Moreover, by \ 102 we have 



Area O^P'Q = j f\x)dx — \ cos xdx ^fsin xl = sin x = QP. 



(3) 



That is, the ordinate of any point of the cosine curve is equal to the slope 
of the sine curve at the c<yrresponding point; and the tyrdinate of the sine 
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/( — 1) = — 5 is a minimum. 
/(I) = 11 is a maximum. » 
/(3) = — 5 is a minimum. 



curve i8 equal to the area hounded by the <yrdinate, the co8ine curve, and 
the axes of coordinates, 

Ex. 2. Find the maadmum and minimum values of the function 

T 

/(x) - X* — 4x» — 2x2 + 12x + 4. 
Here f{x) = 4x3 — 12x2 — 4x + 12 
and f'(x) = 12x2 — 24x — 4. 

The roots of /'(x) = 
are — 1, 1, 3. 

/'/(_1)=32. 
///(I) = -16. 
/^^(3)=32. 

The roots of f^^{x) = are 1 ± f v^3, which are the distances of the points 
of inflection from the y-a.xia. 

In the solution of problems in maxima and minima, we must first obtain 
an algebraic expression, /(x), for the quantity whose maximum or minimum 
is required. We may then proceed as in the preceding examples. 

Ex. 3. Find the maximum rectangle that can he inscribed in a given 
triangle. 

Let h = the base of the g^ven 
triangle ABC, h the altitude and 
X the altitude of the inscribed 
rectangle. Then from similar tri- 
angles, 

EG:b=(ih — x):h, 

.-. EG=^{h — x). 

Then -r(hx — x'^) is the area of 

the rectangle, which is to be made 
a maximum. Any value of x that will make {hx — x^) a maximum will also 
make -rihx — x^) a maximum. Hence we may put 




Then 
Also 



f(x) = hx — x\ 
f\x) =h — 2x = when x = ^h. 
r\x) = -2, 
f{\h)=\h^ is a maximum. 



Therefore the altitude of the maximum inscribed rectangle is one-half 
the altitude of the triangle. 
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Ex. 4. Find the area of the largest rectangle which can he inscribed in 
the ellipse 




a" ^ h^ 



(1) 



Let K denote the area of the 
rectangle. Then 

45 

K=2x'2y=—\/a:'x^ — x' (2> 

is the function of x which is to be 
a maximum. 

Any value of x which will make 
ax^ — x*Si maximum, or a minimum, 
will also make K a maximum, or a 
minimum. 
f(x) = ax^ — 7^, 

r{x)= 2a^x -- 4r3 = when x = 0, or ± Jav/2, 

f''(x) = 2a» — 12x=» = — 4a2 when x = iay2. 

,\ X — \ay/2 will make K a maximum. 

Therefore K = 2a6 is the area of the maximum rectangle, which is half 
the rectangle whose sides are the axes of the ellipse. 

Ex. 5. Find the dimensions of a cone of revolution which shall have the 
greatest volume vMh a given surface. 

Let X — the radius of the base, y = the slant height, V= the volume, and 
S = the total surface. 



Therefore, let 
Then 
and 



Then 
and 



Let 
Then 

and 



8 = nx^ -f" ^^y'i whence y = x, 



(Altitude^ = y^ — x^: 



S^ 



2S 



"y 



^ \7r»X« 



as _ l/^^X^--27r^ 



f{x) = Sx^ — 27rx', 



1 is 



f\x)= 28x — 87rx3= when x = 0, or ± 2\^* . 
f'\x) =28— 247rx» = ^ 4Sf when x = |-^/-^. 



.-. F^ IS a max. when x = -oV/— > and V — o\~' 

That is, if the surface is constant, the volume of the cone is a maximum 
when the slant height is three times the radius of the base. 
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. EXAMPLES. 

Find the maximum and minimum ordinates and the points of inflection 
(points of maximum or minimum slope) of the curves 

ff^ y = 3x3— x=' + 4. ^ y = x3 — 9x=»+15a;~3. 

3. 2/ = a^ — 3x2 + 6a; + 7.. ^ y = x» — Sx^ + 24x + 16. 

5. Find the sides of the maximum rectangle which can be inscribed in 
a circle; in a semi -circle. 

6. Find the sides of the maximum rectangle which can be inscribed in 
a semi -ellipse. 

7. Find the altitude of the maximum rectangle which can be inscribed 
in a segment of a parabola, the base of the segment being perpendicular 
to the axis of the parabola. 

8. What is the least square that can be inscribed in a given square? 

9. Find the altitude of a cylinder inscribed in a cone when the volume 
of the cylinder is a maximum. 



^ What are the most economical proportions for a cylindrical tin can ? 
fiat is, what should be the ratio of the height to the radius of the base 
that the capacity shall be a maximum for a given amount of tin? 

11 .) What are the most economical proportions for a cylindrical tin cup ? 

12. What are the most economical proportions for an open cylindrical 
water tank made of iron plates, if the cost of the sides per square foot is 
two-thirds of the cost of the bottom per square foot ? 



^y An open box is to be made from a sheet of pasteboard 12 inches 
square by cutting equal squares from the four comers and bending up the 
sides. What are the dimensions of the largest box that can be made? 

/i^J If a rectangular piece of pasteboard, whose sides are a and b, have 
a s(Juare cut from each corner, find the side of the square so that the re- 
mainder may form a box of maximum capacity. 



A person being in a boat 3 miles from the nearest point of the shore, 
wishes to resich in the shortest possible time a place 5 miles from that point 
along the shore; supposing he can walk 5 miles an hour, but can row only 
at the rate of 4 miles an hour, required the place where he must land. 

16. The cost per hour of driving a steamer through still water varies as 
the cube of its speed. At what rate should it be run to make a trip against 
a four-mile current most economically ? 

17. Find the altitude of the greatest cylinder that can be cut out of a 
given sphere. 
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18. Find the altitude of the g^reatest cone that can be inscribed in a 
g^ven sphere. 

19. Find the altitude of a cone inscribed in a sphere which shall m^e 
the convex surface of the cone a maximum. 

20. Find the dimensions of a cone with a g^ven convex surface and a 
maximum volume. 

21. Find the altitude of the least cone that can be circumscribed about 
a given sphere. 

22. Find the altitude of the maximum cylinder that can be inocribed in 
a g^ven paraboloid. 

23. What is the diameter of a ball which, bemg let fall into a conical 
glass of water, shall expel the most water possible from the glass; the 
depth of the glass being 6 inches and its diameter at the top 5 inches ? 

Ans. i\i in. 

24. The sides of a rectangle are a and h. Show that the greatest rect- 
angle that can be drawn so as to have its sides passing through the comers 

of the g^ven rectangle is a square whose side is '^ . 

25. The strength of a beam of rectangular cross-section, if supported 
at the ends and loaded in the middle, varies as the product of the breadth 
of the cross-section by the square of its depth. Find the dimensions of 
the cross-section of the strongest beam that can be cut from a log 18 inches 
in diameter. 

26. A Norman window consists of a rectangle surmounted by a semi- 
circle. If the perimeter of the window is given, show that the quantity of 
light admitted is a maximum when the radius of the semicircle is equal to 
the height of the rectangle. 



CHAPTER VII. 
OONIO SECTIONS. 

105. The general equation of the first degree and also some 
special cases of the equation of the second degree have been con- 
sidered in Chapter III. We now proceed to the study of the 
general equation of the second degree, and the standard forms to 
which it can be transformed. It will presently be shown that 
the locus of such an equation is always a curve that can be ob- 
tained by making a plane section of a right circular cone. For 
this reason the locus is called a Conic Section.* 

106. The Fundamental Property of a Plane Section of a Right 
Circular Cone, or a Conic Section. 

Let VO be the axis of a right circular cone, and APB any sec- 
tion made by a plane not passing through F. 

Inscribe a sphere in the cone tangent to the plane of the section 
at F; then the line of contact HRKci the sphere and cone is a 
circle with centre C in FO, whose plane is perpendicular to VO 
and meets the plane of the section APB in the line ES. 

Pass the plane VMN through VO perpendicular to the plane 
APBy meeting it in the line AB, meeting the plane HKR in HK, 
and the line ES in D ; then the plane VMN is also perpendicular 
to the plane HKR, and therefore perpendicular to ES. 

Let P be any point on the section. 

*After studying the straight line and the circle, the old Greek mathematicians turned 
their attention to the conic sections, and by investigating them as sections of a cone soon 
discoyered many of their characteristic properties. The most important of these discov- 
eries were probably made by Archimedes and Apollonius, as the latter wrote a treatise on 
conic sections about 200 B. C- 

These curves are worthy of careful study, not only on account of their historic inter- 
est, but also on account of their importance in the physical sciences and their frequent 
occurrence in the experiences of everyday life. For example, the orbit of a heavenly 
body is a conic section. For this reason they were thoroughly studied by the astronomer, 
Kepler, about 1000 A. D. The path of a projectile is a parabola. The law of falling bodies, 
the pressure- volume law of gases, the law of moments in uniformly loaded beams, all 
^ve oonic sections. The bounding line of a beam of uniform strength, the oblique sec- 
tion of a stove-pipe, the shadow of a circle, the apparent line dividing the dark and light 
parts of the moon, etc., are all conic sections. The reflectors in head-lights and search- 
lights are parabolic. 



^106. 



\&6 



oo«^c 



StsC^O«8- 




^)ra^ 



spi 



,bete 



pF, 



«»a«»* 



e\e«^" 



(1) 
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Through P draw a line perpendicular to the plane HKR^ which 
will meet CR produced in Q ; and through PQ pass a plane per- 
pendicular to ES meeting it in S. 

Let /? = Z PRQ = Z AHD, the complement of the semi- vertical 
angle of the cone. 

Let a = iADH=APSQ. 

Then, since tangents from an external point to a sphere are 
equal, 

PF=PR. 

From the right triangles PQR and PSQ we get 

PQ = PR sin fi = PS sin a. 

PF_ sin a 
•** P;S~ sin/3* 

So long as we consider any particular section the point F and 
the line ES are fixed, a is constant, and therefore the ratio of PF 
to PS is constant. 

Equation (1) expresses the Fundamental Property of a Conic Sec- 
tion, which is used as the defining property. Moreover, all curves 
which have this property are plane sections of some cone; for 
all possible curves satisfying this condition are gotten by giving 
this constant ratio all possible values, and also letting the dis- 
tance, FDy from the fixed point to the fixed line have all possible 
values. We can do this with a conic section. For any particu- 
lar value of /5, i, e. for any particular cone, the ratio can vary 
from zero (when a = 0) to esc /5 (when a = ^n). For any particu-. 
Tar value of a the ratio can vary from sin a (when /? = ^t:) to oo 
(when /5 = 0). Thus the ratio can have any value from to oo . 
Also the distance of Firoui ES, depending as it does upon the 
size of the inscribed sphere, for any particular cone and any par- 
ticular value of a can vary from zero to oo t Therefore the prop- 
erty expressed by (1) is indeed a defining property of a conic 
section, that is : 

A Conic Section, or A Conic, is the locus of a point which moves in a 

plane so that its distance from a fixed point in the plane is in a constant 

ratio to its distance from a fixed line in the plane. * 

*This is generally known as Boscovlch's definition of a conic section, but, in the ar- 
ticle on Analytic Geometry In the Encyclopedia Britannica, ninth edition, Cayley calls it 
the definition of Apollonius. 



158 CONIC SECTIONS. [107. 

The fixed point F is called the Focus ; the fixed line ES is 
called the Directrix ; the constant ratio is called the Eccentric- 
ity, and is denoted by the letter e, 

107. Classification of the Conic Sections. 

Using e to denote the eccentricity, we have^ by (1) of § 106, 
PF_ sing _ 
PS~ 8in/9 -^' ^^-^ 

When a<^^, « < 1 ; the plane of the section meets all the ele- 
ments of the cone on the same side of the vertex ; the section is a 
closed curve as shown in the figure § 106, and is called an Ellipse. 

When a = 0, e = ; the plane of the section is perpendicular to 
the axis of the cone, VO, and the section is a Circle. Hence a 
circle is a particular case of the ellipse. 

When a = /9, e = 1 ; the line AB (§ 106) is then parallel to VN 
and the point B moves off to ail infinite distance ; the section 
c )nsists of a single branch extending to infinity, and is called a 
Parabola. 

When a > /5, e > 1 and the plane APB (§ 106) meets iV^F pro- 
duced on the other sheet of the conical surface ; the section is 
then composed of two infinite branches, one lying on each sheet 
of the cone, and is called a Hyperbola. 

Thus the parabola is the limiting case of both the ellipse and 
the hyperbola. 

Let the plane of the section pass through the vertex of the cone. 

Then if e < 1, the section is a point ellipse or a point circle. 

If e = 1, the plane is tangent to the cone and the parabola re- 
duces to two coincident straight lines. 

If e > 1, the hyperbola becomes two intersecting straight lines, 
which approach in the limit two parallel lines as the vertex of the 
cone moves off to an infinite distance. 

Hence a point, two intersecting straight lines, two parallel 
straight lines, and two coincident straight lines are all limiting 
cases of conic sections. 

Under the head of conic sections we must therefore include : 

(1) The Ellipse^ including the circle and the point; 

(2) The Parabola; 

(3) The Hyperbola; 

(4) The Line-pair, 
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EXAMPLES. 

1. Inscribe a sphere* tangent to the plane APB (fig. § 106) on the other 
side and thus show that the ellipse has another focus and a corresponding 
directrix; and that the two directrices are parallel and equidistant from 
the foci. 

2. By means of these two inscribed spheres, prove the property of the 
ellipse given in § 34. 

3. Inscribe spheres* in both sheets of the cone and sho,wthat the hyper- 
bola also has two foci and two directrices. 

4. Prove the property of the hyperbola stated in § 36. 

5. Where are the foci and the directrices of the circle, the parabola, 
and two intersecting straight lines? 



General Equation of the Conic Sections. 

1 08. To find the equation of a conic section in rectangular coordi' 

nates. 
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Let the equation of the directrix EC b3 

X cos « + t/ sin a — p = 0. 

Let F{h^ I) be the corresponding focus. 

Let P(.r, y) be any point on the conic. 

Draw PS perpendicular to J5JC, and join P and F, 

Then from equation (1) of § 107 we have 

PF^e' PS. 



a) 



(2) 



* For complete diagrams see " Some Mathematical Curves and Their Graphical Con- 
struction," by F. N. Wilson, pp. 45, 46. 
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• 

Now • PF'^ ^x - hy+ {y - Z)^ [(2), § 7] 

and PS = xQO&a-[-y sin a —p. [(4), § 50] 

Therefore the required equation is 

(^x — ky+ (^y — iy= e\x cos a + y sma^p)\ (3) 

Expanding (3) and collecting terms we have 

(1 — c^cos^ a)^ — 2{e^ sin a cos a)xy + (1 — e^ sin' a)y^ 

+ 2(e';?cosa — A;)a; + 2(e'psina — Ot/ + Jk=*+P — ey=0. (4) 

Since equation (4) contains five arbitrary constants, h, Z, a, j>, e, 
it may be any equation of the second degree. That is, any equa- 
tion of the second degree represents a conic section. 

The most general equation of a conic is, therefore, the complete 
equation of the second degree, and may be written (§53) 

ax'+ 2hxy + by'+ 2gx + 2fy+e = 0. (5) 

Equations (4) and (5) each contain five arbitrary constants. 
A conic section can therefore be made to satisfy five independent 
conditions, and no more. That is, a conic can be made to pass 
through any five given points. 

If the directrix EC be taken for the ^/-axis, and FD, perpen- 
dicular to ECy for a:-axis, the equation of the conic (3) reduces to 

{x — ky+y'=e'x'. (6) 

1 09. To find the parameters of the conic represented by the general 
equation 

ax?+ 2hxy + by'+ 2gx + 2/// + c = 0. (1) 

The equation referred to parallel axes through the point 
(x/, «/') will be found by substituting x + x^ for x and y + y' for 
y [§ 66, (10)] , and will therefore be 

a{x + x'y+2h{x^o^){y + y')+ bi^y + y'y 

+ 2g{x + ^')+ 2/(1/ + y')+ c = 0, 

or ax}+2hxy-^by'-^2x{ax'+hy'-{-g) + 2y{hx'+by'-\-J) 

+ ax'''+ 2hx'y'+ by"+ 2gx'+ 2/^ + c = 0. (2) 

If, as is generally possible, ocf and y' be so chosen that 

axf+hyr+g = 0, (3), 

and hx'+by'+J=0, (4) 
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the coefficients of x and ^ in (2) will both vanish, and the equa- 
tion referred to (of, t/') *s origin will then be 

ax^+ 2hxy + htf+ c'= 0,* (5) 

where & = ax''+ 2hxy+ by'^+ 2gx'+ 2ft/ + c. (6) 

The locus represented by (5) is symmetrical with respect to 
the origin [§ 28, (9)] ; i. e, all chords which pass through the 
origin are bisected at the origin. 

The point (x', i/') is therefore called the Centre of the Conic. 

Hence the coordinates of the centre of the conic represented by 
(1) are the values of x' and jf which satisfy equations (3) and (4), 

ie ^f- f^ — ^9 ^^ 9h — <^f (^^ 

'•^* ''-ab — h'' y^-ab—h'' ^^^ 

Multiply equations (3) and (4) by re' and y', respectively, and 
subtract the sum from the right member of (6) ; we thus get 

e'=gx'+fy'+e. (8) 

^ ^ + ./..-<-V-.^- ,_A^ (8") W 

Suppose equation (4) of § 108 and equation (5) to represent the 
same locus; then their coefficients must be proportional, and we 
have the following equations for determining the parameters of 
the conic represented by equation (5). 

1 — e^ cos'* " __ 1 — ^^ si^^ " _ — ^^ sin a cos a _ e^p cos a — k 

~ 

2 

-=r,say. (10) 



b " h 

e'pBina — l _ k' + P—-''^' 



d 

--,. 1 — e^cos^a 1 — e^sin^a 2 — & ,^^^ 

Then r = = =^ = — -^, (11) 

_ 1 — e^ -f e* sin^ a cos' a _ e* sin' a COS^ a __ 1 — e' 

^6 ~ h^ ~ab — h?' ^^ 

* Observe that the coefficients a, 6, and h are not changed in this transformation, and 
therefore the following equations which inyolye only a, h, and h are the same for (1) and (5) . 

12 
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.•'• \a+b)~ ab--h' 



Whence (oft — h')e'+ [(a — by+ 4^^ (e^ _ i):= o. 
OonBidering (14) as a quadratic in -j, and solving gives 



Also 



r = - 



2 -21/(0 — 6)^+4/1^' 
' sin a cos a 6^ sin 2a 2 — e^ 



2^ 



• o 2A /2 \ 



2^ 



Whence 



and 



cos 2a : 



V^a—by+w 

a — b 

'-l/(^a—by+W' 
2h 



a + b' 



by (15) 



[109- 

(13) 
(14) 

(15) 
(16) 



tan 2a 



a — ft' 



(17) 



From (10) and (16) we get 



e' sin 2a 



2h 



(18) 



Since the denominators of two fractions in (10) are zero, their 
numerators must also be zero. 



/. k = e^p cos a, 1 = e^p sin a. 
Squaring and adding (19) gives 

Substituting (20) in (18) we have, from (9), 
c' sin 2a /\ sin 2a 



f= 



2A(1— e") 2h(_l — e'Xab — K'y 



Then 



F+P^ 



efVia — by+4h' 
ah — K' 



(19) 

(20) 

(21) 
(22) 



The value of all the parameters can now be found. Thus 
equations (15) and (17) give the values of e and a respectively ; 
then the value of p can be foxmd from (21) ; and lastly, the values 
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of k and I can be obtained from (19). It must be borne in mind 
that the values of k, I, and p given by (19), (20), and (21) are 
measured from the centre of the conic. 

For any particular value of e, equation (21) gives two values 
of p which differ only in sign. Substituting these two values of 
p in (19) we get two pairs of values of k and I which differ only 
in sign. Hence every conic has two directrices which are parallel 
and equidistant from the centre, and two corresponding foci which 
are symmetrical with reapect to the centre. Moreover, since 
from (19) 

I = k tan a, 

the two foci lie on the line, y = x tan a, passing through the centre 
perpendicular to the directrices. 

This line is called the Principal Axis of the conic section, 
and its equation is 

y = xtsi,na, or y — y'=ta,na(x — a;'), (23) 

according as the centre is at the point (0, 0) or (a:', y'). 

Equation (20) shows that the distance from the centre to the 
foci is greater or less than p according as e is greater or less than 
unity. That is, in the ellipse the foci lie between the centre and 
the directrices, while in the hyperbola the directrices pass be- 
tween the centre and the foci. 

The Parabola, When e = 1, we have, from (14), oft — h^=0. 
Hence the coordinates of the centre, equation (7), are both in- 
finite; and therefore when (1) represents a parabola the transfor- 
mation from (1) to (5) becomes impossible. In this case we may 
obtain the equations for the determination of the parameters by 
putting e = 1 in equation (4) of § 108, and comparing the result- 
ing coefficients with those of (1). This gives 

sin^ a _ cos^ a __ — sin a cos o. _p cos a — k 
a ~ h ~ h g 

_psnia — l_k^-\-P — p 

~ 7 ~ ^ 

m, sin'" cos'" 1 /OEN 

Then ^ = __ = __ = __. (25) 

••• «?"=\^' '««''=V^' ^'"'=>lr (26) 



' = r. (24) 
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Also 



j> COS g — A; _ ;> sin g — I _lc^ + P — p^ _ 1 



(27) 



Whence A; = p cos a 2__^, ^ = © sin g Vt, (28) 

a -\- ^ a -\-h ^ "^ 

and Aj2_^p=y+_A_. (29) 

Then from (28) and (29) we get •• 

„ = g'+f-cCa + ft) 

^ 2(a + 6)(«^oo8a+/8ina) ^^' 

= 2(^05 + 6»+Va'+ 06)-^""^^^^ ^''^ 
Finally, substituting (26) and (31) in (28) gives 



2ia + b)(igVb+fl/a) 

^ _ V^a[gf^+/^-c(a + &)]-/ 
2(,a + bXgVb+fi/a) 



(32) 



In deriving (30) from (28) and (29) we obtain a quadratic 
equation in which the coefficient of p^ becomes zero, and there- 
fore one root is infinite (§ 98, III.)» Hence one directrix, and 
consequently one focus (28), of a parabola is infinitely distant 
from the origin. 

The student should now carefully observe the correspondence between 
the results here found algebraically from the discussion of the general 
equation, and those obtained geometrically from the study of the figure 
in § 106. 

110. To determine by an examinaiion of the coeffidervts what hind 
of a conic is represented by the general equation 

aa?+ 2hxy + bf+ 2gx + 2fy + e = 0. 
From equation (12) of § 109 we have 

e* sin^ g cos^ a __ 1 — g' 
p - ab — h^' 
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Since the first member of this equation is always positive, 
^ — 1 and A^ — oft must always have the same sign, and must/ 
vanish together. We therefore have the following conditions: 

For an ellipse, c<l, e^<l. /. A^<a6. 

For a parabola, e = l, e^ = l. .*. l?^=ah. 

For a hyperbola, e > 1, e^ > 1. /. A^ > ah. 

When 6 = 0, equation (10), § 109, gives 

1 _1^0 
a 6 h' 

Therefore, for a circle, e = 0, a = 6, A = 0. ( Qf. § 32. ) 

When a + ft = 0, e = i/2. [(15), § 109.] 

The conic is then called a Rectangular Hyperbola.* 

E, flr,., ^^y^—a? and «y = £* are rectangular hyperbolas. 

When c'== 0, then A = [(9), § 109] , and therefore equations 
(5) and (1) of § 109 represent two straight lines, real ov imagi- 
nary. (See also § 54. ) 

Jf A = 0, and also oft — A'^ = 0, then c' is not necessarily zero. 

The first three terms of equation (5), § 109, are then a perfect 
square. The equation may therefore be written 

Vax + l/ft"!/ ± V^^'= 0, 
and represents two parallel lines which coincide when c'= 0. 

For convenience these results are collected in the following 
table: 

Curve. Condition, 

Ellipse. (e<l) K'Kab. 

Parabola. (e = 1 ) h^=z ah. 

Hyperbola. (e > 1) A* > ah. 

Circle. (e = 0) a = ft, and h = 0. 

Rectangular Hyperbola. (e = |/2) a + ft = 0. 
Two real or imaginary 

straight lines. A = aftc + 2fgh — af — hg^ — ch^=zO, 
Two parallel or coincident 

straight lines. A = 0, and h?=^ ah. 

*See$§U6andl21. 
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EXAMPLES. 

1. Show that the directrices and the foci of a parabola are infinitely 
distant from the centre. 

2. Show that the foci of a circle coincide with the centre, while its di- 
rectrices are infinitely distant from the centre. 

8. Show that when the conic is two distinct intersecting lines, the foci 
coincide with their point of intersection; and that the directrices both 
pass through this point. 

4. When the conic is two parallel lines (limiting^ case of parabola), 
show that the centre, the foci, and the position of the directrices are inde- 
terminate; but the directrices are perpendicular to the two lines. 

5. If the general equation represents a parabola, show that the centre 
is at infinity. 

6. If a — 6, show that the principal axis is equally inclined to the axes 
of coordinates. 

7. If a = 6 and h = 0, show that the direction of the principal suds is 
indeterminate. 

8. lth = 0, show that the principal axis of the conic is parallel or per- 
pendicular to the a;-axis. 

Find the equations and trace the conies, having g^ven 

Directrix. 
9. 2x + y=:2. 

10. 3a; — y = 3. 

11. x — y = 2. 

12. 2x — y = i. 

13. 3x + 4y + 10 = 0. 

14. Sx + y = b. 

Find the parameters and trace the following conies: 

15. x'-'iexy — lly^ + 26x + 60y — 36 = 0, Ans. e = 2, a = J tan-4. 

16. i^^ + 2xy + Uy^ — S2x + 32y + 29 = 0. 

17. ^x^—Sxy — Sy^--20x + 10y--6 = 0. 
What do the following equations represent? 

18. y^ + ax — 2ay = 0. 19. xy + ttx — ay = 0, 

20. x^ + 2x — iy + l = 0. 21. («— 3/)«-a(a? + y). 



Focus. 


e. 


(2,2) 


1. 


(2,0) 


f. 


(3,1) 


2. 


(0,0) 


v/3. 


(-1,1) 


i. 


(2,-1) 


1. 
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22. ix + yy+ix — yy=2a^. 23. y^ — x' + 2ax = 0. 

24. dx^-\-ixy + 2y^ = 2, 25. 4a;* — 3xy — 4y* = l. 

26. Show that if the origin is at the centre and the principal axis is 
taken as the a;-axis, the equation of a conic may be written 

ax^ + by^ = l. 

Tangents. 

111. To find the equation of the tangent to the eonic represented by 
the general equation 

aa^ + 2hxy + bf + 2gx +2fy + c = 0. (1) 

The equation of the tangent to any curve f{x, y) = at the 
point («', y') is (§ 86) 

y-y'=^(^-^)- (2) 



For equation (1) we have found in § 84 

dy ^ ax + hy + g 
dx hx + by + f 

Therefore the required equation is 



(3) 



or axx'+ h(xy'+ x'y) + byy'+gx +fy 

= ax''+ 2h^xf+ hf'+ g^+f'if- (5) 

Add <7a/+/y'+ c to both sides of (5) ; then, since (a/, y) is on 
the conic, the right member will vanish and we have the required 
equation, 

axx^+h{xy'+x'y)+byy'+g{x+af)+fiy + xf)+c = 0. (6) 

Observe that the equation of the tangent at (a/, y') is obtained 
from the equation of the conic by writing xaf for si?j x'y -\- xy' for 
2xy, y^ for y*, » + a/ for 2a;, and y + 3^ for 2y. Note also that 
putting X for a/ and y for y^ in (6) reproduces the equation of the 
curve. 

E. 9., the equation of the tangent to the parabola y^= ^ax at (x% y^) is 
yy^=2aix + x^). 
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11 2. Two tangents can be drawn to a conic from any point, which 
will be real, coincident, or imaginary, according as the point is outside, 
on, or within the curve. 

Let the equation of the conic be [§ 108, (6)] 

aa^ + y^ + 2gx+g'=0, (1) 

where a = 1 — e^. 

Let (h, h) be any point ; then the equation of any line through 
this point will be (§ 46) 

y — k = m(^x—h), (2) 

Eliminating y between (1) and (2) gives 
(^a + m')x'+2(km — hm'+g)x + hW — 2hkni + J(?+g' = 0. (3) 

The roots of (3) are, by § 24, the abscissas of the points of inter- 
section of (1) and (2). If these roots are equal, the points of 
intersection will coincide and, by § 78, (2) will be tangent to (1). 
The condition that (3) shall have equal roots* is • 

(hn — hm'+gy = (a + m^)(hW — 2hhm + k^+^), (4) 

or (ah^+ 2gh + g')m'' — 2(ahk + gk)m +(aik'+ af — g')= 0. (5) 

Equation (5) is a quadratic in m whose roots are the slopes of 
the tangents from (Ji, k) to the conic. Since a quadratic equation 
has two roots, two tangents will pass through any point (A, k). 

The conic is, therefore, a curve of the second doss. 

The roots of (5) are real, equal, or imaginar}'^, according as 

ah'+ k'+ 2gh + g' >, =, or < 0. (6) 

Therefore the tangents are real, coincident, or imaginary ac- 
cording as the point (A, k) is outside, on, or within the conic. 
(§20,11.) 

Since equation (3) is a quadratic in x, any straight line meets 
a conic in two points, which may be real, coincident, or imaginary. 

Therefore the conic is also a curve of the second order. 

Ife = landm = 0, then a + m^= 0, and hence one root of (3) 
is infinite (§ 98, III.). Therefore a straight line parallel to the 
axis of the parabola meets the curve in one point at a finite dis- 
tance, and in another at an infinite distance from the directrix. 

* The two roots of ax^ + bx-\-o = will be equal, if 6^ = 4ao. 

The method here used is worthy of special attention because of its wide application. To 
find the condition that any two curves shall touch we may treat their equations simultane- 
ously and eliminate one variable, and then take the condition for equal roots. 
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Pole and Polae. 
113. The equation of the tangent to the conic 

a3?+2hxy + hf+2gx-\-2fy-\-e = (1) 

at the point (a/, if) is (§ 111) 

axiif-\-h{rif+xfy)+byy'+gi_x-\-xf)-\-fiy-\-if)-\-e = 0. (2) 

Suppose, however, that P'{xfy tf) is not on the conic. This 
equation still has a meaning, still represents a straight line related 
in a definite way to the point (a/, y') and the conic (1). This 
line will cut the conic in two points (§ 112). 




Let these points be Pi{x^, yO and PgCaJa, ya). 

Then the equations of the tangents at these points are (§ 111) 

axx,-{- h(xy,-\- x,y)-\-byy,+ g(x + x,)+f(y + y,)+c = 0, (3) 

axx,+ h(xy,+ x^y)+hyy^-\- g(x + x^)+f(y + y,)+c = 0. (4) 

The conditions that (3) and (4) shall pass through (a;', y') are 

ax%+ Kx'y,+ x,y') + hy'y,+ g{x'+ x{) +/(i/'+ y,) + c = 0, (5) 

ax'x,+ h{x%+ x^')+ by'y,+ gix'+ x,) + f(y'+ y2)+c = 0. (6) 

But (5) and (6) are also the conditions that (2) shall pass 
through both of the points (x^ t/j) and (a?2, 2/2)* 

Therefore (2) is the line passing through the points of contact 
of the tangents from the point P'(a;', j/')- 

The point (a?', y') B.nd the line (2) are called Pole anc? Polar 
with respect to the conic (1). 
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The tangents from the point (a?', y') will be real or imaginary 
according as (a/, y') is outside or inside the conic (§ 112); but 
the line (2) is real when (oj', i/') is real. So that there is always 
a real line passing through the imaginary points of contact of the 
two imaginary tangents drawn from a point within a conic. 

If {x\ y') is on the conic, the two tangents from it will coin- 
cide, and each of the points (iTj, i/,) and (ajj? ^2) will coincide 
with (a:', ?/'). Therefore the tangent is the particular case of the polar 
which passes through its own pole. 

114. If the polar of a point P'{x', y') pass through P^'^ocf', yi'), 
then will the polar of P" pass through P\ (See fig. § 113. ) 

Let the equation of the conic be [§ 112, (1)] 

aaf+^+^gx + g'^O. (1) 

The equations of the polars of P' and P" are 

axoc!+ yy^+ g{x + x') + g'= (2). 

and axxf'-^yy"+g{x + xf') + g'=0. (§113.) (3) 

The line (2) will pass through the point P" if 

aa;V'+ 2/T+ g{x^+ ^") + S^=0; (4) 

but this is also the condition that (3) shall pass through P', which 
proves the proposition. 




CoR. I. The locus of the poles of all lines passing through a fixed 
point is a straight line; viz,, the polar of the fixed point 

Cob. II. If the polars of two points P and Q meet in R, then R is 
the pole of the line PQ. 
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Two straight lines are said to be conjugate with respect to a 
conic when each passes through the pole of the other. 

Two points are said to be conjugate with respect to a conic when 
each lies on the polar of the other. 



1 15.* Any chord of a^conic passing through a point is divided 
harmonically by the conic and the polar of 0. 




Let OQ be any line cutting the conic in P and Q and the polar 
of in R. We are to prove that the line PQ is divided har- 
monically ; i. e. that it is divided internally and externally in the 
same ratio at R and 0. We must therefore prove 

OP PR 



OQ RQ' 



whence 



OP OQ OP+OQ _ 0P + OQ 
PR ~~ RQ ~ PR + RQ '^ OQ—OP* 



From the first and last ratios by composition, 

OP + PR _ 20Q 
OP ~ OP+OQ' 

. OP + OQ _ 2 



OP'OQ OP + PR' 
OP'^ 0Q~~ OR' 



(1) 



*0B is called the Harmonie Mean between OP and OQ. 
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Take for origin and the line OPQ for the a:-axis; let the 
equation of the conic be 

ax'+ 2hxy + bif+ 2gx + 2fy + c = 0. (2) 

Then the equation of ABj the polar of 0, is (§ 113) 

gx+fy+G = 0. (3) 

Where the line y = cuts AB we have 

. = -^^ = OR,i.e.^ = -l. (4) 

Where the line y = cuts the conic we have 

oa^+2pa; + c = 0,orl + 2|l+?- = 0. (5) 

(§91) (6) 



• • OP'^ 


1 2g 
OQ e' 


From (4) and (6) we get 




1 


u 1 2 


OP 


' 0§ OR' 


which is the same as (1). 





(7) 



Asymptotes, Similar and Conjugate Conics. 

1 16.* Consider the three concentric conics whose equations 

are 

aoi^+2hxy + bf=e, (1) 

ao(^+2hxy + by^=0, (2) 

and ax^+2hxy + bf= — e; (3) 

and let h^ > ab, so that all the loci are real. 

Solving these equations for y gives, respectively, 

y = — ^x±^ V\h''—ab)x'+bc = — ^x'± ^^, (4) 

h 1 , h 

y = — j-x±j-i/{h' — ab)x'+0 = — j-x±^y (5) 



and y= — ^x± ^\/(^h' — ab)x^— b€ = — ^x± i,, (6) 



116.] 



CONIC SECTIONS. 



173 



where X^^ X, and X^ are put for the terms containing the radicals 
and are quantities such that for finite values of ic, ^i > ^ > -^2 ; hut 
for infinite values of a?, X^=:X= X^. Therefore, in the finite part 
of the plane, the loci represented by equations (1) and (3) lie on 
opposite sides of the two lines given by equation (2); but, at an 
infinite distance from the origin (the centre of the conies), the 
ordinates of the three loci are equal and the three loci come 
together. 




The values of y are real for all values of x in equations (4) and 
(5), but in (6) y is imaginary when oc^(^h^ — a6)< be. The three 
conies are as shown in the figure, where 



D'A=AD = X„ CA=AC = X, B'A = AB = X,; 



and OA is the line 



y = -j-oc. 



(7) 



Thus OA bisects all chords, BB', CC, DU, parallel to the i/-axis ; 
t. e. the line (7) is a diameter of each of the three given conies. 
(See §126.) 
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The straight lines OCand OC* which meet the oonics at infinity 
are called Asymptotes.* 

Therefore equation (2) represents the asymptotes of the conies 
given by both (1) and (3), and we see that the asymptotes of a 
conic pass through its centre. 

When we say above that the ordinates of the three loci become 
equal when a? = oo , we mean that their difference bears a vanish* 
ing ratio at last to any namable finite quantity. Two parallel 
lines are said to come together in the sense that the distance be- 
tween them at last bears a vanishing ratio to the distance gone 
along them. In this sense any parallel to an asymptote meets the 
hyperbola where the asymptote does. This parallel, however, 
meets the hyperbola elsewhere in the finite region. Now suppose 
such a parallel, keeping its slope, to move up to coincidence with 
the asymptote, the finite intersection moves along the curve and 
goes out to infinity. Thus the asymptote meets the hyperbola in 
two points at infinity. (See § 146.) 

Let 26 be the angle between the lines represented by equation 
(2), then (§ 57) 

ton2.= ^^^^-/^ (8) 

a + 6 ^ ^ 

If h? < ahy these lines are imaginary, and the loci of (1) and 
(3) are ellipses (§ 110). Therefore the ellipse has no real 
asymptote. 

If h^ = aby equation (1) represents two parallel lines equidis- 
tant from the origin, (2) represents two coincident lines midway 
between them, and (3) represents two imaginary lines. 

If a + 6 = 0, the asymptotes are perpendicular to each other. 

A conic whose asymptotes are at right angles is called a 
Rectangular Hyperbola (§§ 110, 121). 

Similar Conies. Two curves are similar when the one is merely a 
magnification of the other; i, e, when we could get the equation , of 
the one from that of the other by merely changing rectangular 
axes and scale. 

E. gf., the equation of any circle can be reduced to x^ + y^=ihY moving 
the origin to its centre and taking its radius for the unit of the scale. 

'^ Greek, asymptotos, not falling together. 
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Let k be the factor of magnification ; then for two similar conies, 
we have 

PT=k'PF and rS'=k' PS. 

•■• pi'=P8=''- [(2), §108.] 

That is, similar conies have the same eccentricity; and, con- 
versely, conies having the same eccentricity are similar. 
Hence all parabolas are similar. 
From equation (8) we have by Trigonometry 

+o«o/> 2tan^ 2l/sec'^ — 1 2\/h' — ab ,q. 

^^^^-rzrw^= 2-sec'^. = a + b ' ^^^ 



/ 2 — sec'^ y_ 1 — sec^ ^ 
•'• V a+b /~ ab — h' • 



(10) 



Solving (10) gives [c/. (13), (14), and (15), § 109] 

1 1^ a+b 1 

8ec^6/ ~2-2i/(a_6)2+4A2 =-r (H) 

.-. sec^ = e. (12) 

That is, the eccentricity of a hyperbola is equal to the secant of half 
the angle between its asymptotes. Hence all hyperbolas having the 
same asymptotes, and lying within the same angle, have the same 
eccentricity, and are therefore similar, i. e. similar to the asymp- 
tote-pair. 

Conjugate Hyperbolas. If h^ > ab, both roots of (11) are posi- 
tive. Since (11) involves only a, b, and A, and is therefore the 
same for equations (1), (2), and (3), these two positive roots 
give the eccentricities of the two hyperbolas (1) and (3); and 
also the secants of half the supplementary angles between their 
common asymptotes (2). 

For the same reason, the directions of the principal axes (§ 109) 
of the two hyperbolas are determined by the values of a which 
satisfy the equation [(17), § 109] 

Oh 

tan 2a =-^. (13) 

a — 6 

But these values of a differ by 90^ ; therefore the principal axes 
of the two hyperbolas are perpendicular to each other. 
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Equation (13) with (5) of § 58 show that the axes are the bi- 
sectors of the angles between the asymptotes. 

From equation (22), § 109, we see that the foci of the two 
hyperbolas are equidistant from their common centre. 

Two conies having these relations will be found to satisfy the 
definition of Conjugate Hyperbolas given in § 140. 

If h^<Cabf equation (11) has only one positive root. Hence 
an ellipse has no real conjugate. 

If c be arbitrary, equations (1) and (3) each represent a system 
of similar hyperbolas, such that for each conic in one system there 
is a corresponding conjugate in the other system. Moreover, the 
asymptotes are the limiting forms of both systems* corresponding 
to c = 0; i. e, two intersecting lines are a pair of adf-conjugate 
hyperbolas. (See §147.) 

Ex. Show that the sum of the squares of the reciprocals of the eccen- 
tricities of two conjugate hyperbolas is equal to unity. 

117.* To find the equation of the asymptotes of a conic; also the 
equation of its conjugate. 

Let the equation of the given conic be 

ax'+ 2hxy + bif+ 2gx + 2fy + e = 0, (1) 

Write down the two equations 

ax'+2hxy + by' + 2gx + 2fy + c — -^^, = 0, (2) 

and ax'+ 2hxy + bf+ 2gx +2fy + c — -^^, = 0, (3) 

These three conies are concentric [(7), § 109]. Moving the 
origin to the centre without changing the direction of the axes, 
we get [(5) and (9), § 109], respectively, 

ax'+ 2hxy + bf+ ^^A_ = o, (4) 

ax'+2hxy + by' = (i, (5) 

and ax'+ 2hxy + by' — ^^A_ = q. (6) 

*Por the different manner in which the assrmptotes are descrtbed when considered as 
conies belonging to the two different systems see § 169, III. 
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Now, if h^ > oi, (4) and (6) are conjugate hyperbolas (§ 116), 
while (6) represents their common asymptotes.' Therefore (2) 
and (3) are the required equations. 

Cob. The lines represented by the equation 

ao(^+2hxy + b7f=0 

are parallel to the asymptotes of the conic represented by the general 
equation (1). 

EXAMPLES. 
Find the equations of the tangent and normal to 

1. x2 = 2y, at(— 2, 2). 2. 1/^= 8a;, at (2, —4). 

3. a?2 + 2^2=25, at(4,— 3). 4. «« — 1/«=16, at (— 5, 3). 

6. a;«+4y2=8, at(— 4,3). 6. 2y« — x«= 4, at (2, — 2). 

7. y^ + 4a; + 23^ + l = 0,at(-4,3). 

8. 3x« + 5xy — 2|/*=0, at(l,3)and(— 2, 1). 

9. 2x2 — 4a;3^ + y2_^2aj — 4y-15 = 0,at(2,3). 

10. x' + 3xy + 4ty^'-Sx + ^ + 9 = 0,8Lt(i, — i). 

Find the equations of the tangents to each of the following conies at the 
origin: 

11. 2x' + 3y^+2x = 0. 12. x^ + 2a; + 3t/ = 0. 

13. 2xy + 6x — 3y-0. 14. 3a;* — 2a;2/+4a; — 22^ = 0. 

15. x^ + 2xy~-3y^ + iy = 0, 16. aa;^ + 2/ia;2( + 62/^ + 2^a; + 2/|/ = 0. 

17. State a rule for finding the tangent to a conic at the origin. 

Find the polar of the point 

18. (3, 2) with respect to y^= 6x. 

19. (— 2, — 4) with respect to a;» + y*= 4. 

20. (1,1) with respect to 2x^ + Sy^=i. 

21. (0, 0) with respect to 2a;2 — 3^^ _^ 4a; — 3^^ + 4 = 0. 

22. (—1, 2) withrespect to3a;2 — 6a;y + y2 — 2a; + 42/ + 3 = 0.' 

23. (3,-1) with respect toa;* + 2a;y + 32^* + 4a; — % + l = 0. 

24, Give a general rule for writing the equation of the polar of the 
origin. 

13 
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25. Find the tangent to the parabola y*=6x which makes an angle of 
45® with the x-azis. 

26. Find the equations of the tangents to the parabola 
y^ — 4x + 2y + 1 = whose slopes are 2, and J. 

27. Find the tangents to the conic ix^ + y^=^ whose slope is }. 

28. Find the equations of the lines which have the slope (— i), and 
touch the- conic 2aj^ + y^ — 4y + 1 = 0. 

29. Find the equation of the normal to the conic (y — 3)^ + 4(a; + 1) = 0^ 
parallel to the line 2^^ + 3x = 0. 

30. Find the normals to the conic 

9(2y + 1)' — 4(3a; — 2)*= 36 whose slope is 3. 

Find the tangents to the following conies drawn from the given points 
(see §112): 

31. y^=ix, (2,3). 32. y»=5x, (-3,-1). 

33. x^ + y^=25, (—1,7). 34. 9x'+2l5y^=225, (10,-3)- 

35. y« + 8x-4y + 4 = 0, (-2,2). 36. x^ + xy + y^=i2, (-3,4). 

37. (x + 2)^ + 2(^-2)^=27, (1,-1). 

38. Show that the polar of the focus is the directrix. 

What is the locus of the intersection of tangents at the ends of focal 
©herds? (Use equation (6), § 108.) 

39. Show that the line joining the focus to any point on the directrix is 
perpendicular to the polar of the latter point. 

40. Show that tangents to a conic at the ends of a chord through the 
centre are parallel. (See Ex. 26, p. 167.) 

41. What is the polar of the centre of a conic? Where is the pole of 
a line passing through the centre ? 

42. What is the pole of x cos a + y sin a = p with respect to 

x^ + y^=r^? y'' = 2x? 

43. Show that if the slope of a variable chord of a conic is constant the 
tangents at its extremities always intersect on the same diameter. State 
the converse. From the definition of conjugate lines in § 114, what may we 
call this diameter and the diameter parallel to the variable chord ? 

44. • If nil and m2 are the slopes of the two diameters mentioned in 43^ 
and ax^ + 63/' = 1 is the equation of the conic, show that minh = — j-> 

45. If <S = and5i^= are the equations of two conies, what is the locus 
represented by the equation 
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46. Find the equation of the conic passing through the point (0, 2) and 
the common points of 

y* = 4x and (a; — 4)« = 2(y + 5). 

What kind of a conic is it ? 

47. Find the equation of the conic passing through the origin and the 
common points of 

x^^^xy + y'' + i0x — i0y + 21=0silld 4a;V+ 9^^ + 16x — 3% + 16 = 0. 

48. If two conies have their principal axes parallel their points of inter- 
section lie on a circle. 

49. Find the equation of the circle passing through the common points 
of 

9x' + iy'+iSx'-'2iy + 9 = and x''^y^ + 2x+4.y-4:'=0. 



Standard Equations op the Conic Sections. 

118. Let the directrix be the t/-axis, the principal axis of the 
conic (§ 109) the £C-axis, and let k denote the distance from the 
directrix to the corresponding focus. Then the equation of any 
conic takes the simple form [(6), § 108] 



or (1 —e^)af+ y^ — 2hx-\-¥ 



..} 



(1) 



If aj = in (1), then y = ±: kv — 1. 

Hence a conic does not intersect its directrix. 

If y = 0, then there are two real values of Xy viz. , 

_ k _ k ^_. 

Therefore a conic section cuts its principal axis in two points. 
These points are called the Vertices of the conic. The centre 
is midway between the vertices. 

The Latus Rectum of a conic is the chord through either 
focus perpendicular to the principal axis. 

To find its length, let a; = A; in (1), then 

y = ±: eky and 2y = Latus Rectum = 2ek. 

The different cases corresponding to the different values of e 
will now be separately considered. 
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119. The Parabola, e = 1. 

When 6 = 1, equations (2) of § 118 give 

h 



a:,= ^ = co. 



Hence the parabola has one vertex midway between the focus 
and directrix, and the other at infinity.* 




When e == 1, equation (l)of§ 118 gives for the equation of the 
parabola referred to its axis and directrix 

f=2k(ix-ik), (1) 

Let a = JA; = DO = OF] then this equation becomes 

t/2 = 4a(a;— a). (2) 

Now write aj + a in the place of x ; this moves the origin to the 
vertex 0(a, 0) [§ 66, (10)], and the equation becomes 

f = ^ax, (3) 

which is the standard form of the equation of the parabola. 
When x = ain (S), y= ±2a. 

. ' . L'L = 4a = Latus Rectum. 
Ex. 1 . Trace the parabolas y* = — iax and x'= ± 4oy. 
Ex. 2. Construct the parabola, having given the focus and the directrix. 
* Compare this result with the position of B In the figure of § 106 when a = /?. 
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120. The Ellipse. e<l. 
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When e < 1, the two ic-intercepts [(2), § 118] are both finite 
and positive; that is, 



k 



x^= 



1 — e 



= DA' > k. 



Hence the ellipse has two vertices lying on the same side of the 
directrix, but on opposite sides of the focas. 




B 




B 


Y 


p 


c 

BT 


(] 


L 


^ 


^ 


D 


*M 




o <i r jK 

bT 


Df 



Let be the centre, and let -4-4'= 2a. 

rri. o k k 2ek 

Then 2a = ajj — Xi = 



whence 



1 — e 1+e l — e"' 
a k 



k = ae, 

e 



Also Z)0 = Ka;,+ a:,)=i(j^ + j-^) 



1 — e» 



e 



(1) 
(2> 

(3) 
(4) 
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Substituting in equation (1) of § 118 the value of h given by 
(2) gives for the equation of the ellipse referred to DC and DX 



(^a;-'L+ae)\tf = t^x'. 



(5) 

The origin may be transferred to the centre, 0[-, O), by writ- 
ing a? + - in the place of x [§ 66, (10)] ; this gives 

6 

or x\l — e') +y' = a\l — ^). 

SI? y^ 

When 0? = in (6), we have 

y = ±aVl — ^] 

which gives the ^-intercepts OB and 0B\ 
If these lengths are denoted by ± i, we have 

h'=a\l-e'), (7) 

and equation (6) takes the standard Jorm 

^ + f- = l.* ■ (8) 

Since e < 1, 6 < a from (7); therefore 
B'B < AA\ 

Hence the line AA^ is called the Major Axis, and BB' is called 
the Minor Axis of the ellipse. 

Take OF'=FO and Oiy=DO) draw D'C perpendicular to 
OX Then JF' is the other focus, and D'C the corresponding 
directrix (§ 109). Hence the foci are the points F\ae, 0) and 
and -F( — ae, 0) from (4); and the equations of the directrices 
are, from (3), 

Let P{x, y) be any point on the ellipse; draw a line through 
P parallel to AA' meeting the directrices in R and jR', and draw 
PQ perpendicular to AA\ 

*■ For a discussion of this equation see § 35. 
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Then FP=e'BP, 

and rP=6' RP. [(2), § 108] 

= ^{^ + i^=<^ + ^^j (10) 

and rP = e'Qiy=e(Oiy--OQ) 

= el x\=a — ex. (11) 

Whence FP+ F'P = 2a. (C/. §34,) (12) 

From equations (7) and (4) we get 

ae = l/a'—b' = FO=OF\ 



... e = 2£^ = ^,.* (13) 

To find the length of the latus rectum we put ic=±:aein(8); 
this gives 

j^ = 6«(l_eO=^i. from (7) 

.-. L'L = —. (14) 

If a==bj equation (8) reduces to 

x' + f = a\ 

and equations (13), (4), and (3), respectively, give 

' e = 0, FO = Or=0, DO = OD'=oo. 

That is, the circle is the limiting form of the ellipse as the 
eccentricity approaches zero, and the directrices recede to infinity. 

Ex. Construct an ellipse, having giyen the foci and the length of the 
major axis. 

Mn aU oonics 6= ^.f *^°^^^^ between foci ^^^ distances become Infinite in the 
distance between vertices 

parabola, and both become zero in the case of two intersecting lines. (See also (11), § 121.) 
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121. The Hyperbola. e>l. 
From equations (2) of § 118 we have for the vertices 
k , k 



«, = 



. , and iC8 = L 

1 +c '1 — e 



Since c > 1, x, = DA < A;, and 05, = DA' is negative. 
Therefore, the hyperbola has two vertices lying on the same 
side of the focus but on opposite sides of the directrix. 




Let be the centre, and let A' A = 2a. 
Then 2a = A'D -\-DA = — x^ + x, 

k k _ 2ek 

— e— l"^e + l~"e'^— r 

a k J J a 

/. -='i — r and k = ae . 

e e — 1 e 



(1) 
(2) 



k a, 
l—e'~' e" 


(3) 


-(k + 'A=-ae. 


(4) 
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The equation of the hyperbola referred to DC and DXis, from 
(2), and (1) of § 118, 

\x- 



it 



', — ae + j\+y' = e'x\ (5) 

Moving the origin to the centre 0( , Oj gives 

(x—aey + f^e'^x — jj, 

Since e > 1, the quantity a^(l — e^) is negative; iT we put 
— h' = a\l — e'),ov 

b' = a\e'-l), (7) 

equation (6) reduces to the standard form 

^-|- = l. (8) 



When x = 0, y=±L by — 1. Since these values of y are both 
imaginary, the hyperbola does not meet the line through its centre 
perpendicular to its principal axis in real points ; but, if J5, jB' are 
points on this line such that B^0= OB = b, the line BB^ is called 
the Conjugate Axis. The line AA^ joining the vertices is called 
the Transverse Axis. 

On the line OX take 0F'= FO^ and Oiy=DO; then F' is the 
other focus and D' C, perpendicular to OX, is the corresponding 
directrix (§ 109) . Hence the coordinates of the foci are ( ± ae, 0) , 
from (4), and the equations of the directrices are, from (3), 

x=±-. (9) 

As in the ellipse, we find the latus rectum 

26^ 
LL^=^. (10) 



a 
Equations (7) and (4) give 





ae = 

V'c 


= Va' 


OF 


OF. 


p - 


I'+b' 


F'F 






a 


OA 


A' A' 



(11) 
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Let P(x, y) be any point on the hyperbola ; draw a line through 
P parallel to AA' meeting the directrices in R and R'j and draw 
PQ perpendicular to AA', 

Then FP = 6'BP, F'P = e'RP. [(2), § 108] 

.-. FP = e'iyQ = e(OQ— OD)-^e(x~\=ex — a; (12) 

and ' rP==6\[yQ=e(0Q + iy0) = e(x+^\=ex + a. (13) 

Whence F'P— FP = 2a. ( Cf. § 36. ) (14) 

If a = 6, the equation of the hyperbola becomes 

oi? — f = a\ (15) 

,This is called the Equilaieral or Bedangular Hyperbola, (See 
§§110,116.) 
Then from (11), (3), and (4) we have, respectively, 

e=i/2y OD =iai/2, 0F = ai/2. 

Ex. Construct a hyperbola, having given the foci and the distance be- 
tween the vertices. 

1 22. Limiting ecaea of conic sections. 

If ifc =0, equation (1) of § 118 reduces to 

tf=c^(e'-l). ' (1) 

This equation represents two straight lines, which are real if 
e > 1, coincident if 6 = 1, and imaginary, but with a real point 
of intersection, if e < 1. 

From (2) of § 118 we then have Xi =a^z=0. Hence the fod, 
the vertices, and the centre of two intersectiDg lines all coincide 
on the directrix. The two directrices al^ coincide. 

When 6 = 00 (a being finite), the equation of the hyperbola 
[(8), § 121] reduces to a^ = a^, which represents two parallel 
lines. Equations (3) and (4) of § 121 then show that the foci of 
two parallel lines (considered as the limiting case of a hyperbola) 
are at infinity while their directrices coincide and are equidistant 
from the two lines. 

Hence we must consider two intersecting lines, real or imagi- 
nary (t. e. a real point), two coincident lines, and two parallel 
lines as limiting cases of conic sections. (Cf- % 107.) 



CHAPTER VIII. 

THE PARABOLA. 

1 23. Standard equations of the tangent, polar, ana normal to the 
parabola. 

In studying the properties of the parabola in this chapter we 
shall use the standard form of the equation found in § 119, viz. , 

y^ = 4:ax. (1) 

Then the focus is the point (a, 0), the directrix is the line 
ic = — a, and the latus rectum la 4a. 

Equation (6), § 111, applied to (1) gives 

yi/ = 2a(x + x^), (2) 

aa the equation of the tangent at the point (a/, ^), if (a?', t/') is 
on the curve; but always the equation of the polar of (a?', t/), 
(§ 113), with respect to the parabola (1). 
The equation of the norlnal at the point (a?', J^) on the curve 

is [(2), §85] 

2/-2/'=-£(^-^'), (3) 

or ^ 2a(y—i/)+y'(x — x') = 0. (4) 

The tangent at the vertex (0, 0) is the line a? = 0; and the 
normal at the same point is y = 0, i. e, the axis of the curve. 

Ex. 1. Show that the equation of the parabola is 

2/2 = 4a(a5 db a), 

according as the origin is at the focus or on the directrix. 

Ex. 2. Change the equations of the parabolas 

(y — ky = ia(x — h) and (a; — /i)^ = 4a(2/ — fc) 

to the standard form, and show that their vertices are at the point (fe, fc). 

Ex. 3. What relation does the line (3) have to the parabola when the 
point (x\ y^) is not on the curve? 
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1 24. Oeometrie properties of the parabola. 




Let the tangent at the point P^ocf, y') meet the axis in T, the 
directrix in iJ, and the tangent at the vertex in Q, Let Pifand 
PN be the perpendicolars from P to the directrix and axis, re- 
spectively. 

Let the normal at P meet the axis in O. 

Then we have the following properties: 

TO = ON = of. 



[(2), § 123.] 



23(f. 



Subtangent = TN=2 0N 
Oq^\NP = \if. 
TF=FP=FO = a+x'. 
lFPR = lMPR. 

Z RFP = Z RMP = i^. (See Ex. 39, p. 178. ) 
FM is perpendicular to TP. 
FMj PT, and Y meet in a point, 
0G = 2a+x'. [(4), §123.] 

Subnormal = NO = 2a, a constant. 



(1) 

(2) 
(3) 
(4) 
(5) 
(6) 
(7) 
(8) 

(9) 
(10) 
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The use of parabolic reflectors depends on the property ex- 
pressed in (5). Let the student explain. 

Properties (5) and (7) suggest a method of drawing tangents 
from an exterior point. Show how this can be done. 

1 25. Equdtions of the tangent and normal in terms of the slope m. 
The equation of the tangent [(2), § 123] may be written 

Let — 7- = m; then -^ = -, and (2) may be written 
yf ' 2 m V y .7 

y = mx + -, (3) 

m 

which is the required equation. That is, the line (3) will touch 
the parabola if = 4aa?, whatever the value of m may be. 

In a similar manner it can be shown from (3), § 123, that the 
equation of the normal expressed in terms of its slope is 

y = mx — 2am — am^. (4) 

Ex. Show that the tangents from the point («', y^) to the par£A>ola will 
be real, coincident, or imaginary according as y^ — 4aiC''>, =, or < 0. 

EXAMPLES. 

1. Find the equations of the tangents, and the normals at the ends of 
the latus rectum. 

2. Find the value of a if the parabola y^ = 4ax goes through (3, 2); 
(9, — 12) . How many conditions can the curve y^ = iax be made to satisfy? 

3. Show that the line y = 3x'+ ^ touches the parabola y"^ = 4aa?; and 
also that 2/ = 4x + s- touches y^ = Sax» 

4. Find the equation of the tangent toy'^ = 12x which makes an angle 
of 60° with the a;-axis. 

5. Find the equations of the tangents drawn from the point (— 2, 2) to 
the parabola y^ = 6a;. 
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Find the coordinates of the vertex, of the focus, the leng^th of the latoB 
rectum, and the equation of the directrix of each of the following parabolas : 
6. y^ = 2x + e, 7. x^ + ix + 2y = 0. 8. (y — 4)« = 6(aj + 2). 

9. 4(aj— 3)^ = 3(y + l). 10. y' + Sx — Gy + i = 0. 

11. For what point on the parabola y^ = iax is (1) the subtangent equal 
to the subnormal, and (2) the normal equal to the difference between the 
subtangent and the subnormal? 

12. Show that the lines j^ = db(x + 2a) touch both the parabola y^= 8ax 
and the circle x^ + y^ = 2aK , 

13. Find the equation of the common tangent to the parabolas y^ = 4ax 
and x^ = 462/. Show also that if o = 6, the line touches both at the end of 
the latus rectum. 

14. Find the equations of the tangents to the parabolas in examples 
6, 7, 8, 9, 10 whose slope is — 2. 

15. Show that for all values of m the line 

y = m(x-\-a)-{-— will touch y^ = ia(x -{■ a) ; 

y = m{x — a)-| — will touch y^ = ^a(x — a); 
and (2/ — fc) =m(a; — fe)4-— will touch (y — fc)' = 4o(x — /i). 

16. If (x^, y^) and (x^^, y^^) are the points of contact of two tangents 
toy^ = 4oa;, show that the coordinates of their point of intersection are 

X = Vx'x'', y = Ky'+y'')' 

17. Show that the directrix is the locus of the vertex of a right angle 
whose sides slide upon a parabola. (§ 125.) 

18. Two lines are perpendicular to one another; one of them is tan- 
gent to y^ = 4a(a5 + a), and the other is tangent to y^ = 45(a? + 6) ; show 
that these lines intersect on the line x + o + ^ = 0. 

19. Show that the line Ix + my + n = will touch the parabola y^ = 4aaj, 
if In = am'. 

20. If the chord PQB passes through a fixed point Q on the axis of the 
parabola, show that the product of the ordinates, and also the product of 
the abscissas of the points P and iJ, is constant. 

21. Find the coordinates of the point of intersection of y = mx-\ — 

a ^ ' m 

and y = m^x -| ^. Show that the locus of this point is a straight line if 

mm^ is constant. What is the locus when mm^= — 1 ? 

22. If perpendiculars be let fall on any tangent to a parabola from two 
points on the axis which are equidistant from the focus, the difference of 
their squares will be constant. 

23. All chords of a parabola which subtend a right angle at the vertex 
meet the axis in the same point. 
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24. The vertex ^ of a parabola is joined to any point P on the curve, 
and PQ is drawn at right angles to -4 P to meet the axis in Q. Prove that 
the projection of PQ on the axis is always equal to the latus rectum. 

25. If P, Q, and R be three points on a parabola whose ordinates are in 
geometrical progression^ the tangents at P and B will meet on the ordinate 
of Q. 

26. Show that the locus of the intersection of two tangents to a par- 
abola at points on the curve whose ordinates are in a constant ratio is a 
parabola. 

27. Prove that the circle described on a focal radius as diameter touches 
the tangent drawn through the vertex. 

28. Prove that the circle described on a focal chord as diameter touches 
the directrix. 

29. Find the locus of the point of intersection oi two tangents to a 
parabola which make a given angle a with one another. 

If a = 45®, show that the locus is 

2/2 — 4ax = (x + o)*. 
If a = 60°, show that the locus is 

2/2 — 3aj2 — lOoo; — 3a2 = 0. 

[Suggestion, The line y = mx -\ — will go through (x^, y^) if 

m^x^ — my^ -f- a = 0. The roots of this equation are the slopes of the two 
tangents which meet in (a;^, y^). Let mi, m2 be these roots, then see § 91.] 

30. The two tangents from a point P to the parabola y^ = 4aa; make 
angles tan-* mi and tan"^ m2 with the x-axis. Find the locus of P, (1) when 
mi + m2 is constant, (2) when mi*+m2* is constant, and (3) when mim2 is 
constant. 

31. If £" is the area, of a triangle inscribed in the parabola y^ = 4aa;, and 
K^ is the area of the triangle formed by the tangents at the vertices of the 
inscribed triangle, prove that 

SaK ;= 16aK' = (yi - i/OCZ/a '-' ^/aX^a '^ 2/0, 
where j/i, 2/2, ya are the ordinates of the vertices of the inscribed triangle. 
(See Ex. 16.) 

Find the locus of the middle points 

32. Of all ordinates of a parabola. 

33. Of all focal radii. 

34. Of all chords through the fixed point (A, k). 

As special cases, let (/i, k) be (1) the focus, (2) the vertex, (3) the point 
(4a, 0), and (4) the point (—a, 0). 

35. Show that the parabola is concave towards its axis. 
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1 26. The locus of the middle points of a system of parallel chords of 
a parabola is a straight line parallel to the axis of the parabola. 




Let AB be any one of the chords, let P'(af, y') be its middle 
point, and let y be the angle it makes with the axis of the parabola. 
Then the equation of AB may be written [(4), § 46] 
x — od _y--jf_ 



(1) 

(2) 



cos Y sm Y 

or aj = ic'+r cos z', y = y'-\-rs\xiY. 

Let the equation of the parabola be 

y' = 4:ax, (3) 

Substituting in (3) the values of x and y given by (2), we have 
for the points common to the chord and the curve 

Cy + ^ sin yY = 4:a{af-\- r cos y)i 

or r^ sin^ /^ + 2(t/' sin /^ — 2a cos r)** + ^^ — 4ax'= 0, (4) 

a quadratic equation in r, whose roots are represented by the dis- 
tances P'JB and P'A. Since P' is the middle point of AB, the 
sum of these roots is zero. That is, 

y' sin r — 2a cos r = 0. (§ 91.) 

2a 
Whence ^=2acotr = — , (5) 

where m is the constant slope of the chords. 
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The coordinates of P' therefore satisfy the equation 

2a 
1/=: — = 2acotr. (6) 

Hence the locus of P', as AB moves keeping m constant, is a 
straight line (7X' parallel to the axis of the parabola. 

Definition. The locus of the middle points of a system of 
parallel chords of a conic is called a Diameter; and the chords 
it bisects are oblique double ordinates to that diameter considered 
as an axis of abscissas. 

We have seen in § 112 that a diameter of a parabola meets the 
curve in only one point at a &iite distance from the directrix. 
This point is called the Extremity of the diameter. 

CoR. The line (6) meets the curve in ff where 

The equation of the tangent at 0' is, therefore [(2), 123], 

Hence the tangent at the extremity of a diameter is parallel to the 
chords bisected by thai diameter. 

127. To find the eqxioHon of a parabola when the axes are any 
diameter and the tangent at its extremity. 

Using the figure of § 126, and keeping the same notation, we 
will let OF = X, the new abscissa, and FB = y, the new ordinate. 

Then y is always the same as r of equation (4), § 126. And 
since the coefficient of the first power of r in this equation is zero, 
we have 

^ sinV ' *• -' 

where 2/'=^' [(5), § 126] 

Tib 

and af= Ba+ 0^= -% + x. [(7), § 126] 



^- (2) 



sax' r 
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Now 


Fcy = a + iia 




[(4), §124] 








o(l + m') 


1+tanV 


a 
sinV* 


(3) 


Therei 


Eore, 


ifo'- " - 


= F(y, the required eqaation is 




XaX^XCJ 


sinv 










y' = ^a'x. 




(4) 



Hence the equation if = ^ax always represents a parabola, the 
a;-axis being a diameter, the t/-axis the tangent at its extremity, 
a the distance from the focus to the origin, and 4a the length of 
the focal chord parallel to the t/-axis. 

Formula (6), § 111, by means of which equation (2), § 123, was 
obtained, and also the derivation of equation (3), § 126, from 
equation (2), § 123, hold good equally whether the axes are rect- 
angular or not. That is/ if the equation of a parabola is 
y* = 4air, the line 

i/y = 2a(a: + a/) (5) 

will be the tangent at the point (a?', 'if') if the point is on the 
curve; but always the polar of (a/, t/) with respect to the par- 
abola. And the line 

y = mx H — (6) 

will also touch the parabola for all values of m, the meaning of m 
being that given in § 59. 

CoR. The polar oj any point with respect to a parabola is parallel 
to the chords bisected by the diameter through the point 

Conversely, the hcus of the poles of parallel chords is the bisecting 
diameter. 

For the polar of any point (.x', 0) is, by (5), x=^ — a/. 

1 28. Through any point three normals can be dravm to a parabola. 

The equation of the normal at any point (a/, if) of the par- 
abola if =-- 4a£C is [(4), § 123] 

2a(y-if)+yXx-x')=0. (1) 

If the line (1) goes through the point (A, k), then, since 

'^ 4a' 
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we have 2a( Aj — j/) + j/lh — -^ = 0, 

or y'^ + Aa(2ak — h)i/—Sa'k = 0, (2) 

The three roots of equation (2) are the ordinates of the three 
points the normals at which pass through any given point (A, k). 

Iiet yij 2/2, i/a be the three roots of (2) ; then, since the coeflB- 
cient of j/^is zero (§91), 

2/1 + ^2 + 2/3 = 0. (3) 




Let t^iand y^he the ordinates of the ends of any one, AB, of 
a system of parallel chords whose slope is m ; then 



i(yi + y2) = ^' 



yz = — 



4a 



m 



a constant. 



[(5), §126.] (4) 
(5) 



Therefore, the normals at A and -B, as AB moves keeping m 
constant, always meet on the fixed normal at C whose ordinate 
4a 



IS 



That is, the locus of the irUersection of normaU at the ends of a sys- 
tem of parallel chords of a parabola is the normal to the curve at the 
point whose ordinate is minus twice the ordinate of the middle points of 
the chords. 
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Examples on Chapter VIII. 

1. Find the equation of that chord of the parabola j^^ = 6x which is bi- 
sected by the point (4, 3). 

2. Find the equation of the chord of x^ — — 8y whose middle point is 

(-3,-2). 

3. Find the equation of a normal to y^ = 43. which shall pass through 
(2,-8). 

4. Find the equations of the normals to the parabola j/^ = 8x which pass 
through the point (8, 2). 

5. Find the eqi^ations of the normals to 2/* = 4<ia5 which meet in the point 
(6, 0). For what values of 6 are the three normals real ? 

6. Show that the axis of the parabola y* = 8x divides each of the chords 
whose equations are . ^^^ = — -^^ into two segments whose product 
is 64. 

7. Any tangent to a parabola will meet the directrix and the iatus 
rectum (produced) in two points equidistant from the focus. 

8. The angle between two tangents to a parabola is equal to half the 
angle between the focal radii of their points of contact. 

9. If a line is a normal to a parabola at one end of the Iatus rectum, its 
pole with respect to the parabola lies on the diameter through the other 
end of the Iatus rectum. 

10. Show that the locus of the centre of a circle which intercepts a 
chord of given length 2a on the x-axis and passes through the fixed point 
<0, 6) is the curve ' 

11. Find the locus of the centre of a circle which touches a given circle 
;and also a given straight line. 

12. The perpendicular from a point Q on its polar with respect to a 
parabola meets the polar in M and the axis in G\ the polar cuts the axis in 
T, and the ordinate through Q meets the curve in P and P''. Show that the 
points T, P, My G, P^ are all on a circle whose centre is P. 

13. Prove that the two parabolas y^ = (ix and x^ = hy cut one another an 

. , 3a*6* 
angle ^ tan ^ ^ ^ 

2(a^ + 6*) 

14. Show that the two parabolas 

a;2 + 4a(2/ — 26 — a)=0 and j^'^ = 46(a? — 2o + 6) 
intersect at right angles at a common end of a Iatus rectum of each. 
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15. If EFO is a focal chord of a parabola whose vertex is A, and GA 
meets the directrix in B, show that BE is parallel to the axis of the par- 
abola. 

16. Show that the equation of the chord of y^ = iax which is bisected 
at the point (h, k) is 

k(y — fc) = 2a(x — h). 

17. Show that if three normals meet in a point, the sum of their slopes 
is zero. Show also that if the sum of the slopes of two normals is con- 
stant, the locus of their intersection is a third normal to the parabola. 
[(4), § 125 and § 128.] ^ • 

18. Show that the locus of the point of intersection of two perpendicu- 
lar normals to the parabola y^ = 4ax is the parabola y^ = a(x — 3o). 

19. Show that if two tangents to a parabola intercept a fixed length on 
the tangent at the vertex, the locus of their point of intersection is an- 
other equal parabola. 

20. The tangents and the normals at the ends of any focal chord inter* 
sect on the circle whose diameter is the chord. 

21. Show that two tangents to a parabola which make complementary 
angles with the axis, but are not at right angles, meet on the latus rectum. 

22. A perpendicular drawn from the w^ertex of the parabola y^ = iax to 
the tangent at any point P meets the (Jiameter through P in Q, the tan- 
gent in R and the ordinate through P in 8, Show that the loci of Q, B, 
and 8 are, respectively, 

x + 2o = 0, a;^ + 2/Xx-fa) = 0, and x^=:ay^, 

(Draw the normal at P and the ordinate of Q.) 

23. Prom any point en the latus rectum of a parabola perpendiculars 
are drawn to the tangents at its extremities. Show that the line joining 
the feet of these perpendiculars touches the parabola. 

24. Show that the locus of the foot of the perpendicular drawn from 
the focus to any normal to the parabola y"^ = 4aa; is the parabola 



25. Show that if tangents ai^e drawn to the parabola y^ = 4ax from any 
point on the line x + 4a = 0, their chord of contact will subtend a right 
angle at the vertex. 

26. Prove that the chord of the parabola y^ = 4cuc, whose equation is 
y — xV'2 + 4a/2 = 0, is a normal to the curve and that its length is 6v^3a. 

27. The perpendicular TN from any point T on its polar with respect to 
a parabola meets the axis in M. Show that if TN - TM is constant, or if 
the ratio TN : TM is constant, the locus of T is a parabola. 
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28. Two equal parabolas have their axes parallel and a common tangent 
at their vertices; a straight line is drawn parallel to their axes meeting the 
parabolas in P and Q. Show that the locus of the middle point of PQ is an 
equal parabola. 

29. Two parabolas have a common axis and concavities in opposite di- 
rections; if any line parallel to the common axis meets the curves in Pand 
Q, prove that the locus of the middle point of PQ is another parabola, pro- 
vided the given parabolas are not equal. 

30. Two parabolas touch one another»and have their axes parallel. 
Show that, if the tangents at two points of these parabolas meet in any 
point on their common tangent, the line joining the points of contact will 
be parallel to their axes. 

31. Two parabolas have the same axis. Find the locus of the middle 
points of chords of one which touch the other. 

32. Two parabolas have the same axis; tangents are drawn from points 
on the first to the second; prove that the middle points of the chords of 
contact with the second lie on a fixed parabola. 

33. Two parabolas have a common focus, and their axes in opposite di- 
rections. Prove that the locus of the middle points of chords of either 
which touch the other is another parabola. 

34. Two equal parabolas, A and B^ have the same vertex and their axes 
in opposite directions. Prove that the locus of the poles with respect to B 
of tangents to A is the parabola -4. 

35. Show that the locus of the poles of tangents to the parabola y^ = 4ax 
with respect to the parabola y^ = 46x is the parabola ay"^ = Wx, 

36. The locus of the poles of tangents to either of the parabolas 
y^ = 4ax or x'^ = — iay with respect to the other is xy = 2a^. 

37. If a line touches the circle x'^-\-y^ = 4a^ its pole with respect to the 
parabola y^ = 4ax lies on the rectangular hyperbola x^ — y'^ = ^a^, 

38. The middle point of a chord PQ is on a fixed straight line perpen- 
dicular to the axis of a parabola; show that the locus of the pole of the 
chord is another parabola. 

39. The base of a triangle is 2a, and the sum of the tangents of the 

base angles is fc. Show that the locus of the vertex is a parabola whose 

. 2o 
iatus rectum is —r-. 

40. If, in the triangle ABC, AB is constant and tan A tan JB = 2, the 
locus of C is a parabola of which A is the vertex and B is the focus. 
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41. If ^ is the angle which a focal chord makes with the axis, prove that 
the length of the chord is 4a csc*^, and the length of the perpendicular on 
it from the vertex is a sin 6, 

42. Two parallel chords of a parabola meet the axis in points equidis- 
tant from the vertex. Show that the axis divides each chord into two seg- 
ments whose products are equal. (Use (4), § 46.) 

43. PQ is any one of a system of parallel chords of «. parabola; is 
any point on PQ such that the product PO • OQ is constant. Show that the 
locus of O is a parabola. 

44. Prove that the locus, of the middle point of that portion of the nor- 
mal intercepted between the curve y^ = 4aa5 and its axis is a parabola whose 
vertex is the focus and whose latus rectum is a. 

45. The locus of the middle points of normal chords of the parabola 
y^ = iax is 

y* — 2ay\x — 2a) + 8a* = 0. 

46. Prove that the distance between a tangent to the parabola y^ = 4ax 
and the parallel normal is a esc sec^^, where 6 is the angle that either 
makes with the axis. 

47. If the normals at two points of a parabola are inclined to the axis 
at angles t) and <p such that tan S tan ^ = 2, show that they intersect on the 
parabola. \ 

48. The locus of a point from which two normals can be drawn making 
complementary angles with the axis is a parabola, 

49. Two equal parabolas have the same focus and their axes are at right 
angles; a normal to the one is perpendicular to a normal to the other; 
prove that the locus of the intersection of these normals is another par- 
abola. 

50. If a normal to a parabola makes an angle ^ with the axis, show that 
it will cut the curve again at an angle tan-*(i tan 0). 

51. If TPand TQ are tangents to a parabola whose vertex is A, and if 
the lines P^, QA, TA, produced if necessary, meet the directrix in P', Q^, T^, 
respectively, show that PT^= TQ\ 

52. Prove that there is a fixed point K on the axis of any parabola such 
that 

is the same for all positions of the chord PKQ, 

63. If the diameter through any point O on a paraoola meets any chord 
in P, and the tangents at the ends of that chord in Q and B, show that 
OP'=0Q'0R, 



200 THE PARABOLA. [128. 

54. A ohord is normal to a parabola and makes an angle B with the axis. 
Prove that the area of the triangle formed by it and the tangents at its 
extremities is 4a^ sec' 6 esc' 6. 

55. The vertex of a triangle is fixed, the base is of constant length and 
moves along a fixed straight line. Show that the locus of the centre of its 
circumscribing circle is a parabola. 

56. A chord of the parabola y'^ = 4ax passes through the fixed point 
{ — 2a, 0). Prove that the normals at its extremities meet on the curve. 

57. If from any point on a focal chord of a parabola two tangents are 
drawn, these two tangents are equally inclined to the tangents at the ends 
of the chord. 

58. If ri and r2 are the lengths of radii vectores of a parabola which are 
drawn at right angles to one another from the vertex, prove that 

ri-Jr2t = 16oXr,3 + r2^). 

59. On the diameter through a point on a parabola two points P and 
Q are taken such that OP' OQ is constant; prove that the four points of 
intersection of the tangents drawn from.P and Q will lie on two fixed 
straight lines parallel to the tangent at O and equidistant from it. 

60. Tis the pole of the chord PQ; prove that the perpendiculars from 
P, r, and Q on any tangent to the parabola are in geometrical progression. 

61. PFQ is a focal chord of a parabola; R is the middle point of PQ, 
and RO is perpendicular to PQ and meets the axis in 0; prove that FO and 
RO are the arithmetic and geometric means between FP and FQ, 

62. Prove that the locus of the point of intersection of two tangents^ 
which with the tangents at the vertex form a triangle of constant area c^, 

is the curve 

aj2(2/2_4aaj)=4a2c^ 

63. Parallel chords are drawn to a parabola; the locus of the intersec- 
tion of tangents at the ends of these chords is a straight line (Cor. § 127) ; 
and the locus of the intersection of normals at these points is also a straight 
line (§ 128). Show that the locus of the intersection of these two lines, 
as the chords change direction, is a parabola. 

64. Show that the locus of the poles of chords which subtend a con- 
stant angle a at the vertex is 

{X + iay = 4 cot2 a(3/2 — iax). 

65. Prove that three tangents to a parabola, which are such that the 
tangents of their inclinations to the axis are in a given harmonical pro- 
gression, form a triangle whose area is constant. 

66. Find the equation of the parabola when the axes are the tangents, 
at the ends of the latus rectum. 



CHAPTER IX. 

THB OIRCLE. 

129. Equations of the drde, and the corresponding equations of 
the tangent, polar, and normal. 

We have seen in § 32 that the equation of the circle whose 
radius is r takes the simple form 

0^ + f=7^, (1) 

when the origin is at the centre; while if the centre is at the 
point (a, 6) the equation may be written 

(x-ay + (y-by=r^. (2> 

Moreover, it was further shown in § 110 that the general equa- 
tion of the second degree will represent a circle if a = 6, and 
h = 0; so that the most general equation of a circle in rectangular 
coordinates is 

ct^ + f + 2gx + 2fy + c = 0. (3) 

Equation (3) may be put in the form (2), which gives 

(x + gy + {y+fy=g'+f-e. (4) 

Helice the centre of the circle represented by (3) is the point 
( — g, — /), and the radius is equal to Vg^ +/^ — c. 

The circle will therefore be real, a point, or imaginary accord- 
ing as gr^+^—c >, = , or <0. 

By applying the rule of § 111 to equations (1), (2), and (3), 
respectively, we obtain 

xx'+ yy'— ^^ ' (5) 

(^_a)(^'-a) + (7/-6)(y-6)=r^ (6) 

and XX' + yy'+ g{x + x')+f{y + y')+c = 0. (7) 

These are the equations of the tangent to the circles (1), (2), 
(3), respectively, at the point (a?', ?/') If tbis point is on the 
curve; but, by § 113, they are always the equations of the polar 
of the point {x', y') with respect to the circles represented by 
(1), (2), (3). 
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Since the normal (§ 78) at any point (a?', y') of the circle 
a:^ 4- y2= r^ is perpendicular to (5), its equation is [(2), § 85] 

2/ — 2/'=-|r(x— a:'), 
or xy' — x'y = 0. (8) 

That is, the normal at any point of a circle passes through the 
centre. 

The equations of the normals fco the circles (2) and (3) at the 
point (a/, y') are, respectively [(2), §85], 

and y-y^ = ^+I^a:-x^); (10) 

or' xy' — x'y — b(x — oc')-\- <^(y — y') = 0, (11) 

and xy'—x'y+f{x — x')~g{y—y')=^Q. (12) 

The general equation of the circle (3), or (2), contains three 
parameters, or constants. Therefore a circle can be made to sat- 
isfy three conditions, and no more. If we wish to find the equa- 
tion of a circle which satisfies three given conditions, we assume 
the equation to be of the form (3), or (2), and then determine 
the values of the constants jr, /, c, or a, 6, r, from the given con- 
ditions. 

^xy^ Find the equation of the circle passing through the three points 
(Ori), (2,0), and (0,-3). 

Let the equation of the required circle be 

x' + y^ + 2gx + 2fy + c = (S. (1) 

Since the given points are on the circle, their coordinates must satisfy 
equation (i). 

.-. l-|-2/-t-c = 0, 4 + 4sr+c = 0, 9-.6/-hc=0. 

Whence we find g = — j, /= 1, and c = — 3. Substituting these values 
in (i) the required equation becomes 

aj' + y' — i« + 22/ — 3 = 0. 
The centre is the point (i, — 1), and the radius is Jv^65. 
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130. A geometrical cdnstruction for the polar of a point with re- 
spect to a drde, 

B> 
Y 





Let the equation of the circle be 

x' + f = r^. (1) 

Let P(x% j/) be any point, BC its polar, and let OP and BC 
intersect in Q, Then the equation of -BCis [(5), § 129] 

xx'+yy'=r\ (2) 

and the equation of the line OP is (§ 47) 

xy'—x^y = 0. (3) 

Hence BC is perpendicular to OP (§ 48), and therefore 



^^=V^f^j^' C(5),§50.] (4) 

Also OP = Vx'' + y'\ [(4), § 7.] (5) 

.-. OP'OQ = r'. (6) 

We therefore have the following construction for the polar of a 
point P. Draw OP and let it cut the circle in B ; then construct 
a third proportional, OQ, to OP and r, t. e. take Q on the line 
OPy such that OP:OR= OR.OQ, and draw a line through Q 
perpendicular to OP. 

Ex. 1. Construct the pole of a given line. 

Ex. 2. Prove the theorem of § 115 for the circle. 
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131, To find the equation of *the tangent to the circle 

a^ + 2^ = r» (1) 

in terms of its slope m. 

The line 

/ y = mx + h (2) 

will touch the circle (1) if the perpendicular distance from it to 
the origin is equal to the radius r of the circle ; that is, (§ 50) if 

h , 

or 6 = rl/l+m^ ^3) 



Vl+m^' 
Therefore the straight line 



y = mx + rl^l + m^ (4) 

will touch the circle (1) for all values of m. 

Since either sign may be given to the radical Vl +m^ id. (3), 
it follows that there are two tangents to the circle for every value 
of m; i, e. there are two tangents parallel to any given straight 
line. 

Ex. 1. Derive equation (3) by treating (1) and (2) simultaneously and 
taking the condition for equal roots. 

Ex. 2. What is the equation of the normal to (i) in terms of its slope? 

Ex. 3. How many normals can be drawn from a point to a circle? 

EXAMPLES. 
Fii^d the centres and radii of the following circles: 
'1. 'x2 + 2/2-f-4a; = 0. 2. x2 + 3/2±% = 0. 

3. x2+2/2_j_2x — 42/=0. 4. x' + y'' — ^x + f^ = Q. 

3, aJ^ + y'^ + Gx — 43/ + 9=:0. ^''.74(x^ + 3/2)— i2x + 82/ + 23 = 0. 

Find the equation of the circle passing through the three points 

7. (0,0), (6,0), (0,4). 8. (0,0), (1,1), (4,0). 

(9.' (2,-3), (3,-4), (-2,-1). 10. (1,2), (3,-4), (5,6). 
11. (0,0), (a,0), (0,b). 12. (a,0), (-a,0), (0,-6). 

13. Find the equation of a circle passing through (0, 4) and (6, 0), and 
having ^13 for radius. 

14. Find the equation of a circle whose centre is (3, 4). and which touches 
the hne 4« — 32/ + 20 = 0. 
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15. Find the general equation of the circle which touches both axes. 

16. Find the equation of the circle passing through the point ( — 3, 6) 
and touching both axes. 

17. Find the equation of the circle touching the line y = c and both axes. 
Write down the equation of the tangent to the circle 

18. a^ + y' — 2a; + 3y — 4 = 0atthepoint (2, 1). 

19. a;2 + 2/2 + 4a; — 62/ — 13 = 0atthe point (—3,-2). 



20. Show that the lines y = m{x — r)±ri/l+m*^ touch the circle 
x^ -^y^ = 2rx, whatever the value of m may be. 

Find the equations of the tangents to the circle 

21. aj2 _j_ y2 _ 4 parallel to 2a; + 3y + 1 = 0. 

22. 3^ + y^ = GxpB.TBl\eltoSx — 2y + 2 = 0. 

23. dC^x" + 2/2) _ 9(6a; — By) + 125 = parallel toSx + iy = 0, 

24. Show that the line x — 2y = touches the circle 

x' + y' — ix + Sy = 0. 

25. The line y = Sx — 9 touches the circle 

x'' + y^ + 2x + iy — 6 = 0. 
Find the coordinates of the point of contact. 

26. Find the equation of the tangent tox^+ y- = r^ (1) which is per- 
pendicular to y = mx + 6, (2) which passes through the point (c, 0), 
(3) which makes with the axes a triangle whose area is r^. 

Find the polar of the point 

27. ( 1, 2) with respect to x^ + y^ = 5. 

28. (3, — 2) with respect to 3(x^ + y^) = 14. 

29. (— 4, 1 ) with respect to* a;^ + y=* — 2« + 62/ + 7 = 0. 

30. (2, — J) withrespecttox2 + 2/« + 3a; — 52/ + 3 = 0. 

31. (— a, b) with respect to a;2 + y2_2aaj + 2by + a2 — 6» = 0. 
Find the pole of the line 

32. 2x-\-y = 1 and x — Sy—-i with respect to x^ + 2/^ = 2. 

33. x — 2y = 3 and 2a; + 3/ = ^ with respect tox^ + y^ = 6, 

34. x+y + 1 = with respect toa;=' + 2/2 + 4a;__62/ + ll=0. 

35. 2a; + 14y = 15 with respect to 2{x'' + y^) — Sx + by — 2 = 0. 

36. 3(ax'-by) = a' + b^ with respect to x^ + y^ — 2ax + 2by = a' + b^. 

3% Show that the circles x^ + y^ — ix + 2y = 16 and ar* + 2/* = 5 touch 
one another at the point (—2, 1). 
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38. Show that the polars of the point (1,0) with respect to the two cir- 
cles jc' + y* + ^ — 14 = and x^ + y* = 4 are the same line ; show that the 
same is true of the point (4, 0). 

39. Find two points such that the polars of each with respect to the two 
circles x' + y' — 2x — 3 = and x* + y' + 2x — 11 = coincide . 

40. A certain point has the same polar with respect to two circles; 
prove that any common tangent subtends a right angle at that point. 
Show also that there are two such points for any two circles. 

41. Find the locus of the intersection of two tangents to x^ + y* = r* 
which are at right angles to one another. 

42. Find the locus of the intersection of two tangents to x* + y* = r* 
which intersect at an angle a. 

43. Show that if the coordinates of the extremities of a diameter of a 
circle are (xi, yi) and (X2, ^2), respectively, the equation of the circle will be 

(X — xi)(x — X2) + (y--y,)(y — ys) =0. 

ISuggesHon. Lines joining any point (a:, y) on the circle to (xi, yi ) and 
(X2, 2/2) are at right angles to one another.] 

Find the equation of the circle which touches 

44. the lines x = 0, x = a, and 3y = 4x + 3a. 

One Ans. 4(x'» + y"") — 4a(x + 52/) + 25a» = 0. 

45. both axes and the line — |- ^ = 1. 

a o 

46. Prove analytically that the locus of the middle points of a system 
of parallel chords of a circle is the diameter perpendicular to the chords. 
(See § 126.) 

47. Show that as a varies the locus of the intersection of the lines 
X cos a + 3/ sin a = a and x sin a — y cos a = 6 is a circle. 

48. A circle touches the y-sjdB and cuts off a constant length (2a) from 
the X-axis; show that the locus of its centre is x" — y^ = a^. 

49. Two lines are drawn through the points (a, 0) and (— a, 0) and 
make an angle a with one another. Show that the locus of their point of 
intersection is 

x' + 2/^ zt 2ay cot a = a^. 

50. If the polar of the point (x\ y^ ) with respect to the circle x* + y'^ = a* 
touches the circle x^ + 2/* = 2ax, show that y^^ + 2ax^= a'. 

51. Show that if the axes are inclined at an angle u, the equation of the 
circle is (§ 8) 

(X — a)« + (2/ — b)'' + 2(x — a)(2/ — 6) cos « = r», 

where (a, b) is the centre and r the radius. 
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1 32. To find the lerigth of a tangent drawn from a given point 
P(x^, y') to a given circle. 

Let the equation of the circle be 

(x-ay+(y-by-r^ = 0. (1) 

Let C be the centre and FT one tangent from P. 

Y 




(3) 



Then, since CPTis a right triangle, 

PT' = CP' — CT\ 
But CP' = (x^- ay + {y'- by, [§ 7, (2)] 

and CT- = r\ 

.-. PT'=(x'—ay + (y'—by — r'. (3j 

That is, the square of the tangent is found by substituting the 
coordinates aj', t/' of the given point in the left member of equa- 
tion (1). 

Since the general equation of the circle, 

a^+f+2gx+2fy + c = 0, (4) 

can be put in the form of (1) by merely adding and subtracting 
g^ and/^ in the first member, it follows that if the coordinates of 
any point are substituted in the first member of (4) the result 
will be equal to the square of the length of the tangent drawn 
from the point to the circle ; or the product of the segments of any 
chord (or secant) drawn through the point, 

Ex. 1, What is the meaning of (3) when the second member is negative? 

Ex. 2. What is represented by c in equation (4)? 

Ex. 3. Where is the origin if c is positive ? if c is zero ? if c is negative ? 
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1 33. If a circle passes through the common points of two given cirdes, 
tangents dravm from any point on it to the two given circles are in a 
constant ratio. 




(1) 

(2) 



Let S = x'+ if+2gx+2fy + c = 

and S'=a^+y^+ 2g'x + 2fy + c' = 0, 

f)e the equations of the two given circles. 

Then the locus otS = XS\ i. e. (See Ex. 10, p. 71. ) 

x'+ f+ 2gx +2fy + c = X(x'+ y'+ 2g'x+ 2fy + c'), (3) 

for all values of A, will pass through the common points, -4, -B, of 
(1) and (2). Moreover, (3) is a circle (§ 110), and therefore, for 
different values of ^, represents all circles through the intersection 
of (1) and (2). 

Let P(a;', 2/') be any point on (3); let PTand PT' be the tan- 
gents to (1) and (2) respectively. Then the coordinates a;', y' 
must satisfy (3), and we therefore have 

x''+ y''+ 2gx'+ 2/i/'+ c = Koc''+y''+ 2g'x!+ 2/Y+ c'). (4) 

Therefore Pr= X • Pr^ (§ 132) (5) 

which proves the proposition, since k is constant for any particu- 
lar circle. 
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When ^ = 1, it is easy to show that the radius and the coordi- 
nates of the centre (§ J29) of the circle represented by equation 
(3) all become infinite. In this case the equation reduces to 

2(i7-i7> + 2(/-/)^ + c-c'=0, (6) 

which is of the first degree, and therefore represents the straight 
line AB through the common points of the two given circles. 

Let QR and QR' be tangents to /S = and /S'=0, respectively, 
from any point Q on AB] then, since ABQ is the circle through 
the common points of (1) and (2) corresponding to A = l, it 
follows from (5) that 

QR=QR. (7) 

That is, tangents drawn to the two given circles from any point 
on the line (6) are equal. 

It is to be noticed that the straight line given by (6) is in all 
cases real, provided g, /, c, gr', /', c' are real, although the circles 
S = and /8"=0 may not intersect in real points; in fact one or 
both of the circles may be wholly imaginary. We have here, 
therefore, the case of a real straight line passing through the 
imaginary points of intersection of two real or imaginary circles. 
(C/.§113.) 

Definition. The straight line through the points of intersec- 
tion (real or imaginary) of two circles is called the Radical 
Axis of the two circles. 

From equation (7) it follows that the radical axis may also be 
defined as the locus of the points from which tangents drawn to 
the two circles are equal to one another. 

CoR. If the coefficients of a? in S and /S' are unity, the equation of 
the radical axis of the two circles S = and S^=0 is S — S'=0. 

Ex. 1. Show that the radical axis of two circles is perpendicular to the 
line joining their centres. 

Ex. 2. If tangents are drawn to two circles from any point on a line 
parallel to their radical axis, show that the difference of the squares of 
these tangents is constant. 

Ex. 3. Show that the radical axis of two circles divides the line joining 
their centres into two segments, such that the difference of their squares 
is equal to the difference of the squares of the radii. 
15 
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134. The radical axes of three circles, taken in pairs, meet in a 
point. 

Let/8i=0, fi2=0, 8^=0 he the equations of three circles, in 
each of which the coefficient of or* is unity. 
Then the equations of their three radical axes are (§ 133, Cor.) 

S, — 8i=0j 82 — 8^=0, 8^—8t=0. 

The sum of any two of these equations is equivalent to the 
third. Hence they form a consistent system, and therefore their 
loci meet in a point. (See § 53, Ex. ) 

This point is called the Radical Centre of the three circles. 

EXAMPLES. 

Find the length of the tangents (or the product of the segments of the 
chords) drawn from the points 

1. (3, 2), (5, — 4) to the circle x^ + y^ = 4. 

2. (—3, 2), (4, — 4) to the circle x^ + y^ = 25. 

3. (3, — 2), (1, 3) to the circle x^ + y^ — 2x — iy = 0. 

4. (2, 1), (0, 0) to the circle 2{x'' + y^) — i2x — 4?/ + 15 = 0. 

5. (0, 0), (— 2, — 5) to the circle x^-i-y^ — Qx + iy + i = 0. 

6. (0, 0), (6, —3) to the circle x^ + y^ + Gx — Sy — il=0. 
Find the radical axis of the circles 

7. x^ + y^ + ^ — iy — 3 = and x^+y^ — ix + Sy — b = 0. 

8. x2 + 2/2_8x — 102/ + 25 = and x^ + y^ + 8x — 2y + S = 0. 

9. x'^ + y'' + ax+by — c = and ax^ + ay^ + a''x + ¥y = 0. 

10. Find the radical axis and the length of the common chord of the 
circles 

x^-\-y^-\-ax-{-by-\-c = and x^ -\- y^ -}- by -\- ay -{- c = 0. 

11. Show that the three circles 

x^ + y^ — 2x — iy = 0, x^ + y^ — ^ + iy + i = 0, 

x^ + y^ — Sx + Sy + e = 
have a common radical axis. Find the equation of a fourth circle such 
that the four shall have a common radical axis. 

Find the radical centre of the three circles 

12. x^ + y' — ix + Sy — 6 = 0, x^ + 2/^ — 8a: — IQy + 25 = 0, 

x^ + y^ + Sx + liy — iO = 0. 

13. x' + y^ + 6x-Sy + 9 = 0, x' + y^ + Sx + 2y + 9 = 0, 

2(x^ + yO~5(3» + 3/) + 18-0. 
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14. What is the analytic condition that the origin shall be the radical 
centre of three given circles? 

15. Find the equation of the circle through the origin and the points of 
Intersection of the circles 

x^ + y^ — 6x—ly + 6 = and x^ + y^ + ix + 6y — i2 = 0. 

What is the ratio of the tangents drawn from any point on it to the two 
given circles ? 

16. Find the equation of the circle which touches the line iy = Zx and 
passes through the common points of 

x^ + y^=9 and x'' + y'' + x + 2y = U. 

17. What is the ratio of the tangents drawn from any point on the third 
circle in Ex. 11 to the other two circles? 

18. Find the equations of the straight lines which touch both of the 
circles x^ + y^ = i and (x — 4)^ + y'^ = 1 . _ 

Ans. 3a; ± v^ly = 8 and a; ± 1^15^ = 8. 

19. Find the equations of the common tangents to the circleer 

x^ + y^ + 6y + b=:0 and x^ + y^~-i2y + 20 = 0. 

20. If the length of the tangent from the point (x^, y^) to the circle 
x^-\-y^ = 9 i3 twice the length of the tangent from the same point to 
a?' + 2/' + 3x — 6t^ = 0, show that 

21. If the tangent; from Pto the circle x^ -\-y^ -\-Sy = ib four times as 
. long as the tangent from P to the circle x^ + 2/^ = 9, show that the locus of 

Pis 

5(x2+2/^)=y + 48. 

22. The length of a tangent drawn from a point P to the circle 
x^'^y^-\-4cX — 6y -f 4 = is three times the length of the tangent from P 
to the circle x^ + 1/^ — 6x + 2y + 6 = 0. Find the locus of P. 

23. Find the locus of a point whose distance from the origin is equal to 
the length of the tangent drawn from it to the circle 

aj' + 2/' — 8x — 4y + 4 = 0. 

24. Find the locus of a point P whose distance from a fixed point is in 
a constant ratio to the tangent drawn from P to a given circle. Under 
what condition is the locus a straight line ? 

25. Show that the polar of any point on the circle 

aj2_|.y2_2ax — 3a'^±=0, 

with respect to the circle x^ + y^-\- 2ax — 3a'^ = 0, will touch the parabola 
y* + 4ax = 0. 
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Systems of Circles. 

135. Coaxial circles. 

Let S=^0 and /S'= represent two circles. 

Then 8 + XS'=0, (1) 

for any value of ^, represents a circle through the points of inter- 
section of /S = and /S'= (§ 133). Moreover, by assigning to A 
all possible values, it can be made to represent all the circles 
which pass through these points; that is, it represents the entire 
system of circles such that the radical axis (§ 133) of any pair of 
circles of the system is the same as the radical axis of the circles 
S = Oa.ndS'=0. 

Circles which have a common radical axis are called a System 
of Ooaxial Circles. 

li S=^0 is the equation of a circle, and L = is the equation 
of a straight line, then will 

S + XL=0 V (2) 

be the equation of a system of coaxial circles whose radical axis 
is the line L=0. 

Let S^=^x^+if+c, L = Xj and A =2^. 

Then equation (2) becomes 

a?J^y^+2gx+c=^0, (3) 

which represents a system of coaxial circles whose centres are 
( — g^ 0), and whose radical axis is the t/-axis. 

For, whatever value g may have, the circle (3) cuts the 2/-axis 
in the same two points (0, ± V — e). 

Therefore, the radical axis meets these circles in real points if 
c is negative, in imaginary points if c is positive. 

Equation (3) may be written 

(.x+gy+y'=f-o, (4) 

Hence, if g is taken equal to ± j/c, the circle will reduce to 
one of the points (dz l/c, 0). 

These two points are called the Limiting Points of the sys- 
tem of coaxial circles. When the circles intersect in imaginary 
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points, that is, when c is positive, the limiting points are real; 
and conversely, when the circles intersect in real points, that is, 
when c is negative, the limiting points are imaginary. 

1 36. To find the condition that two circles shall intersect orthogonally. 

The two circles 

x^+y^+2gx + 2fy + c=0, (1) 

^+ f+ 2g^x + 2fy + c'= 0, (2) 

will intersect at right angles if the distance between their centres 




is equal to the sum of the squares of their radii ; i, e. if [§§ 7 and 
129] 

^g-9'y+u-ry=^f+f-<^)+i9''+r-ci), 

or 2gg'+2ff—c-cf=0. (.3) 

Ex. 1. Show that the circles 
»' + y' — 2ax — 26y — 2a6 = and x' + y^ + 2hx-\-2xiy — 2ab = Q 
cut one another at right angles. 

Ex. 2. Show that the two circles 

ic' + y' — 6a5 + 22/ — 22 = and x''-\-y^ + ^x — ^y + ^ = Q 
intersect orthogonally. Find the equation of a third circle which shall cut 
each of the given circles at right angles. 

Ex, 3. Find the equation of a circle which passes through the origin 
and cuts orthogonally each of the circles 

«^ + 2/^ — 6ic + 8 = and x^ + y^ — 2x — 2y = l. 

Ex. 4. Find the equation of the circle which intersects orthogonally each 
of the circles 

x2+ 2/2__ 6a? — 6y + 14 = 0, 

i»'+y'+6x — 42/ + 4 = 0, 

ic'+y'— 2» + 62/ = 6. 

Ans. 17(a;' + 2/') — 10(2aj + hy) = 28. 
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137. If a drdt cuts orthogonally each of the circles 

!i^ + y' + 2gx+2fy+c = 0, (1) 

and a^ + f + ^g'x + 2fy + c'= 0, (2) 

it mil cut orthogonally every circle of the coaxial system 
a^ + y' + 2gx+2fy + e + A(a;' + f +.2g'x + 2fy + c')=0, 

„ «' + / + <V^>+2(4+¥), + ^^=0. (S) 

Let the circle 

a^ + f + 2Gx + 2Fy + C = (4) 

cut both (1) and (2) orthogonally; then [(3), § 136] 

2gG+2fF—c — C = 0, (5) 

and 2g'G + 2fF—&—C = 0. (6) 

If we multiply (6) by ^, add the result to (5), and then divide 
by 1 + A, we obtain 

Therefore (3) and (4) intersect orthogonally [§ 136, (3)]. 

Cob. I. If a circle cuts orthogonally a system of coa^xial circles j its 
centre lies on the radical axis of the system. 

The radical axis of the system of coaxial circles represented 
by (3) is the line [(6), § 133] 

2((7-(7')^ + 2(/-/)^ + c-c'.= 0. (8) 

Subtracting (6) from (5) gives 

2{g-g')G-^2if-f)F-c+d=^Q, (9) 

which shows that the point ( — (?, — F), the centre of (4), lies 
on the line (8). 

CoR. II. If the circles 8^=0 and 82 = cut the circles 8^ = and 
8^ = orthogonally, then all the circles of the coaxial system 8^ + A/Sa = 
will cut orthogonally all the circles of the coaxial system 82 + ^i/Sg = 0, 
and the loom of the centres of each system is the radical axis of the other 
system. 
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The equations of two systems of coaxial and orthogonal circles 
referred to their radical axes as axes of coordinates (§ 133, Ex. 1) 

may be written 

a^ + f + 2gx — c=:0, (10) 

and ' af + y' + 2fy + c = 0, (11) 

where c is constant, and g and /are arbitrary. 

For these equations represent two coaxial systems [§ 135, (3)] , 
and satisfy the condition (3) of § 136 for all values of g and/. 

The system of circles represented by (10) intersect in the 
points (0, ± |/c), which are the limiting points (§135) of the 
system represented by (11). 




The heavy circle in the figure is the smallest one of the system 
represented by (10) and corresponds to the value ^f =0. If this 
circle is considered as the boundary of the map of a hemisphere, 
the other circles of the same system are the meridians, while the 
circles of the other system are the parallels of latitude on this 
map, thrown on the usual atereographic projection. 

Hence, /and g may be said to represent the latitude and longi- 
tude of any point on the map. (See § 73. ) 
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Examples on Chapteb IX. 

1. Show that the two circles 

x^ + y' + 2gx + 2fy + c = and x^ + y* + 2g'x + ^^y + c'=0 
are tangent to each other if 

2. Find the equation of the circle whose diameter is the common chord 
of the circles 

x* + y« + 2x — 4y — 4 = and x» + y« — 6x + 4y + 4 = 0. 

3. Find the equation of the straight lines joining the origin to the points 
of intersection of the line 2x + 3?/ = 7 and the circle x* + y* — ix + 2y = 0f 
and show that these lines are at right angles. 

4. Find the equation of the straight lines joining the origin to the points 
in which the line y = mx + c intersects the circle x* + y'^ = 2{ax + hy)^ 
Hence find the condition that these points may sul^tend a right angle at 
the origin. Also find the condition that the line may touch the circle. 

5. A point moves so that the square of its distance from a fixed point 
varies as its perpendicular distance from a fixed straight line; show that it 
describes a circle. 

6. Find the locus of a point which moves so that the square of its dis- 
tance from the base of an isosceles triangle is equal to the product of its 
distances from the other two sides. 

7. A point moves so that the sum of the squares of the perpendiculars 
let fall from it on the sides of an equilateral triangle is constant (fc) ; prove 
that its locus is a circle. Where is its centre? For what value of k will 
the circle touch the sides? pass through the vertices of the triangle ? 

8. Tangents are drawn from the point (7i, fc) to the.circle cc^ + j/* = r^; 
prove that the area of the triangle formed by them and their chord of con- 
tact is 

h'^ + k' 
9. Find the polar equation of a circle, the initial line being a tangent* 

10. Prove that the equations 

P — a cos {Q — a) and p = 6 sin (^ — d) 
represent two circles which intersect orthogonally. 

11. Find the polar equation of a circle whose centre is the point (a, h)^ 
(in rectangular coordinates) and whose radius is r. 

12. Find the polar equation of the tangent to a circle at a given pointy 
the centre of the circle being at the pole. 
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13. What curve is represented by the equation 

P^ — pa cos 20 sec ^ — 2a2 = 0? 

14. Determine the locus of the equation 

P = a cos (^ — a) + ^ cos (^ — ^) + c cos (^ — y) + . . . 

15. The axes being inclined at an angle 6>, find the centre and radius of 

the circle 

x" + 2x2/ cos w + y' — 2gx — 2fy = 0. 

16. The axes being inclined at 60°, find the equation of the circle whose 
centre is ( — 3, — 5) and radius 6. 

17. Find the locus of a point which moves so that the square of the 
tangent drawn from it to the circle 3^-\-y^ = r^ is equal to a times its dis- 
tance from the line Ix + rny + n = 0. 

18. Find the locus of a point such that tangents from it to two given 
circles are inversely as their radii. 

19. Find the locus of the vertex of a triangle, having given (1) its base 
and the sum of the squares of its sides, (2) its base and the sum of m times 
the square of one side and n times the square of the other. 

20. Show that the equation of the circle circumscribing the triangle 
formed by the lines a; -f- y = 6, 2x + 3/ = 4, and x-\-2y — b is 

x-^ + y^-^ilx—i9y + 50 = 0, 

21. Show that the radical axis of two circles bisects their four common 
tangents. 

22. If Q is one of the limiting points of a system of coaxial circles, 
show that the polar of Q with respect to any circle of the system passes 
through the other limiting point, and is the same for all circles of the 
system. 

23. If Q is one of the limiting points of a system of coaxial circles, 
show that a common tangent to any two circles of the system will subtend 
a right angle at Q. , 

24. Tangents are drawn to a circle from any point on a given line; 
prove that the locus of the middle point of the chord of contact is another 
circle. 

25. Find the locus of the middle points of chords of the circle 
x^ + 2/2 = r^ which subtend a right angle at the point (a, 0). 

26. Prove that the square of the tangent drawn from any point on one 
circle to another circle is equal to twice the product of the distance be- 
tween the centres and the perpendicular distance of the point from the 
radical axis of the two circlesk 
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27. Find the equations of the straight lines joining the origin to the 
points of intersection of 

x^ + y^ — ix — 2y = A and x^ + y^ + 2x + iy=10. 

28. The distances of two points from the centre of a circle are propor- 
tional to the distances of each from the polar of the other. 

29. If the circle x* + y^ + 2gx ■i-^fy + c = cuts the parabola y^ = 4ax 
in four points, the algebraic sum of the ordinates of those points will be 
zero. (See §91.) 

30. If the normals at the three points P, Q, and A of a parabola meet 
in a point, then the circle through P, Q, and R will pass through the vertex 
of the parabola. (§ 128 and Ex. 29 above.) 

31. The distances from the origin to the centres of three circles 
x^ + y^ — 2Ax = a^ (where a is constant and X variable) are in geometrical 
progression; prove that the tangents drawn to them from any point on 
a;2 -f y2 _ ^ are also in geometrical progression. 

32. The polar of Pwith respect to the circle x'^ + y^ =r^ touches the 
circle (x — a)"^ + (y — by=ri^; prove that the locus of Pis the curve 
given by the equation 

ri\x^ + y*) = (ax + by — r^y, 

33. A tangent is drawn to the circle (cc — ay + y^ = 6* and a perpen- 
dicular tangent to the circle (x + ay-\-y^ = c^; find the locus of their 
point of intersection, and prove that the bisector of the angle between 
them always touches one or other of two circles. 

34. Show that the equation of the circle whose diameter is the common 
chord of the two circles 

a;2 + y2 = 2ax and x^ + y'^= 2by 
is (a^ + b^Xx' + y^)= 2ab{bx + ay), 

35. Prove that the length of the common chord of the two circles whose 
equations are 

(^x — ay + (y — by = r'' and (x—by + (iy — ay=r\ 



is ' Vir' — 2{a — by, 

Hence find the condition that the two circles may touch. 

36. The polar equation of the circle on the line joining the points (a, a) 
and (5, P) as diameter is 

P^ — Pla cos {d — a) + b cos (^ — iS)] + ab cos (a — /?) = 0. 

37. The polars of a point P with respect to two fixed circles meet in the 
point Q. Prove that the circle on PQ as diameter passes through two fixed 
points, and cuts both of the given circles orthogonally. 
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38. Prove that the two circles, which pass through the two points (0, a) 
and (0, — a) and touch the line y = mx + 6, will cut orthogonally if 

39. Find the coordinates of the centre of the circle inscribed in the tri- 
angle the equations of whose sides are 

3x = iy, lx = 2iy, and 5ar — 122/ = 36. 

40. O is any point in the plane and, OP1P2 any chord of a circle which 
meets the circle in Pi and P2. On this chord a point Q is taken such that 
OQia equal to (1) the arithmetic, (2) the geometric, and (3) the harmonic 
mean between OPi and OP2. In each case find the locus of Q, 

41. Find the locus of the intersection of the tangent to any circle and 
the perpendicular let fall on this tangent from a fixed point on the circle. 

42. A point moves so that the sum of the squares of its distances from 
the sides of a regular polygon is constant. Show that its locus is a circle. 

43. Show that the locus of the poles of tangents to the parabola y'^= iax 
with respect to the circle x^ + y'^= 2ax is the circle 

X^ -j- J/2 — 035^ 

44. A straight line moves so that the product of the perpendiculars on 
it from two fixed points is constant. Prove that the locus of the feet of 
these perpendiculars is a circle, the same for each. 

45. A straight line moves so that the sum of the perpendiculars on it 
from two fixed points is constant. Find the locus of the point midway be- 
tween the feet of these perpendiculars. 

46. O is a fixed point and AP and BQ, are two fixed parallel lines; BOA 
is perpendicular to both and POQ is a right angle. Prove that the locus of 
the foot of the perpendicular drawn from O on PQ is the circle on AB as 
diameter. 

47. Find the locus of a point from which two circles subtend th^ same 
angle. 

48. A, By O, and D are four points in a straight line. Prove that the 
locus of a point P, such that the angles APB and CPD are equal, is a circle. 

49. If two points A and B are harmonic conjugates with respect to C and 
X), the circles on AB and CD as diameters cut orthogonally. 

50. In any circle prove that the perpendicular from any point of it on 
the line joining the points of contact of two tangents is a mean proportional 
between the perpendiculars from the point upon the two tangents. 

51. From any point on one given circle tangents are drawn to another 
given circle. Prove that the locus of the middle point of the chord of con- 
tact is a third circle. 



220 



THE CIRCLE. 



[137. 



52. If ABC is an acute-angled triangle, P any point in the plane, the 
three circular loci, 

PA'^PB^ + PC^ PB^^PC + PA^ PC^ = PA^ -\- PB\ 

will have their radical centre at the centre of the circle circumscribing the 
triangle. 

63. Prove that all circles touching two fixed circles are orthogonal to 
one of two other fixed circles. 

54. If fif = and 8^=0 are the equations of two circles whose radii are r 
and r^, then the circles 

r r^ 

will intersect at right angles. 

55. If two circles cut orthogonally, prove that an indefinite number of 
pairs of points can be found on their common diameter such that either 
point has the same polar with respect to one circle that the other has with 
respect to the other. Also show that the distance between such pairs of 
points subtends a right angle at one of the points of intersection of the two 
circles. 

56. Show that the equation of the orthogonal circle of three given cir« 
cles is 
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= 0. 



57. If AB is a diameter of a given circle, the polar of A with respect to 
any circle which cuts the given circle orthogonally will pass through B, 

58. From the preceding example, considering the orthogonal circle of 
three given circles as the locus of a point such that its polars with respect 
to the circles meet in a point, prove that the equation of the circle orthog- 
onal to each of three circles is 

^ + 9u y+fu 9i^+fiy + oi =0. 

X + 92t y+f2, 9^+M + C2 

X + 9Z9 y+fs, 9sX+f^ + C3 
Show that this equation is the same as that given in Ex. 56. 



CHAPTER X. 

THE ELLIPSE AND HYPERBOLA. 

138. Standard equations of the tangent, polar, and normal to the 
ellipse and hyperbola. 

It has been shown in § 120 and § 121* that, if the axes of the 
curve are taken as coordinate axes, the equations of the central 
eonics may be written in the standard form 

— -+--^ = lt (l^ 

a^ V ' ^^ 

Then the coordinates of the foci are (± oe, 0) ; the equations 
of the directrices are ic = dz — ; the length of the latus rectuin is 

Hi';ande = KZlZ. 
a a 

For equation (1) formula (6), §111, gives 

a'- V - ^- ^^^ 

Equation. (2) is the equation of the polar (§ 113) of the point 
(a?', y) with respect to the central conic (1), which polar is a 
tangent at the point (aj', y') when (aj', j/) is on the conic. 

The equation of the normal at any point (a/, tf) on the conic 

^^^'' y-'ii^-^'-^i.x-^), [(2), §85] 

l^^y^. (3) 

Ex. 1. Find the equations of the central conies when the origin is at 
either focus; at either vertex; at the point (Ji, fc), the coordinate axes 
being parallel to the axes of the conic. 

Ex. 2. What relation does the line (3) have to the conic when {x\ y') 
is not on the curve ? 

•These sections should now be'carefully reviewed. 

t We shall use this form of the equation, although the simpler form ax^ + bifi = l is 
sometimes more convenient. When the double sign ± or =f is prefixed to b^, the upper sign 
holds for the ellipse and the lower for the hyperbola. All results are true for both curves 
unless the contrary is expressly stated. Furthermore, results for the ellipse include 
those for the circle as the special case when a^h. 
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139. To find the equation of the tangent to the conic 






(1) 



in terms of its slope m. 
Assume the equation of the tangent to be 

yz=zmX'\-C, (2) 

where m is known, and c is to he determined so that (1) and (2) 
shall intersect in two coincident points (§ 78). 
Eliminating y between (1) and (2) gives 



a? (mx + c)' 



T± ' J ' = ^> 



or x\aW ±: ¥) + 2a'(mx + aXe" qp V) = 0. (3) 

The roots of equation (3) will be equal if 

aXe" :+: b') (aV ± b') = a*cW. 
Whence c^ = aV ± h\ (4) 

That is, the points of intersection of the straight line and the 
conic will coincide if 



c=±l/aW±6l (5) 

Hence the line whose equation is 



y = mx:^ VaW ± b\ (6) 

will touch the conic (1) for all values of m. 

The double sign before the radical in (6) shows that there are 
two tangents for every value of m ; t. e, there are two tangents to 
a central conic parallel to any given straight line ; and these two 
parallel tangents are equidistant from the center of the conic. 

Ex. 1. Derive equation (6) by the method used in § 125. 

Ex. 2. In a similar manner show that the equation of the normal to (i) 
expressed in terms of its slope is 



y = mx — 



Va" db b'm^' 



Ex. 3. How many normals can be drawn from a given point to a central 
conic? 
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EXAMPLES. 

Find the eccentricity, foci, and latus rectum of each of the following 
conies: 

I. x'' + 2y^=4:. 2. 4x2 — 92/2=36. 
3. ix' + y^=8. 4. Sx^ — y^=9, 

5. 3(ix-iy + ^(y + 2y=l. 6. 3(y-l)^-4(x + 1^= 1. 

Find the equation of an ellipse referred to its axes ' 

7. if the latus rectum is' 6 and the eccentricity ^. 

8. if the latus rectum is 4 and the minor axis is equal to the distance 
between the foci. 

9. Find the equation of the hyperbola whose foci are the points (± 4, 0) 
and whose eccentricity is i/2. 

10. Find the eccentricity and the equation of the ellipse, if the latus 
rectum is equal to half the minor axis. 

II. Find the equation of the hyperbola with eccentricity 2 which passes 
through (—4, 6). 

12. Find the equation of the ellipse passing through the points ( — 2, 2) 
and (3, — 1); also the equation of the hyperbola through (1, — 3) and 
(2,4). 

Through how many points can a central conic be made to pass if its axes 
are given? Why? 

13. Find the eccentricity and the equation of a central conic if the foci 
lie midway between the centre and the vertices; if the vertices lie midway 
between the centre and the foci. 

14. Show that the tangents at the ends of either axis of a central conic 
are parallel to the other axis ; and also that tangents at the ends of any 
chord through the centre are parallel. 

15. Find the equations of the tangents and normals at the ends of the 
latera recta. Where do they meet the x-axis? One Ans. y-\-ex = a, 

16. Show that the line y = 2x — y'J touches the conic 

3x2 — 62/2=1. 

17. Find the equations of the tangents to the ellipse x^ + 42/^ = 16 which 
make angles of 45° and 60° with the x-axis. 

18. Show that the directrix is the polar of the focus. 

19. If the slope of a moving line remains constant, the locus of its pole 
with respect to a central conic is a straight line through the centre of the 
conic. 
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20. Show that the minor axis is a mean proportional between the major 
axis and the latus rectum. 

21. Show that the ellipse is concave towards both axes, while the hyper- 
bola is concave only towards its transverse axis 

22. Show that the line Ix + my = n will touch 

-'±?' = 1 if aH^±:b^m^ = n\ 
a^ b^ 

The line x cos a-^y sin a=p will touch the same curves if 

a^ cos* adzb^ sin'* a=p^, 

23. Show that the point (xi, yi) is inside, on, or outside the ellipse 

a^^b^ 
according as 

$-+^-l<, =. or>0. 



24. Show that the point (xi, y{) is inside, on, or outside the hyperbola 
according as 






^-^.— 1>, =, or <0. 

25. Are the points (3, f ), ( — |, — V^)y (5, — 2) inside or outside of the 
curves Sx^zh 92/2 = 50? 

26. Find the equations and the coordinates of the points of contact of 
tangents to b^s? ± a^y^ = aW which make equal intercepts on the axes. 

27. If the normal at the end of the latus rectum of an ellipse passes 
through the extremity of the minor axis, show that the eccentricity is given 
by the equation e^-{-e^ = i. Find the corresponding equation for the 
hyperbola and interpret the result. 

28. If any ordinate MP of a central conic is produced to meet the tan- 
gent git the end of the latus rectum through the focus F in Q, show that 
FP = MQ, 

29. Find the product of the segments into which a focal chord of a cen- 
tral conic is divided by the focus. 

30. Two tangents can be drawn to a central conic from any point, which 
will be real, coincident, or imaginary according as the point is outside, on, 
or inside the conic. Thus determine which is the inside of a hyperbola. 
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140. Conjugate Hyperbolas. 

The two hyperbolas whose 
equations ai e 






»nd ^-^ = -1, ] 



or 



b' a' " ^' 



(1) 



(2) 



are so related that the transverse 
axis of the one is the conjugate 
axis of the other. 

The two hyperbolas are then 
said to be be oODJUgate to one 
another. 




Vb'+i 



The eccentricity of the Conjugate Hyperbola^ is ei = 
the coordinates of its foci are (0, ±6ei); the equations of its 
directrices are y = ±: — ; and its latus rectum is -z-. 

Ci 

When a = 6 equations (1) and (2) become, respectively, 



and 



— ai?=a\] 



y" 



(3) 



Hence if a hyperbola is equilateral or rectangular [§ 121, (15)], 
its conjugate is also rectangular. 

Two conjugate hyperbolas are not, in general, similar (§ 116), 
t. e. of the same shape, but two conjugate rectangular hyperbolas 
are similar and equal. 

* The hyperbola (2) is usually called the Conjugate Hyperbola^ while (1) is called the 
Originalt QT Primary Hyperbola. It is to be noticed that the equation of the conjugate 
hsrperbola is found by changing the sign of one member of the equation of the primary 
hjrperbola.^ Likewise th& equation of the conjugate ellipse is found to be 

Henoe the conjugate of an ellipse is imaginary. 

The student should compare the results giVen above with the conjugate properties 
discussed in § 116. 

16 
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141. To find the locus of the point of interaection of two perpen- 
dicular tangents to the conic 

The equation of any tangent to (1) may be written (§ 139) 



y = mx + VaW zL b\ (2) 

If this line (2) passes through (oti, i/,), we shall have 
t/i= mxi + V^aV ±z b'\ 
which when rationalized becomes 

(x,'—a')m' - 2x,y,m +(y,' ip 6^ = 0. (3) 

This equation is a quadratic in m whose two roots are the slopes 
of the two tangents which pass through the point (xi, t/i), whose 
locus is required. 

Let vfii and m^ be the two roots of (3) ; then (§91) 






The two tangents will be at right angles if niim^ = — 1 (§ 48) ; 
1. e. if 

or x,'+y,'=a'ztb\ (4) 

The required locus is, therefore, the circle 

a^+f = a'±b\ (5) 

which is called the Director Circle of the conic. 

CoR. I. If a <iby the director circle of a hyperbola is imaginary. 

Hence one of the director circles of two conjugate hyperbolas is always 

imaginary. „. 

x^ ?/ 
CoR. II. The director circle of the ellipse ' g + -4t =^ 1 passes 

x? iP 
through the foci of the hyperbolas —^ — -rr = =t 1, O'^d vice versa. 

What does this mean when a = 6? 
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142. Auxiliary Oirde, and Eccentric Angle. 

I. The circle described on the major axis of an ellipse as 
diameter is called the Auxiliary Circle. 




If the equation of the ellipse is 



a^ "•■ V 



h 



(1) 



the equation of the auxiliary circle will be 

x^ + y' = a\ (2) 

If the ordinate NP of any point P on the ellipse is produced 
to meet the auxiliary circle in Q, then P and Q are called Oorre- 
sponding Points. 

Let PCrCi, 2/i) and §(a?i, 1/2) be any two corresponding points; 
then, since these points are on (1) and (2), respectively, 







y^ 


---Va^-x?, 


(3) 


and 


- ) a'—x^^. 


(4) 






••• 


J/i__^ 
2/2 a* 


(5) 


That is, 
ratio. 


the ordinates of 


corresponding points 


are in a constant 


Ex. 


Show that the area of the ellipse is nab. 
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The angle XOQ is called the Eccentric Angle of the point P. 
It will be denoted by ^. 

Then the coordinates of the point Q are 

Xi = a cos ^, 2/2 = a sin <f. 

Since y^=i — y^=zb sin ^p, the coordinates of F aro 

Xi=acoB^f t/i=6sin^. (6) 

II. The circle described on the transverse axis of a hyperbola 
as diameter may be called the Auxiliary Circle * of the hyperbola. 




Let P{Xy y) be any point on the hyperbola and NP its ordi- 
nate. Draw NQ tangent to the auxiliary circle at Q, so that P 
and Q are on the same side of the transverse axis when Pis on 
the right branch, and on opposite sides when P is on the left 
l)ranch of the curve. Then, as P describes the complete hyper- 
bola in the direction indicated by the arrows, Q will move con- 
secutively around the circle in the direction indicated. Thus, for 
«very position of P on the hyperbola, there is one and only one 
<5orresponding position of Q on the circle. 

Hence P and Q may be called Corresponding Points, and the 
^ngle XOQ= <p may be called the Eccentric Angle * of the point P. 

♦The terms "Auxiliary Circle" and " Eccentric Angle " are not generally used with 
reference to the hyperbola, but are here employed In order to express the ooordinates of 
any point on the curve in terms of a single variable 0. 
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Let the equation of the hyperbola be 



b' 



-^ = 1. . (7) 



Then ON=x = aBec <p, (8) 

which substituted in (7) gives 

y = b tan ^, (9) 

That is, P is the point (a sec ^p, b tan ^). 

Similarly, qc!^ + y^ = b^ is the auxiliary circle of the conjugate 
hyperbola, and (a tan <p, b sec ^) is any point on the curve if <p 
is measured clockwise from the positive end of the ^/-axis; if f* is 
measured from the a;-axis the point is (a cot <p, b esc ^). 

143. To find the equation of the straight line joining two points on 
a conic whose eccentric angles are if and if' , 

If the conic is an ellipse, the points are (§ 142) 

(a cos ^, b sin ^) and (a cos <p\ b sin ^'). 

The equation of the line through these points is [(3), § 47] 

X — a cos ip _ y — b sin <p 
a cos <p — a cos <p' ^ b sin <p — 6 sin ^'' 

Since cos^ — cos <p'= — 2 sin J(^ + 9') sin ^{<p — <p') 

and sin <p — sin f''= 2 cos ^(^ + <p') sin ^{<p — ^'), 

equation (1) reduces to 

— 2 8mK?' + ?'')' 2cosi(y4-/) 

.-. ^cosKf + /) + 1 sin K? + ¥>')= cos Ki^ — f'), (3) 

which is the required equation. 

In like manner the equation of the line joining the points 
(o sec <p, 6 tan ?>) and (o sec <f', h tan ?>') on the hyperbola can 
be shown to be 

^ cos J(?> - /) — I sin iC^r + /) = cos \{v + <P')- (4) 



(1) 
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To find the equation of the tangent at the point s^, we put 
Sp' = s^ in equations (3) and (4), and we obtain for th6 ellipse 

- cos sp + f sin ^ = 1, (5) 

a 

and for the hyperbola 

- sec ^ — Y^ tan ^ = 1, (6) 

a 

From equation (3) we see that if the sum of the eccentric angles 
of two points on an ellipse is constant and equal to 2a, the equa- 
tion of the line joining them is 

— cos a + ^ sin a = cos ^{ip — ^'). (7) 
Hence the chord is always parallel to the tangent 

X V 

- cos a + f- sin a = 1. (8) 

a 

Conversely, in a system of parallel chords of an ellipse, the sum 
of the eccentric angles of the extremities of any chord is constant. 

Similarly from equation (4) we see that if the sum of the ec- 
centric angles of two points on a hyperbola is constant and equal 
to 2a, the equation of the chord through these points is 

X tJ 

— cos i{<p — ^') — J- sin a = cos o, (9) 
and therefore the chord, and the tangent at the point a, viz. , 

X ti 

^ sin^a = cos a (10) 

a 

always meet the t/-axis in the same fixed point. 

1 44. To find the equation of the normal at any point in terms of the 
eccentric angle of the point. 

Let (a cos ^, 6 sin ^) (§ 142) be any point on the ellipse; then 

the slope of the tangent at the point ^ is ; . [§ 143,(5).] 
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Hence the equation of the normal at ^ is [(2), § 85] 

, . a sin ^ , . _. 

y — 6 sin ^ = T (x — a cos fp), (1) 

^ 6 cos sp 

or ^-^— = d? — h\ (2) 

cos <p sm ^ ^ ^ 

Similarly we find the equation of the normal to the hyperbola 
at- the point (a sec ^, h tan ^) to be 

_a^ 62L=„.+ 6.. (3) 

sec ^ tan <p 

EXAMPLES. 

i. Show that the equation of the locus of the foot of the perpendicular 
from the centre of a conic on a tangent is p^ = a^ cos^ Ozth sin^ 8, (See 
Ex. 22, p. 224.) 

2. An ellipse slides between two perpendicular lines; show that the 
locus of the centre is a circle. (§ 141.) 

3. Show that, for all values of 5, tangents to the ellipse 2 + i^i = ^ 21^ 

points having the same abscissa meet the a;- axis in the same point. Hence 
fihow how a tangent can be drawn to an ellipse from any point on the a;-axis. 

4. Two tangents are drawn to a conic from any point on the auxiliary 
circle ; prove that the sum of the squares of the chords which the auxiliary- 
circle intercepts on them is equal to the square of the line joining the foci. 
(See (9), § 145.) 

5. If the points Q and Q^ are taken on the minor axis of a conic such 
that QO—OQ'= OF, where is the centre and i^a focus, show that the 
sum of the squares of the perpendiculars from Q and Q^ on any tangent to 
the conic is constant. 

6. If p is the length of the perpendicular from the centre on the chord 

joining^the extremities of two perpendicular diameters of an ellipse, show 

that 

_ ab 

/ 1, A line is drawn through the centre of a conic parallel to the focal ) 
r radius of a point P and meeting the tangent at Pin Q, Find the locus of (i»J 

8. From one focus of an ellipse a perpendicular is drawn to any tangent 
and produced to an equal distance on the other side. Show that its ter- 
minus Q is in the straight line through the other focus and the point of 
tangency. Also find the locus of Q. 
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9. Show that the locus of the point of interseotion of tangents to an 
ellipse at two points whose eccentric angles differ by a constant is an ellipse. 

[If the tangents at ^ + a and ^ — a meet at (x% y^), then — = cos ^ sec a, 

^ = sin sec a. Eliminate ^ for the locus.] 
What is the corresponding theorem for the hyperbola ? 

10. The point P(— 3, — 1) is on the ellipse x» +3/ = 12; find the cor- 
responding point on the auxiliary circle, and also find the eccentric angle 
of P. 

11. The polar of a point P with respect to an ellipse cuts the minor axis 
in A ; and the perpendicular from P to its polar cuts the polar in jB and the 
minor axis inC Show that the circle through A, B, and C will pass 
through the foci. 

[Prove AO'OC = F^O • OF, where O is the centre. J 

12. Prove that the circle on any focal radius as diameter touches the 
auxiliary circle. 

13. Prove that the line Ix + my + n = is normal to 

i I M "~ *» " 12 I 



^2 I 52 *» J2 I ^2 ^2 ' 

[Compare lx + my + n = with -^ — -^ = a^ — hK (See § 63. )] 

14. Prove that a circle can be drawn through the foci of a hyperbola 
and the points in which any tangent meets the tangents at the vertices. 

15. The perpendicular from the focus of an ellipse upon any tangent 
and the line joining the centre to the point of contact meet on the corre- 
sponding directrix. 

16. If Q is the point on the auxiliary circle corresponding to the point 
P on the ellipse, the normals at P and Q will meet on the circle 

x'^ + y^ = (a + hy, 

17. Prove that the focal radius of any point on a central conic and the 
perpendicular from the centre on the tangent at that point meet on a circle 
whose centre is the focus and whose radius is the semi-major axis. 

18. If P^x^, y^) is a point on an ellipse, prove that the angle between 

52 
the tangent at P and the focal radius of P is tan-^ ;. 

19. If Q is the point on the auxiliary circle corresponding to the point 
P on the ellipse, show that the perpendicular distances of the foci F, F'^ 
from the tangent at Q are equal to FP and F^P respectively. 
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20. If a polar with respect to a central conic touches the circle 
05* + 2/'^ = h^, what is the locus of the pole ? 

21. Show that the polar of any point on either of the curves 

a' - b'' 
with respect to the other touches the first curve. 

22. The polar of any point P on either of the curves 

a^ b^ -^ 
with respect to the other touches the first curve at the opposite extremity 
of the diameter through P. 

23. The polars of any point with respect to the two conies 

o2 52 =t J 
are parallel and equidistant from the centre, 

24. The product of the focal radii of any point on a rectangular hyper- 
bola is equal to the square of the distance from the centre to that point. 

25. The distance of any point Q from the centre of a rectangular hyper- 
bola varies inversely as the perpendicular from the centre upon the polar 

of e. 

26. If the normal at any point P of a rectangular hyperbola meets the 
axes in N and JV^, and O is the centre, then PN= PN^ = OP, 

27. Chords are drawn through the end of an axis of an elhpse. Find 
the locus of their middle points. 

28. Find the locus of the pole of a chord of 

a" - 52 ^> 

which subtends a right angle (1) at the centre, (2) at the vertex, and 
(3) at the focus of the curve. 

29. Show that the area of a triangle inscribed in an ellipse is 

Ja6[sin (a — /?) + sin (/? — y) + sin (7 — a)], 

where a, /3, > are the eccentric angles of the vertices. 

Prove also that its area is to the area of the triangle formed by the cor- 
responding points on the auxiliary circle as &:a; and hence its area is a 
maximum when the latter is equilateral; i. e. when 



a^ 1 = , 



Y^a: 



30. If P is a point on the director circle of an ellipse, and the centre, 
the product of the distances of O and P from the polar of P with respect 
to the ellipse is constant. 
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145. Ghiymetrie properties of the ellipse and hyperbola. 



[146. 




Let the tangent at P(x', i/) meet the axes in Tend T; let the 
normal at P meet the axes in N and JV^'; let BF be the ordinate 
of P and P, F' the foci of the conic. 

Draw FG^ F'G', and OiT perpendicular to the tangent FT, 



Then OT'- 



or= 



±b' 



Subtangent — BT = 



X' 



ON 



e\x" 



0N' = 



6- 



i2/' 



[(2), § 138.] 



[(3), §138.] 



e' — 1' 

.-. Subnormal = NR = (1 — e^)x'. 
OK-NP =FG-F'G':^± b\ 
ON- OT=a-e- = OF\ 

PN-PN'= FP-F'P=±ia'—e''x"). (§§120-1.) 
F' G and FO' bisect PN. 
The locus of the points G and Q' is the circle 

a;^+ if= a\ [Use (6), § 139.] 

F'N F'0+ ON _ae + eV _a + ex' 

NF 



(1) 

(2) 

(3) 

(4) 
(5) 
(6) 
(7) 
(8) 

(9) 



OF — ON ae — eV a — ex' 

F'N _ F'F 
•'• NF~diFF' 



(§§120-1.) (10) 
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Therefore the tangent and the normal bisect the angles between 
the focal radii FP and F'P, 




Hence, if an ellipse and a hyperbola have the same foci, the 
tangent and the normal to one of the curves at any one of their 
four common points are, respectively, the normal and the tangent 
to the other. That is, the two conies intersect orthogonally. 

Conies having the same foci are called Oonfocal Conies. 

Ex. 1. Explain what would happen if u light were placed at one focus of 
an ellipse ; a hyperbola. 

Ex. 2. What is the Umit of ON, 0N% and NR as x'= a? as x'= 0? 

Ex. 3. Show that equations ( 1 ) , (3) , and OK • NP = b^ are also true when 
P is any point, TT^ the polar of P, and PN is perpendicular to TT^, 



Ex. 4. Show that the equation 

X' 



r 



= 1 



a2 + x^62 + A 

represents a system of confocal conies, where A is the arbitrary parameter; 
prove analytically that confocal conies intersect at right angles. 
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146. Def. An Asymptote* is a line which meets a carve 
in two points at infinity, but which is itself not altogether at in- 
finity. 

To find the asymptotes of the hyperbola 

As in § 139, the abscissas of the points where the lioe 

y = mx + c (2) 

meets the hyperbola are given by the equation 

a^(^aW—b')-\- 2a'<mix + a\(? + W) = 0. (3) 

If the line (2) is an asymptote, both roots of equation (3) 
must be infinite. Hence the coefficients of a? and x must both 
be zero (§ 98, III. ). That is, 

a?cm = 0, and a V — 6' = 0. 

/. c = 0,. and m=±-. (4) 

a 

Substituting these values in (2), we have for the required 
equations of the asymptotes 

y=±-x, (5) 

or expressed in one equation (§ 63) 

Therefore the hyperbola has two asymptotes, both passing 
through the centre and equally inclined to the transverse axis. 

The equations of the asymptotes to a hyperbola can also be 
found by considering them the limiting positions of the tangent 
as the point of contact moves off to infinity. 

The equation of the tangent to (1) at {of, y') is 

* See note under § 116. 
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Since the point (x', y') is on the conic (1), we have 

Hence equation (7) may be written 

a" ah \ x' od 

If now the point of contact (a;', i/') moves off to infinity, so that 
xc'= 00, the limiting position of the line (8) is given by the. 
^nation 

which is the same as equation (5) above. 

CoR. I. Two conjugate hyperbolas have the same asymptotes, which 
ere the diagonals of the rectangle formed by the tangents at their vertices. 

Cor. II. A straight line parallel to an asymptote will meet the conic 
in one point at infinity. 

For, if c is not zero, only one root of (3) is infinite. 

Cor. III. The line y = mx vnll cut the hyperbola in real or imagi- 
nary points according as w < or > — . It will meet either the hyperbola 
or its conjugate in real points for all values of m. 

CoR. IV. The asymptotes of an ellipse are imaginary. 
For, if we change the sign of 6^, the values of m for infinite 
roots in (3) become imaginary. 

It is to be noticed that the equations of two conjugate hyper- 
bolas and the equation of their common asymptotes, viz. , 

-2 — r2==±l and -3 — r2==0, 
a^ b^ (t b^ 

differ only in their constant terms. Moreover, this must always 
be true ; for any transformation of coordinates will affect the first 
members of these equations in precisely the same way. Hence 
the new equations will differ only in their constant terms (not 
usually by unity) ; and the value of the constant in the equation 
of the asymptotes will be equal to half the sum of the constants 
in the equations of the two hyperbolas. ( Cf. § 1 17.) 
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147. Similar and Coaxial Clonics. 

Since a]/''£'and frj/JTare the semi-axes of the ellipse 

i+i=^> (1) 

its eccentricity is given by the equation 



a\/K a \o / 

That is, the eccentricity of (1) is the same as the eccentricity 
of the ellipse represented by the standard equation 

Therefore the two ellipses (1) and (2) are similar (§ 116) 
whatever value may be assigned to K. 

Conies having their axes on the same lines are said to be Coaxial. 

Hence if IT is an arbitrary parameter, (1) will represent an in- 
finite system of similar and coaxial ellipses. 

For any particular value of K the equations 

^-^=±^ (3) 

represent a pair of conjugate hyperbolas (§ 140). 

If, however, ^is arbitrary, equations (3) will give (as in the 
case of the ellipse) a system of similar and coaxial hyperbolas, 
together with their corresponding conjugate hyperbolas, which 
are also similar. It follows from § 146 that these two infinite 
systems of hyperbolas all have the same asymptotes. Moreover, 
the asymptotes are the limit which both systems approach as K 
becomes zero. Thus two intersecting lines are not only one of a 
bystem of similar and coaxial hyperbolas, but may also be re- 
garded as a pair of self-conjugate hyperbolas. 

It is also to be noticed that although both axes of two inter- 
secting lines are zero, their ratio in the limit is the tangent of 
half the angle between the lines. 

Cob. The axes of similar conies are proportional. 
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148, TojiTid the locus of the middle points of a system of parallel 
chords of a central conic. 




I. Let AB be any one of a system of parallel chords of the 
ellipse 



(1) 



a' ~^ b' 

Let P(ic', y^) he the middle point of AB, and y its inclination 
to the ic-axis. 

Then the equation of AB may be written [§ 46, (4)] 

X — x' y — y' 

cos }' sin ^ ' 

or x = x^+r cos /j 2/ ^ ^ + ^ sin r, (2) 

where r is the distance from (a;', t/') to any point (a;, y) on the 
line. 

If the point (x, y) is on the ellipse, these values (2) may be 
substituted in equation (1) ; this gives 

(a^^+rcosr)' , (y' + r sin rY ^^ 



or 



/ cosV , sin^ r \^ J x'co^r , y' sin r \ 



The values of r found by solving this quadratic equation are 
the lengths of the lines PA and PB, which can be drawn from P 
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along AB to the ellipse. Since P is the middle point of the chord, 
these two values of r mast be eqiuU in magnitude and opposite in 
sign; i. e. the sum of the roots of (3) must be zero. Hence (§ 91) 

a;^cosr , y'sinr ,,^ ... 

a^ -1 feS— — ^- K^) 

The required locus is, therefore, the straight line 

y = —-^cotr'x. (5) 

Hence every diameter (§ 126) of an ellipse passes through ttie 
centre. 

CoR. I. All chords intercepted on the same line, or on a series oj 
parallel lines, by a system of similar and coaxial ellipses are bisected by 
the same diameter. 

Since equation (6) is independent of K, the locus of P is the 
same whatever value may be given to iT in (1). (§ 147.) 

CoR. II. If a straight line meets each of two similar and coaxial 
ellipses in two real points^ the two portions of the line intercepted between 
them are equal; i, e. A'A = BB'. 

Cor. III. Chords of an ellipse which are tangent to a similar and 
coaxial ellipse are bisected at the point of contact 

Cor. IV. The tangent at either extremity of any diameter is parallel 
to the chords bisected by that diameter, 

II. In like manner, if y is the inclination to the ic-axis of a 
system of parallel chords of the hyperbolas 

we find the locus of the middle points of the chords to be the 

straight line 

b'' 
y = -^cotr'x, (7) 

i« 

for all values of K, including the ease K=0. 

Hence all diameters of a hyperbola pass through the centre. 

The preceding corollaries apply also to similar and coaxial 
hyperbolas. 
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Cor. V. Chords interGepted on the same line, or on a system of jpar- 
allel lines ^ by two conjugate hyperbolas , and their asymptotes, are bisected 
by the same diameter, 

CJoR. VI. If a straight line meets each of two conjugate hyperbolas 
in real points, the two portions of the line intercepted between the curves 
are equal. The portions intercepted between either hyperbola and the 
asymptotes are also equal; i, e, A"A = BB" and A'A=BB'. Hence 
the part of a tangent to a hyperbola included between the two branches of 
its conjugate, and also the part included between its asymptotes, are bi- 
sected ai the point of contact, 

Ex. 1. Find the locus of the middle points of chords of the ellipse 

4x^ + 9^2 = 36 
parallel to 3a; — 2^/ = 1. 

Ex. 2. Find the equation of the chord of the hyperbola 
25x2 — 16y2 = 400 
which is bisected at the point (5, — 3). 

Ex. 3. Find the equation of the chord of the ellipse 4x'^ + %* = 32 which 
is bisected at the point ( — 2, 1). 
17 
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Conjugate Diameters. 

149. We have seen in § 148 that all diameters of a central 
conic pass through the centre. Conversely, every chord which passes 
through the centre is a diameter^ i. e. bisects some system of parallel 
chords. For, by giving y a suitable value, equations (5) and (7) 
of § 148 may be made to represent any chord through the centre. 

If / is the inclination to the x-sbxis of the diameter which bi- 
sects all chords whose inclination is ^, we have, from (5) and (7) 
of § 148, 

tan /==F -.cot Yj 
a 

or tan y tan /^'^ =h -j. (1) 

Let y =mx and y =m^x be any two diameters. 
Then, if the first bisects all chords parallel to the second, we 
have from (1) 

mm'=^^,. (2) 

Since this is the only condition that must hold in order that 
the second may bisect all chords parallel to the first, it follows 
that, if one diameter of a conic bisects all chords parallel to a second, the 
second diameter will also bisect all chords parallel to the first. 

Def. Two diameters, so related that each bisects every chord 
parallel to the other, are called Conjugate Diameters.* 
For example, the axes are a pair of conjugate diameters. 

From equation (2) we see that the slopes of two conjugate 
diameters of an ellipse have opposite signs, whereas in the hyper- 
bola the signs are the same, (See figures under § 148. ) 

If m < — , then m' >-, numerically. 

Hence conjugate diameters of an ellipse are separated by the 
axes, and also by the lines ay = ±:bx; while conjugate diameters 
of a hyperbola are separated by the asymptotes, but not by the 
axes. 

* It is evident that none but central cx)nlc8 can have conjugate dlameterB, since in the 
parabola all diameters have the same direction (§ 126) . 
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If m = -, then m'= in the ellipse. 

The two diameters are then equally inclined to the major axis, 
and, from the symmetry of the curve, the two diameters are equal 
in length. The equations of the equal conjiLgate diameters oi an 
ellipse are, therefore, 

y = ±^x. (3) 

If m = ± -, then in the hyperbola m'= ± -, respectively. 

Therefore equi-con jugate diameters of a hyperbola coincide 
with an asymptote, so that an asymptote may be regarded as a self- 
conjugate diameter. 

The equi-con jugate diameters of a conic, therefore, in all cases 
coincide in direction with the diagonals of the rectangle formed 
by tangents at the ends of its axes. 

Cor. I. If two diameters are conjugate with respect to one of two con- 
jugate hyperbolas, they will he conjugate with respect to the other also, 
[(6) and (7), § 148.] 

Cor. II. One of two conjugate diameters oj a hyperbola meets the 
curve in real points, and the other meets the conjugate hyperbola in real 
points, (Cor. III., § 146.) 

For this reason we will call the extremities of any diameter of 
a hyperbola the points in which it cuts either the primary or the 
conjugate hyperbola, as the case may be; and the length of the 
diameter will be the distance between these points. 

Cor. III. Tangents at the ends of any diameter are parallel to the 
conjugate diameter. 

Ex. 1. Write down the equations of the diameters conjugate to 
X — 2/ = 0, x + 2/=:0, hy = cue, ay — hx, 

Ex. 2. In the ellipse 2x'^ + 4^^ = 8, find two conjugate diameters, one 
of -which bisects the chord x-{-2y = 2. 

Ex. 3. Find the equation of the diameter of the hyperbola 

16aj2 — 9^2^144 
conjugate tox + 2y = 0. 

Ex. 4. Find two conjugate diameters of the ellipse ix^ + 25x^ = 100, one 
of which passes through the point (3,-1). 

Ex. 5. Find the equation of the chord of the hyperbola x^ — y^ = 16, 
whose middle point is ( — 2, 3). 
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160. Oiven the extremity of any diameter , to find the extremities of 
the conjugate diameter. 




I. Let Pi(a?i, ^i), ^2(^2? ^2) be the extremities of two conju- 
gate diameters of an ellipse. 

Then the equations of OPj and OF2 are 



Vi 

OCiO('2 



and 



UC2 



[(1),§149] 



or 



XiOb2 



Mi — n 



(1) 



Let ^1, <P2 be the eccentric angles of P,, Pj, respectively. 

Then £Ci = a cos ^i, yi = ^ ^^^ 9\j 

0-2 = a cos ^2) 2/2 = 6 sin s^j. (§ 142, I. ) 

Substituting these values in (1), we have 

cos <pi cos <p2 + sin ^j sin ^2 = cos (f 1 ^ ^j) = 0. (2 ) 

/. ^^^^2 = 90°. 

That is, the eccentric angles of the extremities of two conju- 
gate diameters of an ellipse differ by a right angle. Hence the 
corresponding diameters OQi, OQ2 of the auxiliary circle are per- 
pendicular to one another. 
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V'2 = sPi±90°, 
sin ^2 = ih cos sPi, cos ^Pj = h^ sin <p^. 
Therefore the extremities of two conjugate diameters of an 
ellipse may be written 

Pi(a cos sPi, h sin v?,) and PjC^F a sin ^i, ±: h cos s^i), ^ 



or 



PiCiCi, t/i) and Pa^H- pj,, =t-a:ij. 



^ (3) 

I 
J • 



\\^^^ 


Y 


-</ 


Y^ 




X 


yW 


V^ i A 


^/^.^ 





II. If Pj, P2 are the extremities of two conjugate diameters 
of a hyperbola, equation (1) becomes 



or 



^1^2 ^i.Va f\ 

a? b' ""• 

Then from § 143, II., and § 149, Cor. II., we also have 
Xi = a sec <Pi, yi = b tan s^i, 
iTg = a tan <P2, 2/2 = ^ sec ^2* 
Substituting these values in (4) gives 

sec (pi tan ^2 — ^^ ^\ sec (p^ = 0, 
sin ^2 sin tp^ 



(4) 



COB SO, COS ¥"2 



COB <p^ COB 5», 

or It — y,. 



= 0. 



(5) 
(6) 
(7) 
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That is, the eccentric angles of the ends of two conjugate 
diameters of a hyperbola are either equal or supplementary. 
Therefore the corresponding diameters OQ^ OQ2 of the auxiliary 
circles are equally inclined to the transverse axes of the two con- 
jugate hyperbolas. 

Since tan ^3 = ±: tan ^i. and sec ^3 = it sec ^^ 

the extremities of any two conjugate diameters of a hjrperbola 
may be expressed in the form 

Pi(asec^i, 6tan^,) and PjCzb atan ^1, ± 6sec s^i), 

b 



or PiCiCi, 2/1) and Pj/ dz ^i/,, ± -a^iV 



(8) 



151. The sum of the squares of two conjugate semi-diameters of an 
ellipse is constant. 

Let the extremities of any two conjugate diameters be 
[§150, (3)] 

Pi(a cos sp, h sin ^) and P2(h= a sin ^, ±:b sin ^), 

Let OF, = a', OP2 = 6', being the centre. 

Then a'^ = a^ cos'^ S^ + 6^ sin^ ^, [(4) , § 7] 

h'^ = G? sin^ <p •\'h^ cos^ <p, 

.-. a'^ + 6'=^ = a^ + 6^ 

1 52. The area of the parallelogram formed by tangents at the ends 
of conjugate diameters of an ellipse is constant. 

Let Pi(a cos ^p, b sin <p) and PjC^ a sin v, ± 6 cos v?) 

be the extremities of any two conjugate diameters, and let ABCD 
be the parallelogram formed by tangents at the ends of these 
diameters. 

Draw PiN perpendicular to OP2 ; then 

Area ABCD = 4:OP2' P,N= 46' • P,N. 

Since OP2 is parallel to the tangent at P, [§ 149, Cor. IIL], the 
equation of OP2 may be written [(5), § 143] 

- cos V? + f sin sp = 0. 
a 
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ab 





.-. Area^jBCZ>-=4a6. 










^ B 








^^ 


=^ 






'C, 


^ 




1\ 


X 


\ 


< 


v' 


/b 


^ 




\^ 









Cob. If angle Pi OP2 =01, then 

P,iVr a6 

sin W = -^ = —pr- 

a' a!h' 



EXAMPLES. 

1. The difference of the squares of two conjugate semi-diameters of a 
hyperbola is constant. 

2. The area of the parallelogram formed by tangents to two conjugate 
hyperbolas at the ends of two conjugate diameters is equal to 4ab. 

3. If w denotes the angle between two conjugate diameters of a hyper- 



bola, then sin w : 



a'h' 



4. Show that the acute angle between two conjugate diameters of an 
ellipse is least when the diameters are equal. 

5. Show that the eccentric angles of the extremities of the equi-con- 
jugate diameters of an ellipse are 45° and 135°. 

6. Conjugate diameters of a rectangular hyperbola are equal, and 
equally inclined to the asymptotes. 

7. Tangents to two conjugate hyperbolas at the extremities of two con- 
jugate diameters meet on the asymptotes. 
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8. The area of the triangle formed by two semi-conjugate diameters 
and the chord joining their ends is constant. 

9. Prove that for all values of m the line 



passes through the extremities of two conjugate diameters of an ellipse. 
What is the corresponding equation for the hyperbola ? 

10. The product of the focal radii of a point P is equal to the square of 
the semi -diameter parallel to the tangent at P. 

11. The locus of the poles of a series of parallel chords is the diameter 
which bisects the chords. Hence the line joining the intersection of two 
tangents to the centre bisects the chord of contact. 

12. Find the equations of two conjugate diameters of the hyperbola 
b^x^ — a^y^ = a^h^j one of which bisects the chord through (0, h) and (ae, 0). 

13. In the hyperbola ix^ — 6y^ = 20 find the equations of two conjugate 
diameters, one of which bisects the chord 2a; + 3y = 6. 

14. If straight lines drawn through any point of an ellipse to the ends 
of any diameter POP^ meet the conjugate diameter Pi OP/ in Q and R, show 
that OQ'OR = OPi\ 

15. Show that the locus of the intersection of the perpendiculars from 
the foci upon a pair of conjugate diameters of an ellipse is a similar con- 
centric ellipse. 

16. Two conjugate diameters of an ellipse are drawn, and their four ex- 
tremities are joined to any point on a given circle whose centre is at the 
centre of the ellipse. Show that the sum of the squares of these four lines 
is constant. 

17. Any tangent to an ellipse meets the director circle in P and Q. 
Prove that OP and OQ are semi-conjugate diameters of the ellipse. 

18. Pi is a point on a branch of a hyperbola, P2 is a point on a branch 
of its conjugate, OPi and OP2 being semi -conjugate diameters. If Pi and 
F2 are the interior foci of these two branches, respectively, show that 

F,F2 - i^iPi = a^b. 

19. Find the equation of the chord passing through the extremities of 
two conjugate diameters. 

20. The lengths of the chords joining the extremities of two conjugate 
diameters of an ellipse are 

Va^+b^±a^e^8m29, 

For what value of are these chords, one a maximum and the other a 
minimum? 
Show that the corresponding result for the hyperbola is 
ae(sec db tan 0). 
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21. If the eccentric angles of two points P, Q on an ellipse are ^i, ^2, 
prove that the area of the parallelogram formed by tangents at the ends of 
diameters through P and Q is 

4ab csc(^i — 02) ; 

and hence show that this area is least when Pand Q are the ends of con- 
jugate diameters. 

22. The sides of a parallelogram circumscribing an ellipse are parallel 
to conjugate diameters ; prove that the product of the perpendiculars from 
two opposite vertices on any tangent is equal to the product of those from 
the other two vertices. 

23. The radius of a circle which touches a hyperbola and its asymptotes 
is equal to that part of the latus rectum intercepted between the curve and 
the asymptotes. 

24. A line parallel to the 2^-azis meets two conjugate hyperbolas and one 
of their asymptotes in P, Q, R, Show that the normals at P, Q, R meet on 
the X-axis. 

25. If a tangeAt drawn at any point Pof the inner of two similar coaxial 
conies meets the outer in the points T aud T^, ^hen any chord of the inner 
through Pis half the algebraic sum of the parallel chords of the outer 
through T and ^^ 

26. Def. The two chords of a central conic which join any point on the 
curve to the extremities of any diameter are called Supplemental Owrda* 

Show that two supplemental chords are parallel to a pair of conjugate 
diameters. 

1 53. To find the equation of a conie referred to a pair of conjugate 
diameters as axes. 

We may assume the required equation to be (§ 67) 

ax' + 2hxy + bif + 2gx + 2fy+c = 0. (1) 

By supposition each axis bisects all chords parallel to the other 
(§ 149). Hence for every value of either x or y the two values 
of the other must be equal in magnitude and opposite in sign. 

Solving (1) for ic and y respectively gives 

ax = -(hy + g)±:X, (2) 

and hy = - (hx +/) ± X'; (3) 

so that for the values of £c to be opposite hy-^-g mast vanish for 
all values of y, while for the values of t/ to be opposite hx +/ must 
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vanish for all values of x. That is, f= g = h = 0, and we have 
aaf + by' + e=0, • (4) 

or JL+JL^1. (5) 

c c "^ 

a b 

Since (a',0) and (0,6') are points on the curve 

a'" = -- and b'' = -~ 
a b 

Therefore the equation of the ellipse referred to conjugate 
diaQieters is 

^+i;=i, (6) 

where a', b' are the lengths of the semi-diameters. 

In the case of the hyperbola, the conic meets xme of the axes in 
imaginary points; let this be the «/-axis. Then the equation is 

^^^ = 1. (7) 

a'' b" ^^ 

The conjugate hyperbola will therefore meet the ic-axis in 
imaginary points (§ 149, Cor. III.)> so that its equation is 

i;-^,=i, (8) 

where a', b' are the real intercepts of the two curves (7) and (8) 
on the axes. 

If the ellipse is referred to its equi-con jugate diameters, so that 
a'= 6', its equation will be 

a^+jf = a'\ (9) 

We thus see that the equation of a conic referred to a pair of 
conjugate diameters is of the same form as when referred to its 
own axes. Moreover, the proofs in § HI, § 113, and § 139 hold 
good whether the axes are rectangular or oblique. Therefore, 
when the equation of the conic is referred to a pair of conjugate 
diameters, the equations of the polar and tangent will be of the 
same/onn as those given in §§ 138, 139. 
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154. To find ike equdtion of a hyperbola when referred to its asymp- 
totes as axes of coordinates. 

The equations of two conjugate hyperbolas referred to their 
own axes are 

^+|-=±i. (1) 

Let io be the angle between the asymptotes such that 

tan 5=^. (§146.) 

(DO u) a 

Then sin-= ' - , cos-= — . (2) 

Since the axes bisect the angles between the asymptotes, the 
formulae for effecting the required transformation are, from (2) 
and Ex. 20, p. 98, 

Substituting these values in (1), reducing and dropping the 
accents, we obtain 

4a:t/=±(a^ + 60, (4) 

which is the required equation. 

If the hyperbola is rectangular, so that a = 6, its equation re- 
ferred to its asymptotes will be 

2xy=±a\ (5) 

Otherwise. The equation of the asymptotes, referred to them- 
selves (M a^es of coordinates, is xy = 0. 

Therefore the equations of any two conjugate hyperbolas re- 
ferred to them is of the form (§ 146) 

xy=±K. (6) 

Hence the equation xy = K, where K is any constant, always 
represents a hyperbola referred to its asymptotes as axes of co- 
ordinates; so that, if the axes of coordinates are at right angles, 
the hyperbola xy=^Ki^ rectangular. 



(3) 
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166. To find the equcUion of the tangent at any point (^ocf, i/) of 
the hyperbola xy = K. 

Since equation (6), § 111, holds good for oblique axes, the re- 
quired equation may be written 

xy' + x'y = 2K, 
X , y 2K 

Since {3cf, y') is on the curve, x^y^=^K, and therefore the 
equation of the tangent at (ic', i/) is 

CoR. The area of the triangle formed by the asymptotes and any 
tangent to a hyperbola is constant. 

From equation (2) we see that the intercepts of any tangent 
on the asymptotes are 2a?' and 2«/'. 

Hence if A denotes the area, we have 

A = 2x'y' sin w. 

2ab 



But 


ain«.=2Bin-cos- = ^-pp, [§154,(2)] 


and 


2x'y = K«' + 6'). [§154; (4)] 




.-. A = ab. 



Ex. 1. Show that the tangent to the interior of any two similar and co- 
axial conies cuts off a constant area from the exterior conic. 

Ex. 2. Show that the equation of the normal to the rectangular hyper- 
bola x^ — y* = a* at the point (x^, t/^) may be written 

!>+!> = 2. (QT. Ex. 22, p. 122.) 

156. The parabola is a limiting form of each of the central conies. 

The equation of the central conic referred to the left vertex as 
origin is found by writing {x — a) for x in the standard equation. 
The equation thus obtained will be 

a'-b' a ^' ^^^ 

or ^'±?^_2a: = 0. (2) 

a b* ^ ^ 
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Let — = Z = half the latus rectum (§ 138), then 

'^±t-2x = 0. (3) 

Now if a becomes infinite, while I remains finite, the equation 
(3) becomes in the limit 

f=±2lx, (4) 

which is the equation of a parabola, whether we use the plus or 
minus sign in the second member. 

Since Z = — , it follows that if I is not zero when a is infinite, b 

must also be infinite. Therefore the parabola is the limiting 

form of the central conic whose latus rectum is finite, but whose 

axes are both infinite, the centre and one focus being at infinity. 

Notice that, although both a and b are infinite, a is infinite 

compared to b, in fact t = j* Thus the vddth of a parabola is 

nothing compared to its length, and we see how coincident or 
parallel lines are limiting cases of parabolas. The shape is the 
same, only the scale has been changed. 

1 57. To find the polar equation of a central conie, the pole being at 
the centre. 

The formulae for chan^ng from rectangular to polar coordinates 

are (§6) 

x = p cos 0, y==P sin 0» 

These values substituted in 









^> 


give 




d1-'^ 


^fy)='. 


or 


P'-- 


±a'b' 


±a'6» 




~~ a^ siii' ± b\cos 


d a'— {a'l^b') co^e 






• P^— 


±b' 




• • P-i- 


-e'cos'e' 


which 


is the 


require^ equation. 
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Examples on Chapter X. 

1. C is the point on the auxiliary circle corresponding to P on the 
ellipse ; PLM is drawn parallel to OC * to meet the axes in L and M, Prove 
that PL = 6 and PM=a. 

2. Show that the sum of the squares of the reciprocals of two perpen- 
dicular diameters of an ellipse is constant. (See § 156.) 

3. If an equilateral triangle is inscribed in an ellipse, the sum of the 
squares of the reciprocals of the diameters parallel to the sides is constant. 

4. Find the inclination to the major axis of the diameter of an ellipse 
the square of whose length is (1) the arithmetical mean, (2) the geometri- 
cal mean, and<3) the harmonical mean between the squares on the major 
and minor axes. (§ 156.) Ans. to (3). 45°. 

5. In a rectangular hyperbola the angles subtended at its vertices by 
any chord parallel to its conjugate axis are supplementary. 

6. In a rectangular hyperbola the angle subtended by any chord at the 
centre is the supplement of the angle between the tangents at the ends of 
the chord. 

7. Any point P of an ellipse is joined to the extremities of the major 
axis; prove that the portion of a directrix intercepted between the joining 
lines subtends a right angle at the corresponding focus. 

8. The normal to the hyperbola bV — a^y^ = a^h^ meets the axes in 
M, Nf and MP and NP are drawn perpendicular to the axes; prove that the 
locus of Pis the similar hyperbola 

aV — b^y^ = (a^ + b^y. 

9. The tangent at any point P of an ellipse meets the tangent at one 
vertex in Q; show that OQ is parallel to the line joining Pto the other 
vertex. 

10. Prove that the foci of the hyperbola 4a;y = a'* + 6* are given by 

a^ + b^ 



x = y = ^ 



2a 



11. Show that two concentric rectangular hyperbolas whose axes meet 
at an angle of 45° cut orthogonally. 

12. A point moves so that the sum of the squares of its distances from 
two intersecting straight lines is constant. Prove that its locus is an 
ellipse, and find the eccentricity in terms of the angle between the lines. 

13. PZVP'' is a double ordinate of an ellipse, and Q is any point on the 
curve; show that if QP and QP^ meet the major axis in M and M^, re- 
spectively, 

OM'OM' = a\ 

* In this set of examples O is always at the centre of the conic. 
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14. A straight line always passes through a fixed point; prove that the 
locus of the middle point of the portion of it, which is intercepted between 
two fixed straight lines, is a hyperbola whose asymptotes are parallel to 
the fixed lines. 

15. A straight line has its extremities on two fixed straight lines and 
cuts off from them a triangle of constant area. Find the locus of the 
middle point of the line. 

16. The tangent to an ellipse at P meets the axes in T, T', and OQ is the 
perpendicular on it from the centre. Prove (1) that TT' ' PQ = a^ — 5% 
and (2) that the least value of TT^ is a + 6. 

17. Show that the four lines which join the foci to two points Pand Q 
on an ellipse all touch a circle whose centre is the pole of PQ. 

18. If the ordinate NP of any point P of any ellipse is produced to Q, so 
that NQ is equal to the subtangent at P, prove that the locus of Q is a 
hyperbola. 

19. The rectangular coordinates of a point are a tan (B -\- a) and 
6 tan (^ + /3), where d is variable; prove that the locus of the point is a, 
hyperbola. 

20. The tangent at any point P of an eHipse meets the equi-conjugate 
diameters in §, Q^\ show that the triangles POQ and POQ^ are in the ratio 
of 0G» : OQ'^. 

21. If in an ellipse OQ is conjugate to the normal at P, then will OP be 
conjugate to the normal at Q, 

22. OA and OB are fixed straight lines, P any point, PM and PN the 
perpendiculars from P on OA and OB. If the area of the quadrilateral 
OMPN is constant, show that by a proper choice of axes the locus of P is 

x^--y^ = KcsGAOB. 

23. A series of circles touches a given straight line at a given point. 
Prove that the locus of the poles of another fixed straight line with regard 
to these circles is a hyperbola whose asymptotes are, respectively, a parallel 
to the first given line and a perpendicular to the second. 

24. A point is such that the perpendicular from the centre on its polar 
with respect to the ellipse is constant and equal to c. Show that its locus 
is the ellipse 

25. If any pair of conjugate diameters of an ellipse cut the tangent at a 
point Pin Tand T% show that TP'PT'= OP'^, where OP^ is the diameter 
conjugate to OP. (§ 153.) 

26. If a number of hyperbolas have the same transverse axis, show that 
tangents at points having a common abscissa meet the x-axis in the same 
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point; and that tan|rents to tne conjugate hyperbolas at points haying the 
same abscissa meet the same axis in a point equally distant from the 
centre. 

27. If the focus of an ellipse is the common focus of two parabolas, 
whose vertices are at the ends of the major axis, these parabolas will inter- 
sect at right angles in points P and Q such that 

28. If P, P' are the extremities of conjugate diameters of an ellipse, and 
FQ, PQ^ are chords parallel to an axis of the ellipse, show that PQ^ and 
P^Q are parallel to the equi-con jugate diameters. 

29. The two straight lines joining the points in which two tangents to 
a hyperbola meet the asymptotes are parallel to the chord of contact of 
the tangents and equidistant from it. (§ 154.) 

30. If through any point P a line PQR is drawn parallel to an asymp- 
tote of a hyperbola, cutting the curve in Q and tha polar of Pin R, show 
that 

PQ=QR. [Use §46, (4).] 

31. Prove that the ends of the latera recta of all ellipses, having a given 
major axis 2a, lie on the parabolas x^ ztay = a^. 

32. The tangent at any point P of a circle meets the tangent at a fixed 
point A in T, and T is joined to J5, the other end of the diameter through -4. 
Prove that the locus of the intersection of -4Pand BTis an ellipse whose 
eccentricity is Ji/2. 

33. Prove that the part of the tangent at any point of a hyperbola in- 
tercepted between the point of contact and the transverse axis is a har- 
monic mean between the lengths of the perpendiculars drawn from the foci 
on the normal at the same point. (See footnote to § 115.) 

34. If a right triangle is inscribed in a rectangular hyperbola, the tan- 
gent at the vertex of the right angle is perpendicular to the hypotenuse. 

35. If P, P' are the extremities of conjugate diameters, and the tangent 
at P cuts the major axis in T, and the tangent at P' cuts the minor axis in 
T^, show that TT^ will be parallel to one of the equi-conjugates. 

36. QQ^ is any chord of an ellipse parallel to one of the equi-conjugates, 
and the tangents at Q, Q^meet in T, Show that the circle QT^^ passes 
through the centre. (§ 153.) 

37. If one axis of a variable central conic is fixed in magnitude and 
position, prove that the locus of the point of contact of a tangent drawn 
from a fixed point on the other axis is a parabola. 

38. Find the coordinates of the points of contact of the common tan- 
gents to the two hyperbolas 

a;2 — y2 = 3a' and xy = 2a\ 
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39. iWP is a double ordinate of an ellipse, and the normal at P meets 
OP^ in Q. Show that the locus of Q is a similar ellipse. 

40. In an ellipse the normal at P meets the major axis in N and the 
minor axis in N\ Show that the loci of the middle points of PN and PN^ 
are, respectiyely, the ellipses 

a'(i + «»)' + ¥= ^' *(aV + ftV; = (a'-6')». 

41. Show that the line y = nwc+2ci/ — m always touches the hyper- 
bola xy = c^, and that its point of contact is 

42. A point P moves along the fixed line y = mx; prove that the locus 
of the foot of the perpendicular from P on its polar with respect to the 
ellipse b^x^ + a^y^ = a^b^ is a rectangular hyperbola, one of whose asymp- 
totes is the diameter of the ellipse conjugate to the given fixed line. 

43. The tangents drawn from a point P to an ellipse make angles 71 and 
72 with the major axis. Find the locus of Pwhen (1) tan yi + tan y2is 
constant, (2) cot 71 -|- cot 72 is constant, and (3) tan /i tan 72 is constant. 

44. The line joining two extremities of any two diameters of an ellipse 
is either parallel or conjugate to the line joining two extremities of their 
conjugate diameters. 

45. A, A' are the vertices of a rectangular hyperbola, and P is any point 
on the curve ; show that the internal and external bisectors of the angle 
APA^ are parallel to the asymptotes. 

46. A^ A' are the ends of a fixed diameter of a circle, and PP is any 
chord perpendicular to AA\ Show that the locus of the intersection of ^P 
and^'P' is a rectangular hyperbola. Show also that the words cxrale and 
rectangular hyperbola can be interchanged. 

47. If P and P are the ends of conjugate diameters of an ellipse, show 

x^ y^ 
that (1) the tangents at Pand P meet on the ellipse -, + ?2 = 2, {2) the 

x^ 1/' 1 
locus of the middle point of PP is -2 + ?2 = s"* ^^nd (3) the locus of the 

foot of the perpendicular from the centre upon PP is 

2ix''+y^y = a^x^ + bY' 

48. A line is drawn parallel to the minor axis of an ellipse midway be- 
tween a focus and the corresponding directrix ; prove that the product of 
the perpendiculars upon it from the ends of any chord passing through 
that focus is constant. 

49. Show that the coordinates of the point of intersection of two tan- 
gents to the hyperbola xy = Kaxe harmonic means between the coordinates 
of the points of contact. (See footnote to § 115.) 

18 
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50. From any point on one hyperbola tangents are drawn to another 
hyperbola which has the same asymptotes. Show that the chord of con^ 
tact cuts off a constant area from the asymptotes. (See Ex. 22, p. 233.) 

51. If the chord joining two points whose eecentric angles are a and ^ 
cuts the major axis of an ellipse at a distance d from the centre, show that 

tan s^ tan ^ = -^—. — . 
2 2 d + a 

52. If any two chords are drawn through two points on the major axis of 

an ellipse equidistant from the centre, show that tan g- tan 5- tan |- tan^- = 1, 

where a, p, y, 6 are the eccentric angles of the ends of the chords. (Use 
Ex. 51.) 

53. If Ff F^ are the foci of an ellipse and any point A is taken on the 
curve and chords AFB, BF^C, CFD, DF^E ... are drawn, and the eccen- 
tric angles of -4, B, C, D . . . are ^1, ^2, ^s, ^4 . . . , prove that 

tan JtanJ = cotJcotJ = taiiJtan^= . . . (Use Ex. 52.) 

54. Show that the locus of the poles with respect to the parabola y^ = iox 
of tangents to the hyperbola x^ — y* = a' is the ellipse ix^+y^ = ^a^. 

55. Show that the locus of the pole, with respect to the auxiliary circle, 
of a tangent to the ellipse is a similar concentric ellipse, whose major axis is 
perpendicular to that of the original ellipse. 

56. Prove that the locus of the pole, with respect to the ellipse, of any 
tangent to the auxiliary circle is the curve 

57. Chords of the ellipse touch the parabola ay^ = — 25*05. Prove that 
the locus of their poles is the parabola ay^ = 2b^x, 

58. Show that the pole of any tangent to the rectangular hyperbola 
xy = c^f with respect to the circle x^ + y^ — ^a^ u^g q^ ^ concentric and 
similarly placed rectangular hyperbola. 

59. Tangents are drawn from any point on the ellipse 5 V + aV = ^'5* 
to the circle x^ + j/^ _ ^2 . prove that the chords of contact are tangents to 
the ellipse a^x^ + IPy'^ = r^. 

If -2 = — 2 + /r2> prove that the lines joining the centre to the points of 
contact with the circle are conjugate diameters of the second ellipse. 

60. Prove that the locus of the pole with respect to the hyperbola 
b^x^ — a^y^ = aV of any tangent to the circle, whose diameter is the line 
joining the foci, is the ellipse 

x'y'_ 1 
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61. In the two ellipses 

g+|: = l and jVf = a + 6 

tangents to the former meet the latter in Pand Q, Prove that the tan- 
gents at P and Q are at right angles to each other. 

62. A tangent to the parabola x^ = iay meets the hyperbola a^ = c^ in 
two points P and Q. Prove that the middle point of PQ lies on a parabola. 

63. From points on the circle x^ + y^ = a^ tangents are drawn to the 
hyperbola x' — y'^ = a2; prove that the locus of the middle points of the 
chords of contact is the curve 

(^x^-y^y=a\x^+y'). 

64. Show that the locus of the poles of normal chords of an ellipse is 
the curve ' 

(a2 — b^yx'^y^ = ay + bhy". 

65. Prove that the locus of the poles of all normal chords of the rect- 
angular hyperbola xy = c^ is the curve 

66. Pf Q are fixed points on an ellipse and R any other point on the 
curve; F,F''are the middle points of PB, QR; and VO, V^O^ are perpen- 
dicular to PR and QR, respectively, and meet the axis in O, O^. Show that 
GG^ is constant. 

67. On the focal radii of any point of an ellipse as diameters two cir- 
cles are described; prove that the eccentric angle of the point is equal to 
the angle which a common tangent to the circles makes with the minoi 
axis. (See Ex. 43, p. 206). 

68. A, A^ are the vertices of an ellipse, and Pany point on the curve; • 
show that, if PN is perpendicular to -4Pand PM perpendicular to A^P,M 
and N being on the axis AA\ then will MN be equal to the latus rectum, 

69. The equation of the line joining tne two points (a^, yi) and (x^, 2^2) 
on the hyperbola xy = c^ is 

»i + a52 ^2/1 + 2/2 

70. Show that the area of the triangle formed by the tangents to an 
ellipse at the points whose eccentric angles are a, /3, y, respectively, is 

a6 tan J(a — j3) tan}(/3 — y) tan JCy — a), 

71. If P, P' are the points of contact of perpendicular tangents to an 
ellipse, and $, Q^are the corresponding points on the auxiliary circle, show 
that OQ and OQ^ are conjugate diameters of the ellipse. 

72. The locus of the point from which can be drawn two straight lines 
at right angles to eax3h other, each of which touches one of the rectang^ar 
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hyperbolas xy=dt<^,ia also the locus of the feet of the perpendiculars 
from the origin on the tangents to the rectangular hyperbolas 

x» — y* = rb4c». 

73. Show that the locus of the intersection of two tangents to an ellipse, 
if the sum of the eccentric angles of the points of contact is equal to the 
constant 2ay is the line ay = bx tan a. 

74. If the difference of the eccentric angles of the points of contact of 
two tangents to an ellipse is 120° , show that the tangents will intersect on 
the ellipse 

a» ^ 6» *• 

75. Show that the locus of the middle points of chords of an ellipse 
which pass through the point (A, k) is 

b'xix — h) + a^y(y — fc) = 0. 

76. A parallelogram is constructed with its sides parallel to the asymp- 
totes of a hyperbola, and one of its diagonals is a chord of t&e hyperbola ; 
show that the other diagonal will pass through the centre. 

77. Two equal circles touch one onother ; find the locus of a point which 
moves so that the sum of the tangents from it to the two circles is constant. 

78. Prove that the sum of the products of the perpendiculars from the 
two extremities of each of two conjugate diameters on any tangent to an 
ellipse is equal to the square of the perpendicular from the centre on that 
tangent. 

79. The straight lines drawn from any point on an equilateral hyperbola 
to the extremities of any diameter are equally inclined to the asymptotes. 

80. - If the product of the perpendiculars from the foci upon the polar of 
P, with respect to the ellipse, is constant and equal to c*, prove that the 
locus of P is the ellipse 

b*x\c^ + aV) + a*cV = a*6*. 

81. Prove that the locus of the middle points of the portions of tangents 
to an ellipse included between the axes is the curve 

82. The locus of the middle points of normal chords of the rectangular 
liyperbola x^ — y^ = a^ is the curve 

{y^ — x^y = ia^ay^y^. 

83. From the centre O of two concentric circles two radii OQ, OR are 
drawn equally inclined to a fixed straight line, the first to the outer circle, 
the second to the inner. Prove that the locus of the middle point P of QR 
is an ellipse, that PQ is the .normal at P to this ellipse, and that QR is, 
equal to the diameter conjugate to OP. 
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84. The locus of the intersection of normals to an ellipse at the ends of 
conjugate diameters is the curve 

2(a2x2 + 6V)' = (a' — h^y<ia^x^ — 6V)«, 

85. If two tang^ents to a conic are at right angles to one another, the 
product of the perpendiculars from the centre and the intersection of the 
tangents on the chord of contact is constant. 

86. A circle intersects a hyperbola in four points. Prove that the prod- 
uct of the distances of the four points of intersection from one asymptote 
is equal to the product of their distances from the other. 

87. Show that if a rectangular hyperbola cuts a circle in four points 
the centre of mean position of the four points is midway between the 
centres of the two curves. (See Ex. 33, p. 17.) 

88. Qiah point on the normal at any point P of an ellipse such that the 
lines OF and OQ make equal angles with the axis of the ellipse. Show 
that FQ varies as the diameter conjugate to OF. 

89. If F is any point on an ellipse and any chord FQ cuts the diameter 
conjugate to OF in R, then will FQ • FB be equal to half the square on the 
diameter parallel to FQ. 

90. Show that the locus of the middle points of all chords of an ellipse 
which are of constant length, 2c, is 

e+s-')S+s)=wS+s- <"•«<'>-»«■> 

91. Tangents at right angles are drawn to an ellipse. Show that the 
locus of the middle point of the chord of contact is the curve 

92. The area of the parallelogram formed by the tangents at the ends 
of any two diameters of an ellipse varies inversely as the area of the par- 
allelogram formed by joining the points of contact. 

93. FOF is a diameter of an ellipse, QOQ^ the corresponding diameter 
of the auxiliary circle, and <{> the eccentric angle of P. Show that the area 
of the parallelogram formed by tangents at P, F, Q, Q' is 

8a^& 

(a — 6) sin 2^' 

94. If from any point R in* the plane of an ellipse the perpendiculars 
R8^ RQ are drawn on the equal conjugate diameters, the diagonal FR of 
the parallelogram FQRB will be perpendicular to the polar of B. 

95. Normals to an ellipse are drawn at the extremities of a chord par- 
allel to one of the equi-conjugate diameters; prove that they intersect on 
a diameter perpendicular to the other equi-conjugate. 
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96. If normals are drawn at the ends of any focal chord of an ellipse, a 
line through their intersection parallel to the major axis will bisect the 
chord. 

97. If circles are described on two semi -conjugate diameters of an 
ellipse as diameters, the locus of their second point of intersection will be 
the curve 

98. Show that the angle which a diameter of an ellipse subtends at 
either end of the major axis is supplementary to that which the conjugate 
diameter subtends at the end of the minor axis. 

99. If d, 6^ are the angles subtended by the major axis of an ellipse at 
the extremities of a pair of conjugate diameters, show that cot* 6 -\- cot^ S^ 
is constant. 

100. If the line joining the foci of an ellipse subtends angles 26, 20^ at 
the ends of a pair of conjugate diameters, show that tan* 6 + tan* 6^ is con- 
stant. 

101. If 6, 6^ are the angles which any two conjugate diameters subtend 
at a fixed point on an ellipse, show that cot* 6 + cot* 6^ is constant. 

102. The normals at three points of an ellipse whose eccentric angles 
are a, p, 7, will meet in a point if 

sin 2a sin (/? — 7) + sin 2fi sin (7 — o) + sin 27 sin (a — /?) = 0. 



CHAPTER XI. 

POLAR EQUATION OP A OONIO, THE POOUS BEING THE 

POLE. 

158. To find the polar equation of a conic, the focus being the pole. 




Let F be the focus, DM the directrix, and e the eccentricity of 
the conic. 

Draw FD perpendicular to the directrix, and let DFX be taken 
for the positive direction of the initial line. 

Let L'FL be the latus rectum, and let 



l = FL=e'DF. 



(1) 



Let P(/o, 0) be any point on the curve, and let PM and PJVbe 
perpendicular, respectively, to i>3f and DX. 
Then we have 

FP=e'MP=e'DN=e'DF+e'FN. ( 2 ) 

Whence p=l + ep coa 0. (3) 

I I 

.•. - = 1 — ecos^, or /t? = -. (4) 

p ' 1— 6C0S<? ^ -^ 

If FD is taken as the positive direction of the initial line and 
S measured clockwise, the equation of the curve is 
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I 

- = 1 + e COS ^. (5) 

P 

If the axis of the conic makes an angle r with the initial line^ 
the equation of the curve will be (§ 68) 

- = 1 — ecos(<? — r). (6) 

If the conic is a parabola, we have 6 = 1^ and the equation may 
then be written 

' ^ =¥<^l (7) 



"^ 1 — cos^ 2sin'i(? 2 2* 

Since DF=—, from (l),the equation of the directrix^ DM, is (§ 44) 
e 

- = — eco&0. (8) 

The equation of the directrix of the conic (6) is 

i= — cos(^ — r). (9) 

The perpendicular distance from the focus (a6, 0) to the asymp- 
tote whose equation iabx — ay = is [(5), § 50J 

ahe 



l/a'+b' 



= b. 



Also the angle which this asymptote makes with the principal 
axis of the conic is 

tan~* - = cos^ ^ = cos^ -. 

The perpendicular on this asymptote from the focus therefore 
makes an angle — + cos~* — . 

Hence, by § 44, the polar equation of the asymptote is 

P sin/ <? — cos-^ -\ = b. (10) 

Similarly, the polar equation of the other asymptote is 

P sin (e + cos-' ^=z — b. (11) 
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169. To trace the curve p 
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1 — e cos 

Since, for any value of 6y cos 0= cos ( — ^), the carve is always 
symmetrical about the initial line [§ 29, (1)]- 




I. Let « = 1, then the curve is a parabola, and the equation 
becomes i 



I 



1 — cos 

As B increases continuovdy from 



When ^ = 0, then jo = - = oo 

to 90°, cos decreases from 1 to 0, and therefore p decreases 
eontiniumsly from infinity to L 

As increases from 90° to 180°, cos decreases from to — 1, 
and therefore p decreases from I to JZ. 

Similarly, as varies from 180° to 270°, p increases from ^l to 
I; and as increases beyond 270°, p continues to increase until 
= 360°, when it again becomes infinite. 

Hence, for increasing, the parabola is described in the direc- 
tion 00 PLAL'P' oo , as shown in the figure, going to infinity in 
the direction FX. 

It is to be noticed that p is always positive, not changing its sign 
when it passes through infinity. 
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II. Let 6 < 1, then the curve is an ellipse. 

B 




At the point A', = and p = , which is positive, since 

e<l. 

As increases from to 90°, cos decreases from 1 to 0, and 

hence p decreases from to L We thus obtain the portion 

A'PBL, 



As increases from 90*^ to 180°, cos decreases from to — 1, 
and therefore p decreases from I to :; — ;—. The curve therefore 



I 



l+e' 



1+6 

cuts the initial line again at some point J., such that FA = 
and we thus obtain the portion LA, 

Similarly, as continues to increase from 180° to 270°, and * 

then to 360°, p increases from - — ; — to L and then to :; , and 

we have the portions AL' and L'B'A'. 



1—6' 



Since p is finite for all values of d when e < 1, the locus is a 
closed curve symmetrical about the initial line. 

III. Let 6 > 1, then the curve is a hyperbola. 

When 0=0, 1 — e cos^ = l — 6 = — (6 — 1). 

Hence /> = z-, which is a negative quantity since e > 1. 

6 ^~~ J. 

The corresponding point is A' in the fiigure. 
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Let increase from to cos"* — = « 1= XFK in the figure. 

e 

Then 1 — e cos increases algebraically from — (e — 1) to — 0. 

, Hence p decreases algebraically from j to — 00 . 

Therefore, as varies from to a, /o is negative and increases 
in magnitude from FA' to infinity. We thus obtain the portion 
of the curve ^'^' Coo. 

If is very slightly greater than a, then cos is just a little 

less than — , so that 1 — e cos is very small and positive, and 
e 

therefore p is very great and positive. 

Hence, as increases through the angle a, the value of p changes 
from — CO to + 00 . 

As increases from a to tt, 1 — e cos increases from to 1 + e, 



and therefore p decreases from co to 
I . I 



I 



Now: 



:<: 



1 + e ^ 1 — e* 
^ = w, is such that FA < FA\ 



1+e 
Hence the point A, which corresponds to 



268 FQLAB EQUATION OF A OONia [159. 

As e mcreases from tt to 27r — a (the reflex angle XFK' in the 
figure), 1 — e cos 9 decreases from 1 + « to 0, since 

cos (2n — a) =COS a = — , 



SO that p increases from - — ; — to co . 

1+6 

Therefore, corresponding to values of between a and 2n — a^ 
we have the portion of the carve oo CBADE co, for which p is 
positive. 

Finally, as increases through the value (29r — a), p changes 
from + 00 to — 00 ; and as B increases from 2it — a to 27r, 
1 — e cos^ decreases algebraicaUy from to 1 — 6, and therefore 

p varies continuously from — oo to — y. Ck>rresponding to 

these values of we have the portion of the curve oo Ely A*-, for 
which p is negative. 

Thus we see that p is always positive for the right branch of 
the curve, and negative for the left branch; and furthermore, 
that as B varies from to 2n, the complete curve is described in 
the order 

A'B'Cao 00 CBADEao ooE'iyA'. 

, The lines i^^and FK' are parallel to the asymptotes, for 

cos a = cos (2n — a) = - : 



e i/a'+ b'' 
/. tan^==— , and tan(27r — a) = . 

Therefore the radius vector is infinite when it is parallel to 
either of the asymptotes. 

If a line FPQ is drawn cutting the curve in two points P and 
Qf which are on different branches, these points must not be re- 
garded as having the same vectorial angle. The radiils vector 
FQ is negative, that is to say, FQ is drawn in the direction oppo- 
site to that which bounds its vectorial angle ; and, therefore, if QF 
be produced to JST, the vectorial angle of Q is XFH, So that, if 
e is the vectorial angle of Q, that of P is (^ + w). 
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160. To find the polar equation of the straight line through two 
given points on a conic, and to find the polar equation of the tangent at 
any point. 

Let P(/Oi, a — p) and Qip^, a + ^5) be the two given points. 
Let the equation of the conic be 

I 

- = 1 — eco8<?. (1) 

P 

If A and B are arbitrary parameters, the equation 

- = ^ cos<? + J5cos(^— a) (2) 

will represent a straight line; for by changing to rectangular co- 
ordinates the result will be found to be of the first degree. 
Moreover, this line can be made to pass through any two points, 
since its equation contains two independent parameters, A and J5.. 
It will pass through P and Q if the values of A and B are so de- 
termined that p will have the same value in (2) as in (1) when 
$z=a — /9, and also when d = a + fi. 

Hence, by substituting (a — /?) and (a + /5) for in (1) and 
(2), we have, for the determination of the proper values of A 
and B, the two identities 

- = i — 6COS(a — /9)=J. COS(a — /9) + J5 COS ^, (3) 

Pi 

and - = 1 — e cos (a + /5) = ^ cos (a + /9) + ^ cos /?. (4) 

P2 

.'. A= — e, and B = &ecfi. (5) 

Substituting these values of A and -B in (2) gives 

— = — e cos^ + sec/5 cos(<? — a), (6) 

P 

which is the required equation. 

If /S = 0, the two points F and Q will coincide in the point 
whose vectorial angle is a, and the line (6) will become the tan- 
gent at that point. Hence, to find the equation of the tangent 
at the point whose vectorial angle is a, we put i? = in (6), and 
thus obtain 

- =cos(^ — a) — ecos<?. (7) 
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If the equation of the conic is [§ 168, (6)] 
i- = l-oos(^-r), 

the equation of the chord joining the points (a — /5) and (a + /?) 
wiU be (§ 68) 

- = sec /S cos (^ — a) — 6 cos (^ — r); (8) 

and the equation of the tangent at the point a will be 

I 

- = cos (^ — a) — e cos (e — z'). (9) 

161. To find the polar equation of the polar of a point (/»', 6') with 
respect to the conic 

I 

-=1— 6C0SI?. (1) 

P 

Let P{Pij cL—^) and §(/)a, a + ^5) be the points of contact of 
the two tangents drawn from the point (/»', ^) to the conic. 

Then the equation of the line PQ, the polar of (^', 0'), in terms 
of a and /9 will be [(6), § 160] 

I 

- = sec i9 cos (^ — a) — 6 COS ^. (2) 

The values of a and /? must now be determined in terms of l, Cy 
p\ and e'. 
The equations of the tangents at P, §, respectively, are 

i. = cos(^ — a + ^) — ecos^ [(7), §160] (3) 

- = cos (^ — a — /?) — e COS ^. (4) 

Since these tangents pass through (/o', ^'), we have 

- = cos (^'— a + /?) — e cos ^' (5) 

-, = cos (^'-- a — /?) — e cos e\ (6) 
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Subtracting (6) from (5) gives 

cos (^'— a + /9)= COS (^'— a — /?). . (7) 

.-. ^'_a + i5 = — (6>'— a — ^), since^S^O. (8) 

.-. a = e\ (9) 

From (9) and (5) we now get 

cos /9 = ~ + e cos e\ (10) 

Substitute these values of a and cos /? in (2), and we have 

(- + e cos e\lL + 6 cos e\ = cos (^ — e'), (11) 

which IS the required equation. 

Examples on Chapter XI. 

1. In a parabola, prove that the length of a focal chord which is inclined 
at 30° to the axis is four times the length of the latus rectum. 

2. In any conic section the semi-latus rectum is a harmonic mean be- 
tween the segments of any focal chord. (See note under § 115.) 

3. The sum of the reciprocals of two perpendicular focal chords of any 
conic is constant. 

4. If PFP^ and QFQ^ are any two focal chords of a conic at right angles 
to one another, show that p^Tpp + Qw^FQf ^® ®^^®*^*-* 

5. The tangents at two points P and Q of a conic meet in T. If F is the 
pole, show that the vectorial angle of T is half the sum of the vectorial 
angles of P and Q. 

Hence, prove that if P and Q are on different branches of a hyperbola, 
then FT bisects the supplement of the angle PFQ, while in all other cases 
-FT bisects the angle PFQ. 

6. If the conic is a parabola and a, /? are the vectorial angles of P, Q, 
show that the coordinates of T are given by the equations 

^ = i(« + ^), ^ = 2sin|sin|-. 

7. If the conic is a parabola, then 

FT^-FP'FQ, 

* In this list of examples F will always be the focus. 
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8. If the conic is central and h is the semi-minor axis, then 

1 l__j. 

PFFQ FT^^b^' 

9. If a tangent at any point P of a conic meets the directrix in f, then 
the angle KFP is a right angle. (Cy. Ex. 39, p. 178.) 

10. If the tangents at the two points P, Q of a conic meet in T, and if 
the straight line PQ meets the directrix corresponding to P in ^, then the 
angle KFT is a right angle. 

11. Prove that perpendicular focal chords of a rectangular hyperbola 
are equal. 

12. If a straight line drawn through the focus of a hyperbola, parallel 
to an asymptote, meets the curve in P, prove that PPis one-fourth of the 
latus rectum. 

13. Show that the length of any focal chord of a conic is a third pro- 
portional to the transverse axis and the diameter parallel to the chord. 

14. If chords of a conic subtend a constant angle 2/3 at the focus, the 
tangents at the ends of the chords will meet on a fibced conic whose focus 
is P, and the chords will touch another conic whose focus is F. Consider 
the cases in which cos/? >, =, and < e. 

15. The exterior angle between any two tangents to a parabola is equal 
to half the difference of the vectorial angles of the points of contact. 

16. The locus of the point of intersection of two tangents to a parabola 
which intersect at a constant angle is a hyperbola having the same focus 
and directrix as the given parabola. (Exs. 14 and 15.) 

17. If PQ and PR are two chords of a conic subtending equal angles at 
the focus, the tangent at P and the chord Qfi will intersect on the directrix. 
Hence, if the sum of the vectorial angles of two points is constant, the 
chord through those points will meet the directrix in a fixed point. 

18. PQ is a chord of a conic which subtends a right angle at a focus. 
Show that the locus of the pole of PQ and the locus enveloped by PQ are 
each conies whose latera recta are to that of the original conic as 1^2:1 
and 1:1^2, respectively. 

19. PFQ is a focsCl chord of a conic, and a parallel chord AP^ through 
the vertex A meets the latus rectum in Q\ Prove that the ratio 
PF • PQ : AP^ ' AQf is constant. 

20. If -4, P, O are any three points on a parabola, and the tangents at 
these pointsformatriangle^^P^C^ show that P4 •PB-PC=P^^-PB^-PO^ 
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21. Show that the equations — = ± 1 — e oos 6 represent the same conic. 

If (/>, ^) is a point on the curve when the upper sign is taken, what will be 
its coordinates when the lower sign is used ? 

22. The product of the segments of any focal chord of any conic is equal 
to the product of one-fourth the latus rectum and the whole chord. 

23. Show that the polar equation of the normal at the point whose vec- 
torial angle is a is 

c sin a I . ^ . ,^ . 

• - = e sm — sm (d — a). 



1 — e cos a p 

24. If a focal chord of an ellipse makes an angle a with the axis, the 
angle between the tangents at its extremities is 

, 2e sin a 

25. By means of the equation — = 1 — e cos ^, show that the ellipse 

might be generated by a point which moves so that the sum of its distances 
from two fixed points is constant. 

26. If a chord of a conic subtends a constant angle 2p at the focus, prove 
that the locus of the point where it intersects the internal bisector of the 
angle 2p is the conic (c/. Ex. 14) 

=1 — e cos cos 0, 

P 

27. Show that the locus of the middle points of focal chords of a conic 
section is a conic whose equation is 

_ le cos 6 

Show that in Cartesian coordinates this equation becomes 
x\i—e^) + y^ = elx, 
and discuss this result for different values of e. 

28. Given the focus and directrix of a conic, show that the polar of a 
given point with respect to it passes through a fixed point. 

29. • Two conies have a common focus. Prove that two of their common 
chords pass through the intersection of their directrices. 

8ug, If the conies are — = 1 — e cos ^ and — = 1 — e' cos (^ — 7), the 
common chords are — \-e cos ^ = zt — \-e^ cos (^ ^ y)l . 

30. P is any point on a conic and a straight line is drawn through F at 
a given angle with FP to meet the tangent at P in T, Prove that the locus 
of T* is a conic whose focus and directrix are the same as those of the 
original conic. 

19 
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31. A circle whose diameter is d passes through the focus jP of a conic 
and meets it in four points whos^ distances from F are pi, p2f pz, and p^. 
Prove that 

(1) piP2P3Pi = -^; 
and (2) 1 + A + 1 + 1 = 2 

Pi P2 PZ Pi, I 

32. A circle whose centre is at a fixed point on the principal axis inter- 
sects the conic in four points. Prove that the sum of their distances from 
the focus is constant. 

33. If PFQ and BF^R are two chords of an ellipse through the foci JP and 

PF PF^ 
F\ then will ^?^ + 'Wn ^® independent of the position of P. 

34. Two conies have the same focus, and the distance of this focus from 
the corresponding directrix of each is the same; if the conies touch one 
another, prove that twice the sine of half the angle between their principal 
axes is equal to the difference of the reciprocals of their eccentricities. 

[Write the equations of the common tangent at /?, compare the coeffic- 
ients of sin 6 and cos ^, and eliminate (?.] 

35. Show that the equation of the circle circumscribing the triangle 
formed by three tangents to the parabola — = 1 — cos drawn at points 
whose vectorial angles are a, /?, and y is 

/o=-csc^C8C^csc^sin(^ ^ 6 J; 

and therefore it always passes through the focus. (See Ex. 6.) 

36. A comet is moving in a parabolic orbit around the sun at its focus 
and when at 100,000,000 miles from the sun, the radius vector mak^s an 
angle of 60° with the axis of the orbit. What is the polar equation of the 
comet's orbit? How near does it approach to the sun ? 

. 50,000,000 

Ans. p = -T^ '—^ . 

1 — cos <? 

37. Two straight lines bisect each other at right angles. Prove that the 
locus of the points at which they subtend equal angles is 

P^ _a cos d — bsinO 
ab ~ b cos — a sin ^V 

2a and 26 being the lengths of the lines, their point of intersection the pole. 
Is the locus a conic? 



CHAPTER XII. 
THE G-ENERAL EQUATION OF THE SECOND DEGREE. 

Construction of Curves of the Second Order. 

162. The most general equation of the second degree in Car- 
tesian coordinates is of the form 

aa? + 2hxy + by'+2gx + 2fy + c = 0. (1) 

From the investigations of § 108 and § 67 it follows that this 
equation always represents a conic section, whether the axes are 
rectangular or oblique. In order to determine the general nature 
of this conic, and to draw the curve in its proper position with 
1 eference to the axes of coordinates, solve the equation with re- 
spect to one of the variables, y say. 

There are two cases to be considered, according as y appears in 
the equation to the second, or only to the first degree ; i. e. ac- 
cording aab i^O, or b = 0. 

First suppose that 6 ;zt 0, and solve (1) with respect to y; we 
thus obtain 

y--=-^^^^^lv'(ih'-ab)x' + 2ah-bg)x+(f-bc), (2) 
hx+f ^1 



or y = ^±-^VLx'+2Mx + N, (3) 

where L = h^ — ab, M=fh — bg, N=f — be. 

Thus for any given value of x there are two values of y. 

Let y'^-^J^l, (4) 

and Y= ^VLo? + ^Mx + N. (5) 

Then equation (3) takes the form 

y = y'±Y.. , (6) 
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Draw the line JSX" represented by equation (4). 

Then equation (6) shows that for any given value of Xy say OQj 
the ordmates of the curve, QP, QP% may be found by adding to 
and subtracting from the corresponding ordinate, t/'= QRy of the 
line HKy the same quantity Y. 

.-. P'B = EP=Y, and P'P = 2r. (7) 

Hence the chord joining two points of the curve which have 
the same abscissa, i. e. any chord parallel to the y'Saxis, is bi- 
sected by the line HK. This line is, therefore, a diameter of the 
curve (§ 126), and Fis the length of the ordinate measured from 
this diameter. The form of the curve, therefore, is determined 
by the nature of the function Y; and the construction of the 
locus is reduced to the study of the trinomial 

Lx" + 2Mx + N. 

Let oc' and a;" be the roots of this trinomial, a?' being the smaller ; 
then we may write (§89) 



F= 



-\/L(x — x')(x—x''). 



(8) 



Draw the two lines Q'A' and Q" J^", whose equations are, re- 
spectively. 



X- 



-X' 



and X = a'". 
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Now when x = a/=OQ% and also when x = af'^^O^' in equa- 
tion (3), and hence in (8), we have F=0. 

.'. P'P=0, from (7). 

That is, the curve intersects each of the lines Q'-4', Q^'A'' in 
two coincident points at A\ -4", respectively. Therefore the 
lines Q'A' a,nd Q"-4"are tangents to the curve; and since they 
are parallel to the chords bisected by HKy the points of contact 
are the extremities of the diameter HK, (§ 148, Cor. IV.) 

As the form of the conic depends mainly on the eign of the co- 
efBcient L, there are three principal cases to be considered, each 
of which may be subdivided into several others, according to the 
nature of th0 roots a/, a;" of the trinomial. 

The Ellipse. L = h^ — a6 < 0. 

163. Consider the case when the coefBicient L has a negative 
value, say — ^. We may then write [(8), § 162] 

Y= ^i/—K(ix — x')(x — x'')y 

o^ =j^\/K(^x'—x)(x — x''). 

I. Let M^— LN= JiP + KN>0. 

Then x' and £c" are real and unequal. 

When X is either less than a;', or greater than aj", the two 
factors (a/ — x) and (aj — a?") have different signs; hence their 
product is negative, and therefore Y is imaginary. That is, 
there are no real points on the locus to the left of Q^A' or .to the 
right of §"^". (Fig. § 162. ) 

For every value of x taken between the limits a/ and a/' (i. e. 
such that a/ < aj < a?") the factors (a;' — x) and {x — aj") are 
both negative; hence their product is positive, and therefore Fis 
real. Moreover, as x varies from a?' to a?", F starts with the value 
zero, is always finite, and returns to zero. The locus is, therefore, 
a closed curve lying between the two tangent lines Q'A^ and Q^'A''^ 
and passing through the points A\ A". 

Therefore the conic is an ellipse. 
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11. . Jjbi M' — LN=M' + KN=0. 

Then the two roots a/, x" are equal, and we have 



The quantity Y is, therefore, imaginary for all values of oj, ex- 
cept x=ixf, and then Y=0. The two tangents Q'A and Q"il" 
then coincide, J." coincides with ^', the locus reduces to a single 
point on the diameter HK, a,rid is called a point ellipse. 

III. Let M'—LN~M' + KN< 0. 
The trinomial may be written 

-Kx' + 2Mx + N^-e[(x-§)-^1±^. 

The quantity within the bracket is positive for all values of x, 
since M^ + KN is negative. Hence Y is imaginary for every 
value of X, The given equation, therefore, has no real solution, 
and consequently does not represent a real geometrical locus. 

Ex. Trace the conic Sx' — 2xy + 2y^—iQx — Sy + S = 0. 




HereL=fe»— a6 = l — 6 = — 5. 

Hence the curve is an ellipse. Solving the equation with respect to 

gives 

y = }» + 2 ± Jl/— 6x(a; — 8) . 
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Therefore we have the diameter HST represented by the equation 

y = ia;+2; 
and Y = Jv'— 5x(a; — 8). 

Placing the quantity under the radical sigpi equal to zero gives 

6x(x — 8)=0. 

The roots of this equation are x^=0 and x^^=: 8. 

When* is less than 0, or greater than 8, F is imaginary; while for all 
values of x between and 8, Fis real and finite, but reduces to both when 
x = and when x = 8. 

Therefore the curve lies between the tangents x = and x = 8. 

The equation of the diameter BB^ parallel to the y^s^xia, and therefore 
conjugate to HK (§ 149), is 

x = iix'+x'^) = L 

When X = 4, then F = 2/5 = 4.4+. 

Measure CB = CB^= 4.4, and through B, B^ draw lines parallel to HK, 
The curve lies within the parallelogram DEFO thus formed, and is tangent 
to its sides at the points A, A% B, B\ 

The Parabola. L = K^ — ab = 0. 

164. Suppose next that the coefficient L is zero. Equation 
<5), § 162, then takes the form 

Y=]-V2Mx + N. 



One root aj" of the trinomial is now infinite (§ 98, III.), and 
consequently the tangent Q"-4" has moved off to an infinite dis- 
tance. 

I. li Mr^ 0, the equation of the other tangent Q'A^ is 

- J^ 

^~ 2ir 

N 
As X varies from — ^^ to infinity on the positive side of this 

line, the values of Y are real and vary from to oo ; while for all 
values of x on the negative side of this tangent F will be imaginary. 
The conic is therefore a parabola, since it consists of a single in- 
finite branch. It passes through the point A^, lie^ on the positive 
side of the tangent 2Mx + -W" = 0, and HK is the diameter which 
bisects all chords parallel to the t^-axis. 
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II. If if = 0, both tangents are at infinity (§ 98, III.), and 
the given equation (3), § 162, reduces to 

hx+f 1 /,^ 

If N is positive, this equation represents two real straight lines 
which are parallel to the diameter HK and equidistant from it. 
If ^= 0, these two parallel lines coincide with HK, If iV is 
negative, the equation has no real solution, and therefore the two 
lines are imaginary. 

Ex. Let the given equation he 

aj^ + 4x3/ + 4y 2 4- 8x — By — 32 = 0. 
Solving for y we have 

y = — Jx + 1 ± il/— 12x + 36. 
. • . li — 0, and the curve is a parabola. 




The equation of HK is 



and 



2/ = — iaJ + 1, 
y=Jl/— 12a; + 36. 



When a; = 3, F = 0; and when a; > 3, F is imaginary. 
Therefore the curve lies to the left of the line a? = 3. 
When a; = 0, 2/ = 1 ± 3. Hence the curve passes through the points 
(0,4) and (0,-2). 
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The Hyperbola. L = h? — a6>0. 
165. Finally, suppose that L is positive. 
Then Loi? + 2Mx + N-= L(x — a/) (a; — x"), 



and 



Y= 



1 



-^\/L{x — xf)ix — x''). 




I. LetJJT— XiV>0. 

Then xf and a;" are real and nnequal. 

When X is greater than a/ and less than a/' (i.e. (xf<x<C, a/')r 
Y is imaginary. That is, there are no points on the curve lying 
between the two tangents Q^A' and Qf'A*\ As x varies from 
ic" to + 00 ) or from aj' to — oo , Fis real and varies from to oo . 
Hence the curve consists of two distinct infinite branches, the 
one lying to the right of Q"A", the other to the left of Q'J.'. 
That is, the conic is a hyperbola. 
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The Asymptotes, 

the given equation [(3), § 162] may be written 
hx 



y- J 

Consider now the equation 



+/ 1 L/ , MV }P — LN 



hx+f 1 L/ , M\ 



When X has a very large numencal value, the first term under 
the radical sign in (1) is very large as compared with the numeri- 
cal value of the second term. Hence, as x approaches either 
+ 00 or — 00 , the limiting values of y in (1) are the corre- 
sponding values of yi given by (2). That is, the conic and the 
two straight lines BE and JB'J&' represented by (2) come together 
at infinity. (C/. §116.) 

Therefore (2) is the equation of the asymptotes, and may be 
written 

(hx +f) 1/ , M\ ^_ .^. 

The given equation (1) then takes the same form as (2), and • 
therefore represents two straight lines. 
The roots of the trinomial are then 

Hence the two lines intersect on the diameter JSiTinthe point 

M 
for which x = f-, since this value of x makes Y= 0. 

III. JjetM' — LN<0. 

Then the two roots x' and re" of the trinomial are imaginary. 
In this case the curve has no tangents parallel to the T/-axis. 
The trinomial 

LN — JiP 



Lx' + 2Mx+N=l(x + ^\ + 
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is now the sum of two positive quantities, and therefore the value 
of Y is real for all values of x and never becomes zero. Hence the 
curve does not cut the diameter HK. The given equation may 
now be written 



hx+f 1 L/ , if V , LN~M' 

y = — r^^t<''{- + -L)+-~L- 



(4) 



which shows that the asymptotes are the two lines given by 
equation (3), as under condition I. 

Comparing equations (1), (2), and (4), we see that for the same 
value of X the value of Fis least in (1) and greatest in (4); i. e. 
EP < EFi < EF^. Therefore the loci of ( 1 ) and (4 ) lie in differ- 
ent angles of the asymptotes. 

The value of y given by (4) is least when the first term under 
the radical sign is zero ; i. e. when 

a;=— ^. (5) 

Since this line (5), H'K^ in the figure, passes through the 
intersection of the asymptotes, and is parallel to the ^/-axis, it is 
the diameter conjugate to HK, and therefore bisects all chords 
parallel to HK (§ 149). 

It should be noticed that if the change in the sign of Jf' — LN 
is due to a change in the value of the constant term c of the 
given equation (which cannot affect L and if, § 162), the two 
conies represented by (1) and (4) will have the same asymptotes. 
(C/. §116, IL, and §146.) 

If M^ — 2>iV<0, it is generally more convenient to solve the 
given equation with respect to x. 

Ex. Trace the curve 

Solving for y gives 

y = i\lx + 7±:9\/x' + 2x — S\. (2) 

Since L is now positive, the curve is a hyperbola. 

The equation of HK is 

y = K^ + l); 



and F = |v'(x + 8)(x — 1). 

.-. »'=— 3, JC^^rrl. 
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Hence the equations of the tangents QM^ and Qf^A^^ are 

a; +3 = and cc — 1 = 0. (3) 

When X takes any value between the limits — 3 and + 1, the value of Y 
is imaginary, so that no part of the curve lies between the lines a; + 3 = 
anda;= 1. 

Completing the square under the radical sign in equation (2), we have 

y = jj7a; + 7rb9/(x + l)«-4j. (4) 

Dropping the constant — 4, we finally have 

y = Kx + l)±Ka^ + l). (5) 

Therefore the equations of the asymptotes BE^ B^E^ are 

2/ = 2x + 2 and 4y + a;+l=0. (6) 

The curve is the hyperbola shown in the figure. 



166. 6=0. It has so far been assumed that the coefficient 
h was not zero. If 6 = 0, and a ^t 0, the equation can be solved 
with respect to x and the curve can be traced by the methods 
already given. When either a or 6 is zero, the conic is a byper- 
bola, for h? — ah is then positive, unless h is also zero, when the 
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locos is a parabola. In case, however, a variable appears only 
in the first power, it is preferable to solve the equation with 
respect to that variable. 

Sappose the given equation to be 



aa? -\-2Kxy + 2gx + 2/i/ + c = 0. 



Solving with respect to y gives 



y- 2(Aa;+/) ' 



(1) 



(2) 



If we perform the division in the second member of (2) until 
a remainder is found that does not contain x^ the equation will 
reduce to the form 

y = a'x-^h'^^^ (3) 

Let AB be the line 
y = a!x^-h', 
and D-Bthe line 

X — c? = 0. 



Let 



r= 



X — d 



= RP, 




and suppose c' > 0, in order to 
fix the ideas. 

For any given value of Xj say OQ, there is only one value of F, 
and only one value of y given by (1), which is found by adding 
the quantity F=: RP to the ordinate QR of the line AB, More- 
over, Y is positive or n^ative according as a? > or < d (since 
«' > 0) ; 1. 6. according as QP is to the right or left of ED, When 
X is very slightly less than c?, Y is very great and negative; 
when X is very slightly greater than rf, Y is very great and 
positive. As x^ increasing, approaches c?, i, e, as QR approaches 
ED from the left, Y= RP = — oo ; while as QR approaches ED 
from the right, x decreasing to d, Y=RP=-\- oo . Further- 
more, when a? = + 00 or — qo , F= 0. 

Therefore the two lines AB and ED are the asymptotes, and 
the curve lies in the angles A CE and BCD, 
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If c'<0, then Fwill be positive when x <id, and n^ative 
when x> d. Hence the curve will lie in the angles A CD and 
BCE. 

If c'= 0, the numerator of the second member of (2) is divis- 
ible by the denominator, and the given equation may be written 

iy — o!x — 6')(a; — d) = 0, 

which represents two intersecting lines, one of which is parallel 
to the i/-axis. 

If a = 6 = 0, the conic can be traced in the same way. We 
then have a' = 0, and therefore the asymptotes are parallel to the 
axes of coordinates. 

If 6 and A are both zero, the general equation takes the form 
y — a' 31? + h'x + d. The curve is then a parabola with axis par- 
allel to the i/-axi8, and is easily constructed. 

Ex. Tracethecurve x^ + Sxy + Qy-]-x+^r=Q. 




Solving for y gives y = - 



g— 1 1/ 8 \ 
3 S\x + 2j' 



When x< — 2. 
When x> — 2, 



Y is positive. 

Y is negative. 

x — i 

• y = — Q- 



^- 3{x + 2)' 

When X = — 2, F is infinite. 
When x = +oo,or — oo, Y = 0, 

and x+2 = 



are the equations of the asymptotes AB and ED. 

The curve passes through the points P(0, — 1) and P'( — 3, 4); its posi- 
tion with reference to the axes is shown in the figure. 
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EXAMPLES. 
Trace the conies given by the following equations: 

1. x^ — 4xy-\-iy^-'8y=^0, 

2. bx^ + ixy + iy^ — i2x — 2iy = 0. 

3. 2x'' + 2xy — iy^ — 6x + 6y±:9 = 0. 

4. iOx^ + ezy + y^ + Sx + iy + S = 0. 

5. 4x2— 12x2/ + 92/2 + 6aj-92/ — 4 = 0. 

6. ix^ — Qxy-"iy^ + 2Sx + 4:y + 49 = 0. 

7. 4x2 — 4xy + y' + 12x + 6y + 25 = 0. 

8. 16x2—16xy + 122/» + 96x — 582/ + 81=0'. 

9. 13x2 + 6xy + 2^2_^4 = 0. 

10. xy + 3x—2y = 0. 

11. 45x2/ — 85x — 63^ + 119 = 0. 

12. 4x1/- x2 + 4x— 82/ — 8±:24 = 0. 

13. x2 + 4x2/+4i/2 + 4x + 82/ — 12 = 0. 

14. 2/2^2x2/ + 2x + j/ — 2db2 = 0. 

15. 3x2 — 4x2/ + 2j/2+-2x-82/ + 17 = 0. 

16. 9x2 — 24x2/+ 16i/^ + 48x — 641/ + 64 = 0. 
I 17. 2x'^ + 7x2/ — 42/2 + 4x+7^ + 22t = 0. 

18. 4x2 — 4x2/ + 2/' + 4x — 2^ + 5 = 0. 

19. x* + 3x2/ + 9x + 32/ + 18±18 = 0. 

20. 9x2 + 12xj/ + 43/2 — 7x — 82/ — 11=0. 

21. 6x2 + 7x2/ — 3i/2 + 5x+132/-4=0. 

22. 3x2 — 2X2/ + 22/2 — 22x — 62/ + 27 = 0. 

23. 4x2 + 7x2/ — 22/2+ 15x + 32/ + 90 = 0. 

24. 2x2— 2x2/ + 2/=^ — 2x + 2^+3 = 0. 

25. 16x2 + 24x2/ + 92/2 -16x — 12^ + 6 = 0. 

26. 22/2 + 2x2/ + 5x — 2/ — 20 = 0. 

27. 12x1/ — 33x + 81/ — 66 = 0. 

28. 91x2-117x2/ — 21x + 272/ — 33 = 0. 
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To Transform the General. Equation op the Second De- 
gree TO One of the Standard Forms. 

167. Whenh^—ab^AO. 

It has been shown in § 109 that the equations for finding the 
oentre (a/, y') of the conic represented by the general equation 

aoi^ + 2hxy + bf + 2gx + 2fy + c = (1) 

are aaj + % + 5f = and hx + by +f=0'^^ 

whence v- ^f7— /^ y^-^^llh. ro^ 

and when ,the origin is moved to the centre without changing the 
direction of the axes, the equation (1) reduces to 

ax» + 2hxy + by' + c'= 0, (3) 

where c' = goef + fy' + c. 

Hence, if fc* — ab ^0, the coordinates of the centre are both 
finite, and this transformation is possible. 

In order to reduce (3) to any one of the standard forms 
(§§ 119-121) we must remove the term 2hxy. For this purpose 
we turn the axes through a certain angle 6^ keeping the origin 
fixed. 

To turn the axes through an angle we substitute for x and y^ 
respectively [§66, (11)], 

X cos — y BinO and x An -\- y cos 0. 

Substituting these values in (3), expanding and collecting 
terms, we have 

(a cos' e '\^2h sin <? cos ^ + 6 sin'* e)x' 

+- 2 [(6 — a) sin ^ cos ^ + A(cos' — sin* 0)] xy 

+ (a sin' <? — 2h sin ^ cos ^ + 6 cos^ 0)f + c'=O. (4 ) 

The coefi&cient of xy in equation (4) will vanish if <? be so 
chosen that 

2(6 — a) sin ^ cos ^ + 2A(cos' — sin' 0) = 0. 

*It should be noticed here that the line hx + by+f=0 bisects all chords parallel to the 
y-axis. (See (4) , § 164.) By solving equation (1) for a, it can also be shown that the line 
ax + hy-\-g = bisects aSl chords parallel to the a;-azls. (Qf, also § 84.) 
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This equation is equivalent to 

(a — 6) sin 2^ = 2fc cos 2^. (5) 

.-. tan 2^ = -^.* (6) 

a — 

Whence sin 2^ = ±: ^ - , (7) 

|/(a — 6)^+4^" 

and cos2^==b / ^~ (8) 

Using this value of equation (4) takes the form 



or 



a^ 



4=>, 



b' 



(9) 



where a'^acos'*^ + 2A,sin<? cos<? + 6sin'^, (10) 

and 6' = a sin' ^ — 2^ sin ^ cos ^ + 6 cos' 6. (11) 

Equation (9) is therefore the required result. 
The values of a' and 6' may be expressed in terms of a, 6, and h 
as follows: 

From (10) and (11), by addition and subtraction, we obtain 

a'+b'=a + b, (12) 

and a'— 6' = (a — 6) cos 2<? + 2^ sin 2^. (13) 

Substituting (7) and (8) in (13) gives 

2h 



a'— b'^± j/(a~by+ W = -^-— . (14) 

sin 2^ 

Whence, from (12) and (14), 

a' = i\a + b ±: V(a — by + 4:h'\, ^ (15) 

and b' = i\a + b^ i/ (^a — by + 4h'\. (16) 

The ambiguity in the values of a' and b' given by (15) and (16) 
may be removed by (14). From the many values of which 
satisfy (6) we will agree always to choose that one which lies be- 
tween 0® and 180°. Then will always be an acute angle, and 

•Cr. equations (17), §109. 

20 
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sin 2 B will always be positive. Therefore it follows from (14) that 
a' — 6' will always have the same sign as h. 

It is also worthy of notice that the values of a' and b' given by 
(15) and (16) are the two roots of the equation 

a^ _ (a + 6)a; — (h' — ab) = 0. (17) 

Hence a' and 6' will have the same sign or opposite signs accord- 
ing as A'* — a6 < or > ; i. e. according as the curve is an ellipse 
or a hyperbola (§ 110). 

If h^ — ah = 0, i. e. if the curve is a parabola, the roots of (17) 
are and a + b, 

Ex. 2Van«/o77n tfie equation 

8x* + 4x2/ + 5y'+8x-16y-16 = 
to the standard form J and construct the conic. 



s 


X 
^ 


Y 


K 


^ 


O / X 


\ 


— 


K 



The equations for finding the centre are 

4x + j/ + 2=0 and 2aj + 5j^ = 8. 
... x'= — l, y^=2. 
Then c^ = 9^^+fy^+ c = — 36. 

Therefore the equation referred to parallel axes 0^X% (yY^ through the 

centre is 

8x2 + 4xy + 5j/» = 36. 

Also o^ = } j a + b ± i/(a-.5)« + 4/i« j = K13 ±5) =9 or 4, 
and 6^=»iia + &=F 1^(0—6)^ + 4/1^=1(13^:^5) =4 or 9. 
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Since h is positive, we take a^ = 9 and 6^ = 4. 

Hence the equation of the curve referred to its own axes (yX'\ <yY^^ as 
axes of coordinates is 





4 + 9-*- 




Also, 


o — 6 


4 
3* 


Therefore the line (yX" must be drawn so 


that 




lX'0'X'^=itaxL 


-4. 



res. Whmh^ — ab:=0. 

In this case the coordinates of the centre [(2), § 167] are both 
infinite, and therefore the first degree terms can not be removed 
by changing to a new system of axes parallel to the old. 

Since the second degree terms now form a perfect square, the 
general equation may be written 

03y + oixy+2gx + 2fy + c = 0, (1) 

where a = |/a, /5 = ]/6, a has the same sign as h, and fi is always 
positive. 

.-. A = a/9. (2) 

First Method. From equation (6), § 167, we have 

^ ^^ 2h 2afi 2tan<? 

tan 2^ = T= 2 \o2 = i z-^-n' ' (3) 

a — h a^ — /T* 1— tan^^ ^ ^ 

.-. tan(? = ^, or —j. (4) 

If we turn the axes through an angle given by either of these 
values of tan 0^ the coefficient of ooy in the new equation will 

vanish. If we take ^ = tan""4 — ^J, the equation of the new 

ic-axis will be 

ax+py = 0. (5) 

We will use this value, and will agree always to take the posi- 
tive direction of the new aj-axis so that shall be numerically less 
than 90°. Then will be positive or negative according as 
h (or a) is negative or positive, and we have from (4) 

— a a 

sin ^ = -— — -, Qose = ~- — . 
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Hence, to turn the axes through an angle thus chosen, we 
must substitute for x and y, respectively [§ 66, (11)], 

I^±M. and ZZ^=±M. (6) 

Substituting the expressions (6) in (1) gives 

Completing the square in the terms containing y, equation 
(7) may be reduced to the form 

(S'-^)'=2^;^^(.-^), (8) 

Where ^^ <.' + /^)' - («, + Z^)' 

- 2(a/-y5sr)l/(<x» + /J')»' 

and K= '^A±IS^ 



If now the origin be moved to the point {H, K), equation 
(8) will take the standard form 

Therefore equation (1) represents a parabola whose axis is 
parallel to the line (5), and whose latus rectum is 

Second Method. Equation (1) may be written 

(ax -t /5t/ + ^y=2(aX-g)x+2(fir—f)y + ^'-e, (10) 

where X is any constant, for which a particular value will now be 
determined. 

We observe that the line whose equation is 

ax + fty + X = (11) 

is parallel to the axis of the parabola [see (5) above] for all 
values of A. Hence we will choose X so that the straight line 
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2(a^-y)a!+2()9A— /)^ + A> — c = (12) 

shall be perpendioalar to the line (11). 
The lines (11) and (12) will be at right'angles (§48) if 



i e if j- °g + /9/ 

With this valne of X equation (10) may be written 



(13) 



(iax + Py + xy=2^-^,(i^x-ay + K), (14) 



where K.l±l('lzz^' 



'«/-M 2 



'). (15) 



Changing the linear expressions in (14) to the distance form 
gives 



o^x + ^y + A\'_ ^ af—^g (Px — ay^K\ 



/ ax + ^y + X V ^ 2 ^f-^9 ( 



(16) 



If now we take the lines 

ax + py + X = (17) 

and fix — ay+K=0 (18) 

for new axes of x and y, respectively, the new equation will be 
(§ 70 and § 71) 

f=2 /-^^ X. (19) 

Therefore, if we assign to X and -K" the values given by (13) and 
(15), then (17) will represent the axis of the parabola and (18) 
the tangent at the vertex. For any other value of A, (17) is a 
diameter and (18) is the tangent at its extremity; the equation 
of the curve (19) will then be expressed in terms of the perpen- 
diculars upon the oblique axes. (See Ex. 3, § 71. ) In all cases 
the curve will lie on the positive or negative dde of the line (18) 
according as (a/ — ^g) is positive or negative,^ 

* In the investigations of §§ 162-166, and again in §§ 167, 168, we have really shown by 
independent methods that the general equation of the second degree always represents a 
conic section. In the latter the conditions for the limiting ca'ses have not been pointed 
out. The student should do this, and compare the results of both these discUssions with 
the table given in § 110. 
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Ex. Find the standard form of the equation 

(4i^ — 3x)2 — 20x + llQy — 75 = 0. 



(1) 




First Method. Take iy — 3a; = as the new x-axis ; t. e. turn the axes 

through an angle ^, such that tan ^ = |, and therefore sin ^ = |, cos ^ = |. 

Then the fonnulas of transformation are 

/ • /) 4x^ — 3.V' 
x=x^ cos B — y'B\nB = 



and 



r = a^ sin ^ + y^ cos B = 



5 
3x^ + V 



Substituting these values in equation (1), it becomes 
y'^ + 2x^+^y^—3 = 0, 
or (y/+2)^ = -2(x^-J), (2) 

which is the equation of the curve referred to the new axes OX^, OY^. 

Moving the origin to the point 0^( J, — 2), with respect to the new axes, 
we obtain from (2) the required equation 

y''^= — 2x'\ (3) 

Hence the curve is on the negative side of the ^-axis (yY^\ 
Second Method, The given equation (1) may be written 

(% - 3x + ;^)2 = (20 - 6X)a; + (8A — 110)y + ^' + 75. (4) 

We will now determine A so that the two lines 

iy^3x + ?i=0 (5) 

and (20~6X)x+(8;i--110)j/ + A2 + 75 = (6) 

shall be at right angles. 
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The required value of X is given by the equation (§ 48) 
— 3(20 — 6;i) + 4(8;i — 110) = 0. 
.-. A = 10. 
With this value of A equation (4) becomes 

(4y - 3x + iOy = — 10(4» + % - 17}), 



or 
Draw the lines 



/ iy-Sx + lQ fy^ ^/ 4a: + 3y-17} \ ^^^ 



4y— 3x + 10 = 0, O^X^^ (8) 

and 4x + 3y — 17} = 0, 0^y^^ (9) 

These lines are at right angles. If we take (8) as the new x-axis and 
(9) as the new j/-axis, the equation of the curve will be (§ 70) 

y'=-2x. (10) 

Therefore the locus is a parabola whose latus rectum is 2, and lies on the 
negative side of the line (9). 

EXAMPLES. 

Construct the following conies by transforming the equations to their 
standard forms: 

1. (4j/ — 3x)» + 4(4x + 3y) = 0. 

2. 3x«+2«y + 3y«=:8. 

3. x^-6x2/ + 2/' = 16. 

4. (3a; — 4y — 12)2=15(4x + 32/). 

6. 4x»— 24a:y + lly*--16x — 22/ — 89 = 0. 

6. 5«« — 4x2/ + 82/« — 24a; + l% — 4=0. 

7. 9x»— 12xy + 4j/2 = 10(2x + 3y + 5). 

8. 3x' — 2a:2/ + 2j/»— 16x — % + 8 = 0. (See Ex., § 163.) 

9. 2x* + 4x2/ + 5y» = 36. 

10. 6x» + 24xy — j/« + 5Qy — 56 = 0. 

11. x^'-2xy + y^''5x — y — 2 = 0. 

12. Sx^ — 6xy — iy^=U. 

13. x« — 6x2/ + 9y« — 2a; + 6y + l = 0. 

14. 4x» + 4x2/ + j/' + 4x — 3j/ + 4=0. 

15. 2x» + xy + 32/«=23. 

16. 24xy + 7y* — 6(6x-lQy — 9) = 0. 
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17. 25x»-20a^ + 4j/« + 5a; — 2y — 6 = 0. 

18. a» — 2xy — 2/^ = 20. 

19. (5y + 12x)« = 102aj. 

20. 2aj« + xy — 6y« — Soj + liy — 3 = 0. 

21. x^ + 2xy+y^—i2x + 2y^3 = 0. 

22. a?y + 3x — 5y + 5 = 0. 

23. 2x2 + 7a^--%» + 4x + 7y — 18} = 0. (See Ex., § 165.) 

169. The standard forms of the equations of the conic sec- 
tions are 

^4-^-1 

a' V ~^' 

and xy = K. 

If the axes be changed in any manner whatever, the new equa- 
tions are obtained by substituting for x and y expressions of the 
form (§ 66) 

Ix + my + n, and Vx + m'y + w'. 

The new equations mj^y therefore be written 

(^Vx + mfy + infy— 4.a{lx + my + n) = 0, 

h\lx + my-\- n)2+ a\Vx + m'y + ny—aV = 0, 

h\lx + my -f ny—a\Vx + m'y + n')' — a^i' = 0, 

and (Ix -{-my -{• n){Vx + m'y -{-n') — K=0. 

Hence, if the left member of an equation, the right member 
being zero, is the square of one real linear expression plus some 
multiple of the first power of another real linear expression, the 
equation represents a parabola ; if the left member is the sum of 
any multiples of the squares of two real linear expressions plus a 
constant, the equation represents an ellipse ; if the left member 
is the difference of some multiples of the squares, or (what is the 
same thing) the product, of two real linear expressions plus a 
constant, the equation represents a hyperbola. 
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EXAMPLES. 

Transform the following equations, taking as new axes the lines repre- 
sented by the linear expressions which the equations contain. (See §§ 
70, 71 . ) Construct the curves : 

1. (a: + 2)» + 3(y-4) = 0. 

2. 9(x-3)» + 4(y + 5)^ = 36. 

3. 9(a; + 6)« — 16(2/ — 4)^ = 144. 

4. (a; + 3)(j/ — 5) + 9 = 0. 

5. (3ic — 42/ + 6)» = 10(4x + 3j/ — 5). 

- 6. 4(3x — 4j/ — 8)» + (4x + 3j/ — 3)* = 20. 

7. 3(j/ + 2x — 2)2-2(x — 2j/ — 6)^ = 30. 

8. (12a: + %-9)' + 52(5x — 122/) = 0. 

9. 3(2a; + 32/ + 6)» + 4(3x-22/ + 6)'^ = 156. ^ 

10. (2y — 4x + 3)' — 4(a; + 2y + 9)» = 20. 

11. (7a;-24y)« = 40(24aj + 7y-21). 

12. (aj-3y + 12)»+(3x + 2/ + 2y = 40. 

13. (y — VSx + iy + (iy + V'Sx + 6y = 36. 

14. (y — 2x + 4)» + (3y + 4x — 3)«=100. 

15. 2(a; + y + l)*~-4(x-^j/ + 4)« = 32. 

16. (a;-2j/ + 4)» + 5(3a;-y + 6)=0. 

17. 5(a; + 22/ — 8)^ — 4(42/ — 3xy = 100, 

18. (iy + 2x + Sy + 2(x + Sy — ey = 40. 

19. (5x + i2y — 36)(12a; — 5y — 15) = 676. 

20. (y + i/3x + 3y — 12(2/— i/3x-2) = 0. 

21. 2(2/-3a; + 9)2 — 9(2x + y + l)2 = 18a 

22. (aj + 42/— 10)(4x — 2/ — 4)+34 = 0. 

23. (a; + v/32/+>^3)(a:— 1^32/ + 2/3) + 16 = 0. . 

24. 2(a + 2y + 6)*+(a; — 32/ — 6)2 = 40. 

25. (a; — 32/ + 6)2 — 2(72/ — 24a; + 28) = 0. 

26. (X — 22/ — 4)(x + 32/ + 9) + 20v/2 = 0. 

27. (2x + 3j/+6)» + (4x — 2/-4)''=221. 

28. . (3x — 2/ + 9)«-2(2x + 2/-2)» = 90. 
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1 70. The equation of a conic through given points. 

The general equation of a conic contains five independent con- 
stants (§ 108). When the equation is written 

ao^ + 2hxy + by'+2gx + 2fy + e = 0, (1) 

these constants are the five independent ratios between the six 
coefficients a, b, c, /, g, h. It follows, therefore, that, in generaij 
one and only one conic can be made to pass through any five given points 
in the plane. For, if we substitute for x and y bx (V) the coordi- 
nates of the five given points, we shall have five linear equations 
from which we may determine uniquely the values of the five 
ratios. These values substituted in (1) will give the required 
equation. 

A more convenient method for finding the equation of a conic 
through five given points is as follows: 

Take any four of the given points 
and connect them so as to form the 
quadrilateral P^PJP^i* 

Let Ui, 1*2, 1*3, 1*4 be the equations 
of the lines P^P^. PJ"^, P^P,, P.P^ 
respectively. 
Then 

UjUi = and w^t** = 
»p^ ^ are the equations of two conies 

whose common points are Pj, Pa? A^ -^4- 

.-. u^u^ + Xu^u^ = 0, (3) 

whatever the value of X may be, is the equation of a conic through 
the four points Pi, Pj, Ps, Pi- 

Equation (3) involves one arbitrary parameter L Its locus 
can therefore be made to satisfy a single condition ; e. g, , it can 
be made to pass through any other point in the the plane. If we 
substitute for x and y in (3) the coordinates of Pg, we will get an 
equation of the first degree in A. The one value of X thus deter- 
mined substituted in (3) will give the required equation. 

Since equation (3) contains one arbitrary parameter, it follows 
that an infinite number of conies can be made to pass through any four 
given points. 
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Four points, however, are sufficient to determine a parabola. 
This follows from the fact that when equation (1) represents a 
parabola, one condition connecting the coefficients is always 
given, viz. h^ — ah = 0. 

In order to find the equation of a parabola determined by four 
given points, we may form equation (3) as before. From the 
coefficients of the equation thus found we then form the equation 

h^—.ah = 0. (4) 

Substituting in (3) the value of X given by (4) will give the 
equation of the parabola required. Furthermore, (4) will be 
an equation of the second degree in X. Therefore two parabolas can 
be made to pass through any four given points in the plane. 

Let the student discuss the cases when three or more of the 
given points lie on the same straight line. 

171. To find the equation of a conic having two given lines for its 
asymptotes. 

Let the equations of the asymptotes be 

lx + my-{-n = and Vx+m'y + n'=0. 

Then, since the equation of the conic differs from the equation 
of its asymptotes only by a constant (§ 117 and § 146), the re- 
quired equation is 

{Ix+my + n)(irx + m'y + n') + X = 0, (1) 

where A may have any value whatever. 

The conic, therefore, is not uniquely detennined, but can still 
be made to satisfy one more condition ; that is, it can be made to 
pass through a given point, or touch a given line, etc. 

Since equation (1) involves only one arbitrary parameter, hav- 
ing given the asymptotes of a conic is equivalent to having given 
four of the conditions which a conic can be made to satisfy. 

How many conditions can a conic be made to satisfy, 

(1) if the centre is given? 

(2) if the two foci are given? 

(3) if one focus and the corresponding directrix are given? 

(4) if the position of the axes is given? 

(5) if the two directrices are given? 
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Examples on Chapteb XII. 

Find the equation of the conies through the points 

1. (4, 3), (2, 5), (-2, 3), (0,-2), (2, -1). 

2. (4, 3), (0, 0), (-2, 3), (0, -2), (2, -1), 

3. (a,a), (± a, 0),(0,db a). 

4. (1, 2), (-2, 4), (-3, -1), (1, -2), (2, -1). 

6. (-1, -1), (2, 3), (-3, 5), (-3, - 2), (1, ~7). 
Find the equations of the parabolas through the points 

6. (4, 6), (2, -4), (-2,0), (-3, 6). 

7. (l,5),(4,2),(~3,-l),(l,-i). 

8. (2,0), (-4, -2), (2, 7), (0,-3). 

9. Find the equation of a conic through the origin and haying for its 
asymptotes the lines 

X — 2j/ + 4 = and 3x + y— 2 = 0. 

10. Find the equation of a conic through the point (1, 3), if the equa- 
tions of its asymptotes are 

2a:— 3y — 7 = and 5y+3x— 8 = 0. 

11. What is the equation of a conic touching the x-axis, if its asymp- 
totes are the lines 

2x + 2/— 2 = and x — 3y + 5 = 0? 

12. What is the equation of the conic touching the line y + 2x+ 1 = 0, 
and having for asymptotes 

X— 2/ — 1 = and x + 32/ — 6 = 0? 

13. Find the equation of the conic wMch passes through the point 
(2, — 2) and has the same asymptotes as 

5x2 — 2x2/ — 3y2 + 4x + i2y = 0. 

14. Find the asymptotes of the hyperbola 

3x2— 7x1/— 6t/2 — 8x + 2y— 4 = 0; 
find also the equation of the conjugate hyperbola. 

15. The equation of a given hyperbola is 

3x2 — 8x1/- 32/2— 13a;— 2/ — 2 = 0. 
Find the equation of its conjugate. 
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16. Show t]iat the product of the semi-axes of the conic 

ax^ + 2hxy + by^ + 2gx + 2fy + c = 

— c' —& —A 

Va/h'^ Vab-^U^' (ob— ft")!* 
where A is the discriminant, a^, h^ are given by (15) and (16), § 167, and 
c^ by (9), § 109. 

5 

17. Show that , — - is the product of the semi-axes of the conic 

a;2_2xy — 32/"~2a; + 10|^— 8 = 0. 
Show also that the equation of the axes of this conic is 
x— 2/2-f icj/ — 5a;-}-5 = 0. 

18. Show that the squares of the semi -axes of the conic 

ox> + 2/ixj/ 4- bj/^ -h 2flfa+ 2/2/ + c = 
are 2 A-^(a& — ^') |a + 6±>/(a— 6)»+4/i2 j, 

where A is *be discriminant. 

19. Show that the lengths of the semi-axes of the conic 

respectively, and that their equation is x^ — y^^O. 

20. Show that of all the conies which pass through the points of inter- 
section of two conies only two are parabolas. 

21. Find the equations of the two parabolas which pass through the 
common points of 

x2 — y2 = l and x2_[_y2__2x = 4. 

22. Show that all conies passing through the intersections of two rect- 
angular hyperbolas are rectangular hyperbolas. 

23. If two rectangular hyperbolas intersect in four real points, the line 
joining any two of the points of intersection is perpendicular to the line 
joining the other two. (Ex. 22.) 

24. Show that if 

ax^ + 2kxy + hy^=i and a^x^ + 2h^xy + 6 V = 1 
represent the same conic, and the axes are rectangular, then 
(a — by + W = (o^— 60' + 4/1^^ 

25. Show that for all positions of the axes, so long as they remain rect- 
angular and the origin is unchanged, the value of g^ +/* in the equation ■ 
ojc* -f 2kxy + by^ -{-'2gx + 2fy + c = is constant. 
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26. If ax' + 2^»y + 6y' = 1 and a^a?' + 2/i^a^ + 6 V = 1 are the equations 
of two conies, then will aa^+ 2hh^+ bb^ be unaltered by any change of 
rectangular axes. 

27. The polars of a point P with respect to two given circles meet in Q ; 
if P moves along a given straight line, show that the locus of Q is a hyper- 
bola whose asymptotes are perpendicular to the given line and to the line 
joining the centres of the circles. 

28. A variable circle always passes through a fixed point and cuts a 
conic in P, Q,R,8; show that 

OP'OQOR'OS 

(radius of circle)'* 
is constant. 

29. If OPQ and OP^Q^ are two straight lines which are always parallel 
to two fixed straight lines, and meet a given conic in P, Q and P', Q^, re- 

OP'OQ 

spectively, then will the ratio /)iy . qq/ ^ ^he same for all positions of O. 

Find the value of this ratio by putting O at the centre of the conic. 

30. Show that the conic 8+^u^ = touches the conic S=0 where the 
latter is cut by the straight line t* = 0. 

31. If two conies have their axes parallel, a circle will pass through their 
points of intersection. 

32. Two conies are said to be similar and similarly placed when their 
axes are parallel and they have the same eccentricity. (§ 116. ) 

Hence show that the two conies 

ax^+2kxy + by^ + 2gx + 2fy + c = 
and a^x^ + 2h'xy + hY + ^9^3ii + 2,fy + c^=0 

will be similar if 

h? — ah h^—a^b'' 

Show also that they will be similarly placed if 

h _ h' 
a — b~ a'— b'' 

Then show that they will be both similar and similarly placed if 

a _h _b 
a> ~ S? ~ 5>' 

[Use equations (15) and (17) of § 109.] 



APPEISTDIX. 
TRIGONOMETRIOAL FOBMIJL.SL 

1. sin0csc0=l. 8. sm(— ^) = — sin^. 

2. cos ^ sec ^ = 1. 9. cos (— ^) = cos (9. 

3. tan (? cot ^ = 1. 10. sin (90° ± ^) = cos B. 

4. tan(? = ?^. 11. cos(90°±(?)=Tsin^. 

cos u 

5. sin^ 6 + cos^ ^ = 1. 12. sin (180° ± 0) = t sin 6f. 

6. sec*^ — tan2^ = l. 13. co8(180° ± ^)= — cos^. 

7. csc^ d — cot^ ^ = 1. 14. sin (270° ± <?) = — cos ^. 

15. cos (270° ± ^) = ± sin ^. 

16. sin (^ ± ^0 = sin <9 cos <9^ ± cos B sin B^. 

17. cos (B ± B^) = cos B cos B' T sin B sin ^. 

4o X //J . /j,\ tan^itan^^ ,« , „^ 2tan(9 

18. tan (<9 ± ^') = 2 — I — -rrz — 2r/- 19« tan 2^= , r — rs* 

^ ^ It tan ^ tan W^ 1 — tan*6^ 

OA i.//i . /i/N COt^COt^'^Tl o4 i.o/3 cot*^ — 1 

20. cot {B ± B^) = — -— —; — - . 21. cot 2B = — J5 — -—-. 

^ ^ cotW^±cot<^ 2 cot 6^ 

22. sin 2^ = 2 sin 6^ cos ^. 

23. cos 2B = cos'*^— - sin*^ = 2 cos*^ — 1 = 1 — 2 sin*^. 

24. sini<?=i/j(l— cos^). 25. cos i^ = V^Kl+cos^ 

26. sin ^ + sin B^ = 2 sin i(<9 + B^) cos K^' — ^0- 

27. sin <9 — sin <?^ = 2 cos i{B + B^) sin K^ — ^^). 

28. cos^ + cos^^ = 2 cos ^(^B + B^)coa ^(d — d/), 

29. cos — cos ^^ = — 2 sin i(^ + B^) sin i(B — ^0- 

In any plane triangle 

QO ^^^-^ _ sin-B _ sinC «. o + & _ tan ^(A + B) 

'^' a ~ 5 - .0 • "^^^ a-b"" tanK^-B)' 

32. o«=5« + c«--2bc 008-4. 33. Area = ibc sin ^. 
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